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Goals for this talk:

• Define twisted quandle cocycles

• Use cocycles to construct extensions

• Give structures of some quandles

• Define twisted cocycle invariants

• Use diagrams to prove algebraic results



Λ = Z[T, T−1]

CTR
n (X) = CTR

n (X; Λ)

— free Λ-module gen. (x1, . . . , xn) xj ∈ X.

∂ = ∂T
n : CTR

n (X) → CTR
n−1(X)

def’d by

∂T
n (x1, x2, . . . , xn)

=
n∑

i=1

(−1)i
[
T (x1, x2, . . . , xi−1, xi+1, . . . , xn)

− (x1 ∗ xi, x2 ∗ xi, . . . , xi−1 ∗ xi, xi+1, . . . , xn)
]

for n ≥ 2 and ∂T
n = 0 for n ≤ 1.

CTR
∗ (X) is a chain complex.



A is a Λ-module,

Cn
TR(X;A) = HomΛ(CTQ

n (X), A)

δ = δn
TR : Cn

TR(X;A) → Cn+1
TR (X;A) def’d by

(δf)(c) = (−1)nf(∂c)

Homology and cohomology groups: HTR
n (X;A)

and Hn
TR(X;A).

Degenerate chains: CTD
n (X;A) generated by

n-tuples (x1, . . . , xn) with xi = xi+1 for some

i ∈ {1, . . . , n − 1} if n ≥ 2.

∂T
n (CTD

n (X;A)) ⊂ CTD
n−1(X;A)

Corresponding cochain complex: C∗
TD(X;A) =

{Cn
TD(X; A), δn

T}

Def

CTQ
n (X;A) = CTR

n (X; A)/CTD
n (X;A)



CTQ
∗ (X;A) = {CTQ

n (X;A), ∂T
n }

C∗
TQ(X;A) = {Cn

TQ(X;A), δn
T}

Twisted homology and cohomology groups:

HTQ
n (X;A) = Hn(C

TQ
∗ (X; A)),

Hn
TQ(X;A) = Hn(C∗

TQ(X; A)).
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The Λ-module A is a quandle with a∗ b = Ta+

(1 − T )b.

Let η ∈ Z1
TQ(X;A). Then

δ(η)(x, y) = (1 − T )η(y) + Tη(x) − η(x ∗ y) = 0

So η is a quandle homom.

Consider a seseq of Λ-modules 0 → N
i→ G

p→
A → 0

Let s : A → G be a set-thy section ps =idA

(with s(0) = 0).

∃φ : X × X → A s.t.

Tsη(x1)+sη(x2) = iφ(x1, x2)+[Tsη(x2)+sη(x1∗x2)]

THM. φ is a 2-cocycle. If φ = δξ, then sη

extends to a quandle homom.



RMK. 3-cocycles can be defined in a similar

manner. The proofs are facilitated by knot

diagrams and the diagram of the tetrahedral

move.

Let φ ∈ Z2
TQ(X;A). Let AE(X, A, φ) be def’d

by

(a1, x1) ∗ (a2, x2) = (a1 ∗ a2 + φ(x1, x2), x1 ∗ x2)

—This is called The Alexander extension of X

by (A, φ).

THM. Alex. extensions are ”equivalent” iff the

defining 2-cocycles are cohomologous.

Examples.

Recall, Rn = {0, . . . , n − 1} with a ∗ b = 2b − a

(mod n). (If n = ∞, just int. arithmetic.)



(1) The dihedral quandle Rpm is an Alex. ext.

of Rpm−1 by Rp: Rpm = AE(Rpm−1, Rp, φ),

∃φ ∈ Z2
TQ(Rpm−1;Rp).

Specifically, we have a 2-cocycle φ ∈ Z2
TQ(R3;R3)

φ = χ0,2 + χ1,2 + 2χ1,0 + 2χ2,0.

(2) R∞ is an Alex. ext of Rn by R∞, for any

positive integer n.

φ(a, b) =





−1 if 2b < a,
0 if 2b < n + a and a ≤ 2b,
1 if n + a ≤ 2b.

(3) Lots of other similar examples. These are

based on the “carry digit” idea which can be

used to construct group cocycles.



State-sum invariants (classical case here, knot-

ted surface case is similar).
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Alexander numbering: L(τ) = k

Given

— a diagram K,

— a finite quandle X,

— a finite Alexander quandle A.

— a twisted 2-cocycle φ



Define a twisted (Boltzmann) weight,

BT (τ, C) = [φ(x, y)ε(τ)]T
−L(τ)

,

Invariant:

Φ(K) =
∑

C

∏

τ
BT (τ, C).

Well-defined up to an action of Z = 〈T 〉

PROP. Suppose φ ∈ Z2
TQ(X;N) is an obstruc-

tion 2-cocycle (as constructed above from seseq

of Alex. quandles 0 → N → G → A → 0). Then

the state-sum invariant Φ defined via φ is a

positive integer.


