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Abstract

By the celebrated Weierstrass Theorem the set of algebraic polyno-
mials is dense in the space of continuous functions on a compact set in
RZ. In this paper we study the following question: does the density hold
if we approximate only by homogeneous polynomials? Since the set of
homogeneous polynomials is nonlinear this leads to a nontrivial problem.
It is easy to see that: 1) density may hold only on star-like 0-symmetric
surfaces; 2) at least 2 homogeneous polynomials are needed for approxi-
mation. The most interesting special case of a star-like surface is a convex
surface. It has been conjectured by the second author that functions con-
tinuous on O-symmetric convex surfaces in R? can be approximated by a
pair of homogeneous polynomials. This conjecture is not resolved yet but
we make substantial progress towards its positive settlement. In particu-
lar, it is shown in the present paper that the above conjecture holds for
1) d = 2, 2) convex surfaces in R* with C**¢ boundary.

1 Introduction

The celebrated theorem of Weierstrass on the density of real algebraic polyno-
mials in the space of real continuous functions on an interval [a,b] is one of
the main results in analysis. Its generalization for real multivariate polynomi-
als was given by Picard, subsequently the Stone-Weierstrass theorem led to the
extension of these results for subalgebras in C(K).

In this paper we shall consider the question of density of homogeneous poly-
nomials. Homogeneous polynomials are a standard tool appearing in many
areas of analysis, so the question of their density in the space of continuous
functions is a natural problem. Clearly, the set of homogeneous polynomials is
substantially smaller relative to all algebraic polynomials. More importantly,
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this set is nonlinear, so its density can not be handled via the Stone-Weierstrass
theorem. Furthermore, due to the special structure of homogeneous polynomi-
als some restrictions should be made on the sets were we want to approximate
(they have to be star-like), and at least 2 polynomials are always needed for
approximation (an even and an odd one).

On the 5-th International Conference on Functional Analysis and Approxi-
mation Theory (Maratea, Italy, 2004) the second author proposed the following
conjecture.

Conjecture 1 Let K C R? be a convex body which is centrally symmetric to
the origin. Then for any function f continuous on the boundary Bd(K) of
K and any € > 0 there exist two homogeneous polynomials h and g such that
|f—h—g| <€ on Bd(K).

From now on we agree on the terminology that by “centrally symmetric” we
mean “centrally symmetric to the origin”.

Subsequently in [@] the authors verified the above Conjecture for crosspoly-
topes in R% and arbitrary convex polygons in R2.

In this paper we shall verify the Conjecture for those convex bodies in R¢
whose boundary Bd(K) is C'*¢ for some 0 < € < 1 (Theorem B). Moreover,
the Conjecture will be verified in its full generality for d = 2 (Theorem Bl).

It should be noted that parallel to our investigations P. Varju [I3] also proved
the Conjecture for d = 2. In addition, he gives in [I[3] an affirmative answer to
the Conjecture for arbitrary centrally symmetric polytopes in R, and for those
convex bodies in R? whose boundary is C? and has positive curvature. We also
would like to point out that our method of verifying the Conjecture for d = 2 is
based on the potential theory and is different from the approach taken in [I3]
(which is also based on the potential theory). Likewise our method of treating
C1*¢ convex bodies is different from the approach used in [I3] for C? convex
bodies with positive curvature.

2 Main Results

Let K be a centrally symmetric convex body in R?. We may assume that
2 < d and dim(K) = d. The boundary of K is Bd(K) which is given by the
representation
Bd(K) := {ur(u) :u e §%1}

where 7 is a positive even real-valued function on S¢~!. Here S%~! stands for
the unit sphere in R?. We shall say that K is C'*¢, written K € C'*¢, if the
first partial derivatives of r satisfy a Lipe property on the unit sphere, € > 0.
Furthermore denote by

H? .= { Z ckxk ik € R}
ki4...+ka=n

the space of real homogeneous polynomials of degree n in R%. Our first main
result is the following.



Theorem 2 Let K € C'*€ be a centrally symmetric convex body in R, where
0 <e<1. Then for every f € C(Bd(K)) there exist h, € H! + H!_;,n € N
such that hy, — [ uniformly on Bd(K) as n — oc.

