
2. Quandle Modules

— X is a quandle.

— Ω(X) is the free Z-algebra gen. by ηx,y, τx,y

for x, y ∈ X s.t. ηx,y is invertible.
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Z(X) = Ω(X)/R where R is the ideal gen. by

1. ηx∗y,zηx,y − ηx∗z,y∗zηx,z

2. ηx∗y,zτx,y − τx∗z,y∗zηy,z

3. τx∗y,z − ηx∗z,y∗zτx,z − τx∗z,y∗zτy,z

4. τx,x + ηx,x − 1
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Examples: 1. Λ = Z[t, t−1] — Laurent polyno-

mials. Any Λ-module M is a Z(X)-module for

any quandle X,

ηx,y(a) = ta τx,y(b) = (1 − t)(b) ∀x, y ∈ X.

2. GX = 〈x ∈ X | x ∗ y = yxy−1〉 — the en-

veloping group [AG] (or the associated group

[FR].)

For any quandle X, any GX-module M is a

Z(X)-module by ηx,y(a) = ya and τx,y(b) = (1−
x ∗ y)(b), where x, y ∈ X, a, b ∈ M .

ηx,y =
∂

∂x
(yxy−1) τx,y =

∂

∂y
(yxy−1)



Observation:

If w is a word in x, y s.t. x ∗ y = w defines a

quandle, then

ηx,y =
∂

∂x
(w) τx,y =

∂

∂y
(w)

defines a quandle module.

Pf.Chain Rule (Fox Deriv.)
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4. Assigning homology classes to colored

diagrams

Knotted surface case (classical case is similar).

D is a diagram of a knotted surface K.

( B )

( A )

( C )



• Orientation Normals

• Quandle Colorings

• Source Region

• Target Region



• γ is an arc from ∞ to the target region of

a given triple point r.

• ai, i = 1, . . . , k, the sheets of D that inter-

sect γ (in this order).

• C, a coloring of D by a quandle X.

Cc(1, k+1,    )

c(s, j,    ) c(s, j+1,    )

f (s, j,   )

CC

C

c(s, j+2,    ) c(s, n,    )C C

γ

• 3-chain

C(D) =
∑

r
ε(r)(C(a1)

ε(a1)C(a2)
ε(a2)

· · · C(ak)
ε(ak))(x, y, z) ∈ C3(X)

• The chain C(D) is a cycle. [C(D)] ∈ H3(X)

is well-defined (indep. of arc γ)



5. Cocycle Invariants

Def. Given

• A knotted surface diagram D;

• A coloring by a quandle X;

• A 3-cocycle κ .

Define

B(C(D), X, κ) =
∑

r
ε(r)(C(a1)

ε(a1)C(a2)
ε(a2)

· · · C(ak)
ε(ak))κx,y,z

Define

Φκ(D) = {B(C(D), X, κ)}C

The union is over all colorings, and Φ denotes

a multiset.



7. Example Computations (Knotted Sur-

face Case)

Consider the collection of 3-colorable knots with

fewer than 9 crossings. These are 31, 61, 74,

77, 85, 810, 811, 815, 818 − − − 821. Take the

2-twist-spin of each. Such a knotted sphere is

also 3-coloarble.



9. Module Invariants

General Remarks:

Related to invariants of Bowen and Franks in-

variants.

Computations not difficult to program (Mathe-

matica has problems computing Smith Normal

Forms when zero divisors are present).



Construction:

• w is a k-braid word with closure ŵ.

• X ⊂ Conj(Σn), E = (Zq)n o Σn, and X̃ =

π−1(X).

• α is a dyn cocycle in the sense of AG. so

that X̃ = (Zq)n ×α X. αx,y(a, b) = y(a) +

(1 − x ∗ y)(b)
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THM.Let L = ŵ, ColX(L) be the set of color-

ings of L by a quandle X. For C ∈ ColX(L),

let ~x be the color vector of bottom strings of

w that is the restriction of C. Then the family

Φ̃(X, α ;L) = {(Zq)
nk/Im(M(w, ~x)−I)}C∈ColX(L)

of isomorphism classes of modules presented

by the maps (M(w, ~x)− I), is a link invariant.

• All 7-colorable knots up to 9-crossings, ex-

cept 941, have the module invariant (ZD)3⊕
Z7, for 7 trivial colorings, and Z10 for 42

non-trivial colorings. For 941, it is (ZD)6 ⊕
Z7 for 7 trivial colorings, and Z10 for 336

non-trivial colorings.

• All 11-colorable knots up to 9-crossings have

the module invariant (ZD)5 ⊕ Z11, for 11

trivial colorings, and Z16 for 110 non-trivial

colorings.



• All 13-colorable knots up to 9-crossings have

the module invariant (ZD)6 ⊕ Z13, for 13

trivial colorings, and Z19 for 156 non-trivial

colorings.



Knot Tor Rank Col type Knot Tor

31 3 3 3 Trivial 911 33
0 4 6 Non-trivial 0

61 9 3 3 Trivial 915 39
0 4 6 Non-trivial 0

74 15 3 3 Trivial 916 39
0 4 6 Non-trivial 2

77 21 3 3 Trivial 917 39
0 4 6 Non-trivial 0

85 21 3 3 Trivial 923 45
2 4 6 Non-Trivial 0

810 27 3 3 Trivial 924 45
2 4 6 Non-trivial 2

811 27 3 3 Trivial 928 51
0 4 6 Non-trivial 2

815 33 3 3 Trivial 929 51
2 4 6 Non-trivial 0

818 3, 15 3 3 Trivial 934 69
3 4 24 Non-trivial 0

819 3 3 3 Trivial 935 3, 9 3 3 T
2 4 6 Non-Trivial 0

820 9 3 3 Trivial 2
2 4 6 Non-trivial 937 3, 15 3 3 T

821 15 3 3 Trivial 2
2 4 6 Non-trivial 0

91 9 3 3 Trivial 938 57
0 4 6 Non-trivial 0

92 15 3 3 Trivial 940 5, 15 3 3 T
0 4 6 Non-trivial 4

9 21 3 3 Trivial 946 3, 3 3 3 T



Knot Tor Rank Col type Knot

41 5, 5 5 5 Trivial 92
0 7 20 Non-trivial

51 5, 5 5 5 Trivial 912
0 7 20 Non-trivial

74 15, 15 5 5 Trivial 923
0 7 20 Non-trivial

87 25, 25 5 5 Non-trivial 924
0 7 20 Trivial

88 25, 25 5 5 Trivial 931
0 7 20 Non-trivial

816 35, 35 5 5 Trivial 937
0 7 20 Non-trivial

818 3, 3, 15, 15 5 5 Trivial 939
2, 2 7 20 Non-trivial

821 15, 15 5 5 Trivial 940
0 7 20 Non-trivial

948


