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State results, lest I forget

Theorem

There is a cohomology theory in which both quandle cocycles and
Lie algebra cocycles give non-trivial cocycles.

Theorem

In an analogous theory for Hopf Algebras, we give deformation
cocycles for the adjoint map in a Hopf algebra.

Theorem

Solutions to the YBE can be constructed via these deformation
cocycles.
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Quandles

Definition

A quandle is a set X with a self-distributive, right-invertible, binary
operation in which each element is idempotent.

• [idemp.] a / a = a
• [Right-invertible] ∀a, b ∃!c s.t. c / a = b
• [SD] (a / b) / c = (a / c) / (b / c)

Think: Group with a / b = bab−1.
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Cocycles

Definition

A map φ : X × X → A into an (additive) abelian group A is a
quandle 2-cocycle if

φ(a, b) + φ(a / b, c) = φ(a, c) + φ(a / c , b / c).

a 3-cocycle θ satisfies

θ(a, b, c) + θ(a / b, c, d) + θ(a, b, d)

= θ(a / d , b / d , c / d) + θ(a, c, d) + θ(a / c , b / c , d).
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Applications of Quandle Cocycles

• Obstructions to Tangle Embeddings [Ameur, Saito]

• Chirality of graph embeddings [Satoh]
• bounds on triple point numbers [Satoh, Shima, K. Tanaka,
Hatakenaka]
•Sheet number of knotted surfaces [Satoh, Saito]
• [Kamada, Iwakiri, Jelsovsky, Nelson, Ishii, JSC]
• Eisermann identified the quandle 2-cocycle inv. with a coloring
polynomial inv.

∑
reps imλ.
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Relations to Lie Algebras

Let g denote a Lie Alg. over a field F.

Consider N = F⊕ g. Then
N is a cocommutative coalgebra with counit
∆(x) = x ⊗ 1 + 1⊗ x for x ∈ g

∆(1) = 1⊗ 1
ε(1) = 1, ε(x) = 0 for x ∈ g.
The function q : N ⊗ N → N defined by

q((a, x)⊗ (b, y)) = (ab, bx + [x , y ])

satisfies a coalgebra self-distributive relation AND can be used to
define a solution to the Yang-Baxter relation. [Woronowicz]
Studied by Crans in her dissertation.
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Lie alg, self distrib, and YBE

q(q ⊗ 1)((a, x)⊗ (b, y)⊗ (c , z)) =

q((ab+bx+[x , y ])⊗(c , z)) = abc+bcx+c[x , y ]+b[x , z ]+[[x , y ], z ]

q(q ⊗ q)(1⊗ τ ⊗ 1)(1⊗ 1⊗∆)((a + x)⊗ (b + y)⊗ (c + z))

= q(q ⊗ q)(1⊗ τ ⊗ 1)((a + x)⊗ (b + y)⊗ {(c + z)⊗ 1 + 1⊗ z})
= q(q⊗q)((a + x)⊗ (c + z)⊗ (b + y)⊗1 + (a + x)⊗1⊗ (b + y)⊗z
= q((ac + cx + [x , z ])⊗ (b + y)) + q((a + x)⊗ [y , z ])=
(abc + bcx + c[x , y ] + b[x , z ] + [[x , z ], y ]) + [x , [y , z ]]

Rq((a, x)⊗ (b, y)) = (b, y)⊗ (a, x) + (1, 0)⊗ (0, [x , y ])
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Remarks

Crans’s dissertation discusses this in relation to her construction of
so-called Lie 2-algebras. In particular, the Lie cocycle, 〈a, [b, c]〉 is
used to construct a solution to the Zamolodchikov equation.

In a
weird geometric sense (or a posteriori) this solution makes sense.
The 3-cocycle condition corresponds to the boundary of a 4-cube,
and the ZE is to the 4-cube as the YBE is to the 3-cube.
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Example: group algebra

G is a group

and F[G ] is its group alg. over a field F
µ(a, b) = ab

∆(a) = a⊗ a

η(1) = 1G , εg = 1

S(g) = g−1

In this case, the adjoint map is given on basis elements by
ad(a⊗ b) = b−1ab.
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Self-distributive coalg

Example

Let X be a finite set with a self-distributive operation.

Consider
F[X ].Set W = F⊕ F[X ].

∆(x) = x ⊗ x , for basis elements x ∈ X while ∆(1) = 1⊗ 1

ε(x) = 1 while ε(1) = 1.
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Define q : W ⊗W →W by linearly extending q(x ⊗ y) = x / y ,
q(1⊗ x) = 1, q(x ⊗ 1) = 0, and q(1⊗ 1) = 0. More explicitly,

q( (a +
∑

axx)⊗ (b +
∑

by y) ) =
∑
y

aby +
∑
x ,y

axby (x / y).

This is a self-distributive operation that is compatible with
comultiplication.
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Theorem

For a quandle 2-cocycle φ with the coefficient group A = F, define
φ̂ : W ⊗W →W by linearly extending φ̂(x ⊗ y) = φ(x , y),
φ̂(1⊗ x) = 1, and φ̂(x ⊗ 1) = φ̂(1⊗ 1) = 0 for x , y ∈ X . Then φ̂
is a cocycle in the analogous deformation theory of self-distributive
cocommutative coalgebras.

Theorem

If φ is not a coboundary, then φ̂ is not a coboundary. In particular,
if H2

Q(X ; k) 6= 0, then H2,1
sh (W ; W ) 6= 0.
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Theorem

Let ψ : g× g→ g be a Lie algebra 2-cocycle with adjoint action.
Define ψ̂ : N ⊗ N → N by ψ̂((a + x)⊗ (b + y)) = ψ(x ⊗ y) for
a, b, c ∈ k, x , y , z ∈ g. Then ψ̂ is a shelf 2-cocycle.
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