Thus Theorem B gives an affirmative answer to the Conjecture under the
additional condition of C1T¢ smoothness of the convex surface. For d = 2 we
can verify the Conjecture in its full generality. Thus we shall prove the following.

Theorem 3 Let K be a centrally symmetric convezx body in R%. Then for every
f € C(Bd(K)) there exist hy, € H2 + H2_,,n € N such that h,, — f uniformly
on Bd(K) as n — 0.

We shall see that Theorem Bl follows from

Theorem 4 Let 1/W(x) be a positive convex function on R such that

|x| /W (—=1/x) is also positive and convexr. Let g(x) be a continuous function
which has the same limits at —oco and at +00. Then we can approzimate g(x)
uniformly on R by weighted polynomilas W (x)"py,(x), n =0,2,4, ..., degp, < n.

3 Proof of Theorem

The proof of Theorem B will be based on several lemmas. The main auxiliary
result is the next lemma which provides an estimate for the approximation of
unity by even homogeneous polynomials. In what follows ||...||p stands for the
uniform norm on D.

Our main lemma to prove Theorem B is the following.

Lemma 5 Let 7 € (0,1). Under conditions of Theorem @ there exist ha, €
HY 'n €N, such that

[[1 — han|lBacx) = o(n™7°).

The next lemma provides a partition of unity which we shall need below.
In what follows a cube in R? is called regular if all its edges are parallel to the
coordinate axises. We denote the set {0,1,2,...}¢ by fo_.

Lemma 6 Given 0 < h < 1 there erist non-negative even functions gy €
C>(RY) such that their support consists of 2% regular cubes with edge h, at
most 2% of supports of gk s have nonempty intersection, and

Z g(z)=1, =z€ R, (1)

d
kezd

|8mgk(w)/8x§”|§c/hm, xeRd,mEZi,lgjgd, (2)

where ¢ > 0 depends only on m € Z_li_ and d.



For the centrally symmetric convex body K let
|x|x :=inf{a > 0:x/a € K}
be its Minkowski functional and set
Sk = sup{|x|/|x|k : x € R} = max{|x| : x € Bd(K)}.
Moreover for a € Bd(K) denote by L, a supporting hyperplane at a.

Lemma 7 Let a € Bd(K),h,, € HZ, be such that for any x € Lq, |z—a| < 40k
we have |hy(x)| < 1. Then whenever ¢ € Lq, satisfies |x—a| > 40k and x/t € K
we have

[ (/)] < (2/3)". (3)

Lemma 8 Consider the functions gy, from Lemmall Then for at most 81 /2pd
of them their support has nonempty intersection with S41.

We shall verify first the technical Lemmas B then the proof of Lemma
will be given. Finally it will be shown that Theorem B follows easily from
Lemma

Proof of Lemma B The main step of the proof consists of verifying the
lemma for d = 1. Let g € C*°(R) be an odd function on R such that g =1 for
x < —1/2 and monotone decreasing from 1 to 0 on (—1/2,0). Further, let g*(x)
be an even function on R such that ¢*(x) equals 1 on [0,1], g(z—3/2)/4+3/4 on
[1,2], and g(x —5/2)/4+1/4 on [2,3]. Then it is easy to see that g* € C>°(R), it
equals 1 on [—1,1], 0 for |x| > 3 and is monotone decreasing on [1,3]. Moreover

g @)+ g (x—4)=1, =ze€[-1,5] (4)

Set now
ge(z) = g*(x — 4k) + g* (x + 4k), ke ZL.

Then gj’s are even functions which by (4) satisfy relation

ng(x) =1, zeR.
k=0

In addition, the support of gi equals £[—3 + 4k, 3 + 4k] and at most 2 of gi’s
can be nonzero at any given z € R. Finally, for a fixed 0 < h < 1, x € R? and
k= (ki,....kq) € Z¢ set

d

gic(x) = [ ] gk, (62,/h).

j=1

It is easy to see that these functions give the needed partition of unity.



