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Theorem
Solutions to the YBE constructed.



A quandle (Q, <) is a set ) equipped with a
binary operation

I=0QxQ—=Q

that satisfies:
(i) r<tx =z foral x € Q

(ii) For all =,y € @, there exists a unique z € @
such that z <z =y

(ili) (zx<y)<z=(r<2)<(y<z) for all
T,y,2 € Q



Type III move and cocycles

}’\

x*z

{

z
(x*2)*(y*z*)

z y*z (x*y)*z zZ *

P+ Oy + ¢ (y2)= ¢ Y+ ¢ (x2)+ ¢ (xF2y¥2)

0 (wxy)+ 0 (W*yx*yz) + 0 (wy,zz)= 0 (wWxz)+ 0 (W*xy,z)+ 0 (W*zx*z,y*z))
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Applications

. non-invertibility of knotted surfaces

(CKJLS,CEGS);

2-cocycle + 7(Q) classifies ST — 3
(Eisermann,FR) ;

min. triple point # of tw.sp. knots (SS,AS);
min. # of sheets for spun knots (SS,MS);
colored chirality (CESS);

min. # of RIIT moves to perform isotopies

(CESS);

7. tangle embeddings (Ameur, Saito);

8. applications to Lefschetz fibrations (Zablow).
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Lie bracket induced from the adjoint map;
The adjoint map in a Hopf alg:

(z,y) = S(ya))zy () also satisfies a
self-distributive relation;

In the case of a group alg.

(z,y) = S(ya))Ty(2) is induced by conj.
Solutions to YBE are found in Frob. algs;

bracket solution to YBE obtained by UN
manipulations;

underlying Frob. alg in Khovanov theory:;

3-cocycles related to categorical
internalization.



Thus there are deep connections among quandle
concepts (rel. 2 1), quantum invs. (eg: RT, TV,
K, KRH), diag. reprs of alg. axioms, cocycles,
and cats.



Thus there are deep connections among quandle
concepts (rel. 2 1), quantum invs. (eg: RT, TV,
K, KRH), diag. reprs of alg. axioms, cocycles,
and cats. Goals:

e The def’n of a 2-quandle via quandle
3-cocycles;



Thus there are deep connections among quandle
concepts (rel. 2 1), quantum invs. (eg: RT, TV,
K, KRH), diag. reprs of alg. axioms, cocycles,
and cats. Goals:

e The def’n of a 2-quandle via quandle
3-cocycles;

e Invs. in dim. 3 and 4 via diag. def’d
cocycles —variety of alg. strs.;



Thus there are deep connections among quandle
concepts (rel. 2 1), quantum invs. (eg: RT, TV,
K, KRH), diag. reprs of alg. axioms, cocycles,
and cats. Goals:

e The def’n of a 2-quandle via quandle
3-cocycles;

e Invs. in dim. 3 and 4 via diag. def’d
cocycles —variety of alg. strs.;

e Enrichment of KhoHo to get non-trivial invs
for surfaces;



Thus there are deep connections among quandle
concepts (rel. 2 1), quantum invs. (eg: RT, TV,
K, KRH), diag. reprs of alg. axioms, cocycles,
and cats. Goals:
e The def’n of a 2-quandle via quandle
3-cocycles;
e Invs. in dim. 3 and 4 via diag. def’d
cocycles —variety of alg. strs.;
e Enrichment of KhoHo to get non-trivial invs
for surfaces;

e deeper connections between classical and
quantum invariants.



X\g

Diag Alg.

MNoA

Unit

Unit



Coalgebra

(AR

Co-assoc. Co-unit



Algebra

benius

AN A

Fro

A
Y

-V
1N s

WY A



Hoptf Algebra

A Y0

Associativity Coassociativity Compatibility

e - RA %%@

Unit Counit Unit is a coalgebra hom  Counit is an algebra hom Antipode condition



Algebraic Infiltration

The cocycle cond. for assoc. algs. is given by:

A AN
NN
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Example: group algebra

G is a group and F[G] is its group alg. over a
field F

e u(a,b) =ab

e Ala) =a®a

e n(l)=1g, eg=1
« S(g)=g""

In this case, the adjoint map is given on basis
elements by ad(a ® b) = b~ tab.



For example the adjoint map is given by:
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Example Computations

The 2-cocycle condition, the 3-cocycle condition,
and the 3-coboundary condition, respectively,
gives rise to the equations

CL(.I‘, y) + CL(y_l.Ty, Z) - Cl(l', yZ) - 07
C(%, Y, Z) + C($7 Yz, w) - C(y_1$y7 <, U}) - C(.I’, Y, ZU))
C(Q?,y, Z) - G(l’, y) + a(y‘lxy, Z) - CL(.T,yZ).



Example Computations

The 2-cocycle condition, the 3-cocycle condition,
and the 3-coboundary condition, respectively,
gives rise to the equations

CL(.I‘, y) + a(y_1$y7 Z) - Cl(l', yZ) - 07
C(%, Y, Z) + C($7 Yz, ’UJ) - C(y_1$y7 <, U}) - C('Ta Y, ZU))
C('Tayv Z) - G(l’, y) + a(y‘lxy, Z) - CL(.T,yZ).

Theorem

For the symmetric group G = Ss on three letters,
we have H (kG;kG) =0 and

H?(kG; kG) = (kG)®3 for k = C, Fy and Fs.
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Function algs. of a finite group

G is a finite group and F a field. The set F¢ has
a Hopf algebra structure using F&*¢ =~ F¢ @ F¢
with comultiplication defined through

A :F¢ — F&Y by A(f)(u,v) = f(uv) and the
antipode by S(f)(z) = f(z™1).

Lemma

ng(FGQ]FG) = 0.

Theorem
For any finite group G and a field F, we have

H™Y(FYFY) =0 forn=1,2.
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Conclusion

. Q. cocycles give invariants for cl. knots, and
knotted surfaces;

. resurg. of color-type invts;

. Struct. sim. b/2 quandles, Lie algs, Hopf
algs, and Frob. Algs;

. Alg. axioms are related diagr descs of mfds
and knots.

. An enhancement of the alg strct may lead to
more subtle invariants.

Details on Frob algs in Masahico’s talk.
Details of Cat. SD in Alissa’s talk.



Dankeschone!



