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A QUANDLE is a set, @, with a binary opera-

tion % defined such that

® axa=—a

e Va,be Q dlce Q) s.t. a=cx*b

o (axb)xc=(ax*xc)*(bx*xc)

Let G be a group. Define axb = bab—1. This
is @ quandle. Sp that G — Aut(A) — A an
Abelian group. Write (g,a) — ga.



Def: A generalized quandle 3-cocycle is a func-
tion kK : G X G Xx G — A such that:

WKx,y,z + Rz, y*xz,w + ((y * Z) * w)ﬁ?:v,z,w + Ry, z,w
= ((zx(yx2))* w)"‘?y,z,w + Rxxy,z,w

‘I‘(Z * w)ﬁx,y,w + Rxxw,y*w,zxw

And

k(z,z,y) = w(z,y,y) = id.

THM (CEGS): There is a State-sum invariant
for knotted surfaces using such cocycles. Co-

homologous cocycles yield the same values.

Sketch:(a) The quandle cocycle is evaluated at
source regions of triple points, taking the prod-
uct over all triple points, and summing over all

colorings.



(b) I lied. In fact, we take an arc from oo to
the target region in a KSD. Then the labels
on the regions that this arc crosses act on the

value of the cocycle at these evaluations.



(c)Sp

k= 06¢(z,y,2)
= 2Cx,y + Coxy,z + (z*y) * 2Qy,z

—(y *k ZC:c,z + Cy,z + C:c*z,y*z),



Crossed Modules (from Brown): N and E are
groups. a: N — FE homom. 3 An action of FE

on N : (e,n) — °n such that
a(n)y! = pp/nt (n,n’ € N)
a(®n) = ea(n)e ! (ee E, ne N).

= iIm o< FE, so set G = coker o, A = ker o C
Z(N)

O—>AL>NE>E1>G—>1

IS exact.

Let s : G — E be a section of # w/ s(1) = 1.
iS =homom? df .G x G — ker =

s(z)s(y) = f(z,y)s(zy), =,y €G,
S.t.

f(z, ) f(ay, z) = @ fy,2) f(z,y2),

where 5) f(y.2) = s(z)f(y,2)s(z)~L. Since

ker m = im «,



dF : G X G — N iF =2 —cocycle? dc : G x G X
G — A s.t.

S(CIJ)F(y’ z)F(:U, yz) — i(c(x, Y, z))F(:U, y)F(in, Z)a

c = group 3-cocycle.

Quandle structure: * w*v = vuv— 1 for all

groups involved.

Lemma: Let ¢ . G X G — ker =

s(xz) *xs(y) = ¢(z,y)s(z*xy), =z,ycd.
Then ¢(z,y) = f(y,z) f(yzy~1,y)~ L.
Pf.

s(y)s(x)s(y)~?
fly,z)s(yx)

o(z,y)s(yzy 1),
o(z,y)s(yzy~ ) s(y)

= o(z,y) flyzy 1, y)s(yzy~ty),



Lemma. Vz,y,z € G,

2 gz, y)p(x * y, 2)
= ¢(y, 2)° WD (z, 2)p(m * 2,y % 2)5 (@2 gy 2) 71



Pf. On the one hand,

(s(z) * s(y)) * s(z)
= [p(z,y)s(z * )] * s(z)
= s(2)o(z,y)s(z *y)s(z) "
— S(Z)qﬁ(x, y)s(z *xy) * s(2)
= Gz, )z *y,2)s((x * y)) * 2)

and on the other hand,

(s(z) * 5(2)) * (s(y) * 5(2))
= [¢(z, 2)s(z * 2)] * [¢(y, 2)s(y * 2)]
= [6(y, 2)s(y * 2)][¢(z, 2)s(z * 2)][p(y, 2)s(y * 2)] 71
= ¢(y,2)* W g(z, 2)
s(zx2) xs(yx2)p(y,2) "1
= ¢(y,2)* W g(z, 2)
$(z * 2,y * 2)s((z * 2) * (y % 2))p(y, 2) "
= ¢(y,2)° WD p(x, 2)p(x * 2,y * 2)
(@)2) gy, 2) " Ls((z % ) * 2)

and we obtain the result.



Since ker m = im «, 3¢ : G x G x G — N and
JY . GXGEXxGE— Ais

DGz, y)B(a * y, 2) (@) Gy, 2)

= i(Y(x,y,2)P(y, 2)* VD E(x, 2)P(x * 2,y * 2)

THM. 1 is a quandle 3-cocycle.

s(w)(x,y,z) +(x * 2,y * z,w)
+ s((y x2) * w)(z, z,w) + P (y, 2, w)
= (((z*xy) *2) xw)YP(y, z, w) + YP(z *y, 2,w)
+ s(zxw)Y(z,y,w) + Y ((z*w,y*w,z*w).



Pf. Consider the element in N:

G2, 4)* W G(a # y, 2)
s(w)s((a:*y)*Z)g(y, 2)
F((x *y) * 2), w) LTG0y o 2 1)
s(((:v*y)*z)*w)S((y*Z)*w)(E(z,w).
The two ways to change that to:
3z, w)* F WGy, w)G(y * w, 2 * w)
s(z*w)s(y*w)é(xj w)

(DG xw, 2 % w)F((w # 2) % w, (y * 2) % w)

are the tetrahedra move.



e Thereis a “new invariant” when the group
action is trivial it gives the same result as the

original CJKLS invariant.

e I haven’'t told the whole story. Some more
can be done with AG-homology. Part of Masahico’'s
talk.

e [ his seems closely related to the crossed

module structure defined on the quandle.

e Example computations.