Proof of Lemma [l Clearly the conditions of lemma yield that whenever
|x —a| > 40k

1/xlg < 0k /|x| < 0k /(Ix —a] = |a]) < bk /(|x —a| = dx) < 40k /3|x —al. (5)
It is well known that for any univariate polynomial p of degree at most n such

that |p| < 1in [—a, a] it holds that |p(x)| < (2x/a)™ whenever |x| > a. Therefore
using (5) and the assumption imposed on h,, we have

[ ()] < (2]x — al/405)*" < (2[x[/3)™". (6)
Now it remains to note that by x/¢ € K it follows that |x|x < |¢[, and thus we
obtain (3) from (6). This completes the proof of the lemma. 1

Proof of Lemma Bl Recall that the support of gi’s consists of a pair of
regular cubes with edge h < 1, so if Ay :=suppgi has nonempty intersection
with the unit sphere S¢~! then A, C D, where D stands for the regular cube
centered at 0 with edge 4. Let now fi be the characteristic function of Ayg.
Since at most 2¢ of A;’s have nonempty intersection it follows that

> felx) <24, x e R (7)

Moreover, m(Ay) = 2h%, where m(.) stands for the Lebesgue measure in R<.
Using (7) we have that

> /D frodm < 2%m(D) = 8<. (8)

Since

/ fkdm = m(Ak) = 2hd
D
whenever Ay, C D the statement of the lemma easily follows from (8).

Proof of Lemma Bl Denote by g, 1 < k < N those functions from Lemma
Bl whose support Ay has a nonempty intersection with S4~!. Then by Lemma 8

N < 8%/2h4, (9)

Moreover, by (1)
N

> ge=1 on 541 (10)
k=1

Set
By := Ay NS4 Oy = {ur(u):uc€ By} C Bd(K), 1<k<N.

For each 1 < k < N choose a point uy € By and set xj, := ugr(ug) € Bd(K).
Furthermore let Ly be the supporting plane to Bd(K) at the point x; and set
for 1 <k < N,Lj := L U(—Ly)

Dy :={x€ L} :x=tu for some u € By,t > 0};



fe(x) == gr(u), x€ Bd(K),x =ur(u), uecs§?!
q(x) :=gr(u), xe€Lj,x=tu, uecS¥ t>0

Clearly, g, € C*°(L}) is an even positive function which by property (2) can
be extended to a regular centrally symmetric cube I D K so that we have on I

|0™q /0" < c/h™, 1<j<d, 1<k<N. (11)

Here and in what follows we denote by ¢ (possibly distinct) positive constants
depending only on d,m and K. We can assume that [ is sufficiently large so
that

IDGkZZ{XELk:|X—Xk|§45K}, 1<k<N.

Then by the multivariate Jackson Theorem (see e.g. [I0] ) applied to the even
functions g satisfying (11) for arbitrary m € N (to be specified below), there
exist even multivariate polynomials pi of total degree at most 2n such that

llgk — prlla; <c/(hn)™ <1, 1<k<N, (12)

where Gy := G U (=Gyg), h :=n~7 (0 < v < 1 is specified below), and n is
sufficiently large.

We claim now that without loss of generality it may be assumed that each py
is in HY,. Indeed, since G} C L} it follows that the homogeneous polynomial
he :=< x,w >2¢ HY is identically equal to 1 on G} (here w is a properly
normalized normal vector to L), so multiplying the even degree monomials of
pr by even powers of hy we can replace px by a homogeneous polynomial from
HY so that (12) holds. Thus we may assume that py € HS, and relations (12)
hold. In particular, (12) also yields that

llpklle; <2, 1<kE<N. (13)

Now consider an arbitrary x € Bd(K) \ Cy. Then with some ¢t > 1 we have
tx € L} and gx(tx) = 0. Hence if tx € G}, then by (12) it follows that

IPe(x)] < |pk(tx)] < ¢/ (hn)™.
On the other hand if tx ¢ G}, then by (13) and Lemma [ we obtain
()] < 2(2/3)>".
The last two estimates yield that for every x € Bd(K) \ Cy we have
k()] < e((2/3) + (hn)™™), 1<k < N. (14)

Now let us assume that x € C.
Clearly, the C**¢ property of Bd(K) yields that whenever x € Bd(K),tx €
Li,t>1 we have for every 1 <k < N

(t = Dx| =[x — tx| < emin{|x — x|, |x + x5} F<. (15)



Obviously, for every u € By,
min{|u — ug|, ju+ ug|} < Vdh.

