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Background

Quandles that have good involutions —
introduced by S. Kamada and studied by K.
Oshiro and Kamada and Oshiro — were
introduced to extend quandle cocycle invariants
to non-orientable surfaces.

Definition

The triple point number of a surface link is the
smallest number of triple points among all
diagrams of the link.
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Triple points

Suppose that a surface is embedded in M3 x I.
Perturb the surface slightly (if necessary).
Project the surface generically into the 3-mfd M.
The image will have branch points, double point
arcs, and triple points.

The triple points are analogous to crossing
points. So the triple pt. # is analogous to the
crossing number.



more background

The 2-twist spun trefoil has at least 4 triple
points.



more background

The 2-twist spun trefoil has at least 4 triple
points. Satoh-Shima.



more background

The 2-twist spun trefoil has at least 4 triple
points. Satoh-Shima.

The 2-twist spun Figure-8 has at least 6 triple
points.



more background

The 2-twist spun trefoil has at least 4 triple
points. Satoh-Shima.

The 2-twist spun Figure-8 has at least 6 triple
points. Hatakenaka



more background

The 2-twist spun trefoil has at least 4 triple
points. Satoh-Shima.

The 2-twist spun Figure-8 has at least 6 triple
points. Hatakenaka

Triple point bounds for non-orientable surface
links have been found



more background

The 2-twist spun trefoil has at least 4 triple
points. Satoh-Shima.

The 2-twist spun Figure-8 has at least 6 triple
points. Hatakenaka

Triple point bounds for non-orientable surface
links have been found Oshiro and

Kamada-Oshiro.



more background

The 2-twist spun trefoil has at least 4 triple
points. Satoh-Shima.

The 2-twist spun Figure-8 has at least 6 triple
points. Hatakenaka

Triple point bounds for non-orientable surface
links have been found Oshiro and
Kamada-Oshiro.

The example given here is the first connected
non-orientable surface with triple point bounds.
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Main Result

Theorem
For any positive integer N, there is a closed

3-manifold M and a non-orientable surface-knot
F in M x [0,1] such that t(F) > N.
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Quandles
Definition

A quandle is a set X that has a binary operation
< such that

LVreX z<x=nrx.

IT. Vx,y € X dlz € X such that z<x =y. We
write z =y <! .

L. Vz,y,z€ X (x<y)<z=(rx<2)<(y<z2).
If bsa=0b<'a, then X is called involutory.

If there is an involution p : X — X such that
p(x<y) = p(x)<y and z < p(y) = x <Ly, then p
is a good involution.
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Quandle Sets

Definition

o Assoc. grp of a quan.:
Gx={(reX :oay=ylay).
e Assoc. grp. of sym. quan.:
Gixp = (reX: zay=ylay, plz) =a7").
e X quan., an X-set is a set Yw/ a rt. action
of GX.
e (X,p) sym. quand., an (X, p)-set is a set Y
w/ art. action of G (x ).

1



Y- (r1m9) = (y - 1) - 29,

Q>



Y- (5E15L’2) = (y : $1) * X2,
y- (11 <4m9) =y (3 ' mi2s),



Y- (r122) = (y - 71) - 79,
y-(r1<m9) =y - (x;lxlmg), and
Y-

(p(z1)) =y - (a1").
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Symmetric Quandle homology 1.
Y is an (X, p)-set.
Chains: C,(X)y f. ab. g. gen by: (y,x1, ..., %),
(Co(X)y =Z(Y)), Def:
O : Cp(X)y — Cp_1(X)y by

n
On(y, 1, ..., xy) = Z(—l)i
=1
[(yv L1, L2y -y Lj—1, :ﬁia Lit1y .- - 7xn)

— (Y-, 21924, 2Ty, -+, T 14T4, Tjy Tig 1, - - -5 T
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Sym. quan. hom. 2.

Degen. chains: D?(X)y gen. by

U?z_ll (yvmla <. 7xn) | Ty = xi+1}7
“Sym. chains:” D?(X)y gen. by

(Y, T1,. .y Ty)

F(y - w1 Qg ., i1 A, p(T5), Tiga,s -, Ty)

subcomplexes.
COP(X)y = Co(X)y /(DR(X)y + Di(X)y).



The local orientation can be reversed at the
expense of applying the good involution.
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Choose a region.
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+(y, x1, T2, T3)
Choose a region. Get T,M,B normals outward.
Make the chain (b, m,t) be the colors here.
Adjust for sign. Eval. sym. 3-cocycle on this
chain.
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Kamada, Kamada-Oshiro
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Lemma

Kamada, Kamada-Oshiro

Let 0 : Z(X?) — Z be a sym. quan. 3-coc. s.t.
0(a,b,c) € {0,—1,1} Y(a,b,c) € X3. If
O([Cp]) = a € Z, then t(F) > |a].
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The quandle that we need: R3 = Q.S

0510 2 4
213510

4 0 2 1 3 2

32 4 3 5 1

5 40 2 4 3
1 35405

R«C |0 1 2 3 4 5

0
1
2
3
4
!
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Had to use a computer ...

X(zy,2) € Cg’g’p(ég,Z) denotes char. func. Def.
A(.CC, Y, Z) -

X(z,y,2) = X(p(x)y.2) — X(zay,p(y),2) — X(zaz,y<z,p(z))
X (p(2)4y.p(y).2) T X(p(x)ay,yaz,p(z))
X ((way)az,0(y)9z,0(2)) — X((p(x)ay)az,ply)az,0(z)) -



Let R3 be as above.
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Lemma

Let R3 be as above.

() HY"(Ry,2) 2 7.

(ii) The 3-chain

= (2,1,2) + (2,0, 1) — (1,0,2) — (0,2,1) €

C’ (R2n+1,Z) represents a generator of
H (R37 Z)

(iii) Any 3-cycle with less than 4 basis terms
(triples) is null-homologous.

(iv) ¢ = A(0,1,0) + A(0,1,2) — A(0,2,1) €
Z%’p(Rg,Z)) is dual to [c], i.e. ¢([c]) = 1.



Ta Daaaaa




Fasier to parse




Thank you California.
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