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Goals for this talk:

Define twisted quandle cocycles

Use cocycles to construct extensions

Give structures of some quandles

Define twisted cocycle invariants

Use diagrams to prove algebraic results



A= Z[T, T 1]

CaR(X) = CTR(X; A)

— free A-module gen. (z1,...,zn) zj € X.

0 =085 CyR(X) — C R (X)

def'd by

oL (21,72, ..., )

n
— Z (_1)Z [T(x17x27 ceey Lg—15Lg415 - - - ,$n)
1=1

— (1 * i, T2 * T4, ..., T *wi,l‘z‘+1,---,wn)]

for n > 2 and 9L =0 for n < 1.

CJR(X) is a chain complex.



A is a A-module,

CHR(X; A) = Homp(Cp A(X), A)
§ =0y CRe(X;A) — CPEY(X; A) def'd by
(6f)(c) = (=1)"f(Dc)

Homology and cohomology groups: H,! R(X; A)
and HF (X, A).

Degenerate chains: CP(X;A) generated by
n-tuples (z1,...,zn) with z; = x4 for some
ie{l,...,.n—1} ifn>2.

L (CIP(X; A)) c CIB(X; 4)

Corresponding cochain complex: C3p(X;A) =
{Crp(X; A), o7}
Def

CTRXx;A) =CR(X; 4)/CTP(Xx; A)



CJRUX; A) = {C, UX; A),0L}

CTq(X; A) ={CTq(X; A), 67}

Twisted homology and cohomology groups:

H,Q(X; A) = Ho(CJX; 4)),

Hrq(X; A) = H"(CTq(X; A)).
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The A-module A is a quandle with axb = Ta+
(1 —T)b.

Let n € Z+o(X; A). Then
d(m)(z,y) = A =T)n(y) +Tn(x) —n(rxy) =0

So n is a quandle homom.

Consider a seseqg of A-modules O — N —i> G L
A—Q0O

Let s : A — G be a set-thy section ps =idy
(with s(0) = 0).

dp . X x X — A s.t.

Tsn(x1)+sn(x2) = ip(x1, x2)+[Tsn(z2)+sn(x1*x2)]

THM. ¢ is a 2-cocycle. If ¢ = d&, then sn

extends to a quandle homom.



RMK. 3-cocycles can be defined in a similar
manner. The proofs are facilitated by knot
diagrams and the diagram of the tetrahedral

Mmove.

Let ¢ € Z$4(X; A). Let AE(X, A, ¢) be def'd
by

(a1,71) * (ag,x2) = (a1 *xap + ¢(x1,2), 71 * T2)

—This is called The Alexander extension of X
by (A, ¢).

THM. Alex. extensions are " equivalent” iff the

defining 2-cocycles are cohomologous.
Examples.

Recall, R, = {0,...,n — 1} with axb =2b—a

(mod n). (If n = oo, just int. arithmetic.)



(1) The dihedral quandle R,m is an Alex. ext.

of Rpm—l by Rpi Rpm = AE(Rpm_l, Rp, (b),

Ekb c Z—QI—Q(Rpm—ly Rp)

Specifically, we have a 2-cocycle ¢ € Z% (R3; R3)
® = x0,2+ Xx1,2 +2x1,0 + 2Xx2,0-

(2) R is an Alex. ext of R, by Rso, fOr any

positive integer n.

—1 if 2b < a,
d(a,b) = O if 2b<n+a and a < 2b,
1 if n+ a < 2b.

(3) Lots of other similar examples. These are
based on the “carry digit” idea which can be

used to construct group cocycles.



State-sum invariants (classical case here, knot-

ted surface case is similar).
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Alexander numbering: L(1) = k

Given

— a diagram K,

— a finite quandle X,

— a finite Alexander quandle A.

— a twisted 2-cocycle ¢



Define a twisted (Boltzmann) weight,

Br(r,C) = [¢(z, )™,

Invariant:

CD(K) — ZHBT(T,C)

C T
Well-defined up to an action of Z = (T

PROP. Suppose ¢ € Z%,(X; N) is an obstruc-
tion 2-cocycle (as constructed above from seseq
of Alex. quandles0 - N — G — A — 0). Then
the state-sum invariant ® defined via ¢ is a

positive integer.