This and (15) yields that for u € By,x = ur(u) € Cy,tx € Di(c > ¢ > 1) we
have for 1 <t <c¢,0< h<c

t—1<ch't, Dy CG;,0<h<hy. (16)
Hence using (12), (13) and (16) we obtain for 0 < hl1t¢ <en ', 1 <k <N
e (x) = pe(x)| = lqr(tx) — pr(x)] < lar — prl(tx) + [pr(tx) = pr(x)] <
c/(hn)™ + |pr(x)|(t*™ — 1) < c((hn)™™ +nh'T), x € Cy. (17)
Denote for x € Bd(K)
R(x):={k:x € C}}, #R(x)<2%

Then using the above relation together with (10),(17),(14) and (9) we obtain
for every x € Bd(K)

1= o) =D (fe =)< | Dol D

k=1 k=1 keR(X) k¢ R(X)
< e2%(1/(hn)™ + nh'*) + N||pel Bacrnox
< ce(h~™ ™ 4 hm4(2/3)%" 4 nhlTe). (18)

Now it remains to choose proper values for m and h.
Choose m € N to be so large that

me —d - d let 14+m
=———— > 7¢ andle =_—
l1+m+e+d v 1+m+e+d

Letting h := n~7 we see that h~"~9n~™ = nhl*te = n= . (Hence the h'*c <
en~! condition is satisfied.) In addition h=%(2/3)*" = O(n~%), too. This
completes the proof of Lemma I

Proof of Theorem Bl First we use the classical Weierstrass Theorem to
approximate f € C(Bd(K)) by a polynomial

m
pm=»_hi, hieH! 0<j<m
j=0

of degree at most m so that

I1f = PmllBacxy < 0



with any given 6 > 0. Let 7 € (0,1) be arbitrary. According to Lemma H
there exist hy ; € H2dn_2[j/2] such that |1 — hy, j||pax) = O(n779),0 < j < m.
Clearly,

m
h* = hn b} € HY, + HE,
j=0

and
I[f = h*l|Baky <0+ 0(n"7°).

4 Proof of Theorem

Definitions 9 Let L C R and let f : L — RU{—o00} U {+0o0} be a function
which is defined almost everywhere (a.e.) on L. We say that f is increasing
if f(z) < f(y) whenever f is defined ot x and y and x < y. We say that f
is increasing almost everywhere if there exists L* C L such that L \ L* has
Lebesgue measure zero, f(x) is defined for all x € L* and f(x) < f(y) whenever
r,ye L*, x<uy.

We say that f is convex if f is absolutely continuous, and f'(x) (which exists
a.e.) 1is increasing a.e. on L.

Let R := RU{oc} denote the one-point compactified real line (whose topology
is isomorphic to the topology of the unit circle).

Let W : R — R be a non-negative function. Define Q : R — (—o0, +00] by
W(t) = exp(—Q(2)).

In the rest of the paper we will have the following assumptions on the weight
W(t), t € R:

1
W is positive and convex on R (19)

is positive and convex on R. (20)

Remark 10 Equivalently, instead of (Z0) we may assume that (Z1) below holds
and limy—, 4 o0 t(tQ'(t) — 1) < limy, o t(tQ'(t) — 1). We also remark that (I4)
implies that [20) is satisfied on (—o0,0) and on (0,400).

We mention the function W(t) = (1 + [t[™)~'/™, 1 < m, as an example
which satisfies ([[d) and (20).

We say that a property is satisfied inside R if it is satisfied on all compact
subsets of R.

Some consequences of ([@) and @) are as follows.



. hI:El [t]W(t) = p € (0, +00) exists. (21)

Since exp(Q(t)) is convex, it is Lipschitz continuous inside R. So exp(Q(t))
is absolutely continuous inside R which implies that both W (t) and Q(¢) are
absolutely continuous inside R.

Q’(t) is bounded inside R a.e. because by [[d) exp(Q(¢))Q’(t) is increasing
a.e.

We collected below some frequently used definitions and notations in the
paper.

Definitions 11 Let L C R and let f: L — RU{—oc0} U {+0o0}.

f is Holder continuous with Hélder index 0 < 7 < 1 if with some K constant
|f(z) = f(y)| < K|z —y|™, z,y € L. In this case we write f € H™(L).

The LP norm of f is denoted by ||f|l,. When p = co we will also use the
[|fllL notation.

We say that an integral or limit exists if it exists as a real number.

Let x € R. If f is integrable on L\ (x — e, x+¢€) for all 0 < € then the Cauchy
principal value integral is defined as

PV / F(t)dt == lim F(t)dt,
L e—0t L\(z—e,z+e€)
if the limit exists.
It is known that PV [, g(t)/(t — x)dt exists for almost every x € R if g :
L — R is integrable.
For 0 <t and a € R we define

al :=max(a,t) and a, = max(—a,t).

For a > b the interval [a,b] is an empty set.

We say that a property is satisfied inside L if it is satisfied on all compact
subsets of L.

o(1) will denote a number which is approaching to zero. For example, we may
write 10° =100+ o(1) as x — 2. Sometimes we also specify the domain (which
may change with €) where the equation should be considered. For example,
sin(z) = o(1) for x € [r, 7 + €| when e — 0F.

The equilibrium measure and its support Sy, is defined on the next page. Let
[ax,by] denote the support Syyx (see Lemma (I3)).

For x & (ayx,by) let Va(z) := 0, and for a.e. x € (ay,by) let

PV flfx A (t—a,\t)fl;,\—t)Q’(t) dt 1

V(@) 7r2A (z —ax)(bx —x) I (@ —an)(br — )’ -

Let x € [-1,1]. Depending on the value of ¢ € [—1,1] the following integrals
may or may not be principal value integrals.
€ A1 = 2~ Q1)
ve(z) == =PV A c dt,
VI 2 ()




LAV —12e20) d
t
e TNV —22%(t —x)

(We should keep it in mind that v.(z) and h.(x) also depends on \.)
Define

he(z) == PV

. B L LoAV1 — 12¢- QM) B
B(z) :=ve(x) — he(z) = v1(2) = =PV VIR0 ) dt, ze€[-1,1].

P, (x) and p,(x) denote polynomials of degree at most n.

Functions with smooth integrals was introduced by Totik in [IT].

Definitions 12 We say that f has smooth integral on R C L, if f is non-
negative a.e. on R and

Jr=a+om) [ 1 (23)

where I, J C R are any two adjacent intervals, both of which has length 0 <
epsilon, and € — 0. The o(1) term depends on € and not on I and J.

We say that a family of functions F has uniformly smooth integral on R,
if any f € F is non-negative a.e. on R and [Z3) holds, where the o(1) term
depends on € only, and not on the choice of f, I or J.

Cleary, if f is continuous and it has a positive lower bound on R then f has
smooth integral on R. Also, non-negative linear combinations of finitely many
functions with smooth integrals on R has also smooth integral on R.

From the Fubini Theorem it follows that if v is a finite positive Borel measure
on T C Rand {w(x): ¢t € T} is a family of functions with uniformly smooth
integral on R for which ¢ — v;(x) is measureable for a.e. x € [a, ], then

v(z) ::/Tvt(:zr)du(t)

has also smooth integral on R.
Finally, if f,, — f uniformly a.e. on R, f, has smooth integral on R and f
has positive lower bound a.e. on R then f has smooth integral on R.

Remark 13 Since exp(—Q) is absolutely continuous inside R and (exp(—Q))’ =
—exp(—Q)Q’ is bounded a.e. on [—1,1], by the fundamental theorem of calcu-
lus we see that exp(—Q(t)) € HY([-1,1]). And V1 —¢t, V1 +t € H*5([-1,1)),
so /1 —t/1+texp(—Q(t)) € H*5([-1,1]) so V1 — 22B(x) € H*>([-1,1]) by
the Plemelj-Privalov Theorem ([G], §19). As a consequence, v.(x) and h.(z)
exist for any x € [-1,1]\ {c}.

The following definitions and facts are well known in logarithmic potential
theory (see [8] and [9]).

10



Let w(z) # 0 be a non-negative continuous function on R such that

lim |z|w(z) = a € [0,+00) exists . (24)
When o = 0, then w belongs to the class of so called “admissible” weights.
We write w(z) = exp(—q(z)) and call ¢(v) external field. If y is a positive
Borel unit measure on R - in short a “probability measure”, then its weighted
energy is defined by

1
The integrand is bounded from below ([9], pp. 3), so I,,(p) is well defined and
—00 < I, (). Whenever it makes sense, we define the (unweighted) logarithmic
energy of pu as I1(u) where 1 denotes the constant 1 function. There exists a
unique probability measure ., - called the equilibrium measure associated with
w - which minimizes I, (u). Also,

Vi := LIy(pe)  is finite,

and p,, has finite logarithmic energy when a = 0.
If the support of u is compact, we define its potential as

Ut (x) = / log ——du(#).

|t — 2]

This definition makes sense for a signed measure v, too, if [ ’ log |t — x|}d|u|(t)
exists.
Let
Sw :=supp(py) denote the support of fi,.

When a = 0, then S, is a compact subset of R. In this case with some F,
constant we have

Ubtr +Q(z) = Fy, € S,.

Let Bd(K) be the boundary of a two dimensional convex region K C R?
which is centrally symmetric to the origin (0,0). For ¢t € R let (x(t),y(t)) be
any of the two points on Bd(K) for which

R _y, (25)

Let z(c0) := 0 and choose the value y(co) such that (0,y(c0)) € Bd(K). We
define y(00)/0 to be oo, so ([EH) also holds for ¢ = co.
Define

W(t) :=e 9 = |z(t)], teR.

11



Lemma 14 W (t) satisfies properties (I3), ). And Sw = R.

Proof. W is positive on R.

We may assume that z(t) > 0, t € R. Let t1,t3 € R and t2 := oty + (1 —
a)ts, where 0 < o < 1. Let (x2,y2) be the intersection of the line segments
(x(t1),y(t1))(z(ts),y(t3)) and (0,0)(z(t2), y(t2)). Note that 1/x(t2) < 1/x9 and
by elementary calculations:

+(1 _a)x(tg,)’

so (@) holds. The proof of @0) is identical to the proof of (Id) once we notice
that y(—1/t)/x(=1/t) = —1/t, and so [t|/W(=1/t) = 1/|y(—1/1)|.

Sy = R follows from Corollary 3 of [3], since ([[d) implies that (2.2) in [3] is
increasing on (0, 27) with the choice ¢ := 0, and (21) implies that (2.2) in [B] is
increasing on (m, 37) with the choice ¢ := m. (Corollary 3 can be used since Z1)
shows that ¢(0) := Q(— cot(0/2))+log |sin(8/2)|+log 2 is a continuous function
on [0,27]. And ¢(f) is absolutely continuous inside (0,27), so it is absolutely
continuous on [0, 27].)

Lemma 15 Let 1 < A. Then Sy is a finite interval [ax,by], and pyyx is
absolutely continuous with respect to the Lebesque measure and its density is

dpys (z) = Vy(z)dx.

Proof. Let 1 < p. Note that exp(AQ(x)) is a convex function because it is
the composition of two continuous convex functions. So by [2], Theorem 5,
Sy is an interval [ay, by], which is finite since lim, 4o |2|W*(z) = 0. The
density function (duy»(z))/dx exists, since (W?) = — exp(=A\Q)AQ’ € LP(R),
see Theorem 1V.2.2 of [g].

The integral at [Z2) is the Hilbert transform on R of the function defined as
A/ (t—ax)(bx —t)Q'(t) on (ay,by) and 0 elsewhere. This function is in LP(R),
so by the M. Riesz’ Theorem the integral is also in LP(R) hence V) (x) exists for
a.e. T € [ay,by]. Moreover, by the Holder inequality (1/a 4+ 1/b = 1/c implies
[1fglle < I fllallgllo) we see that Vi € L1 9(R), so Vi € L1(R), too.

By the proof of Lemma 16 of [T], the function V) satisfies [ Vi (x)dz =1 and

b
/ log |t — z|Va(t)dt = AQ(z) + C, x € (ax,by). (26)

A

The left hand side is well defined since by the Holder inequlaity

b
T — /
ax
Consider the unit signed measure p defined by du(z) := Vi(x)dz. By E8)
UF(z) + A\Q(z) = —C, z € (ax,by). From this and from Utw* (z) + \Q(z) =

log |t — x|‘|VA(t)|dt is uniformly bounded on [ayx,bx].  (27)

12



Fyx, x € [ax,by], we get UF(z) = UFw> (2), © € (ax,by). But @) shows that
U (x) and U*™ () are finite for all z € [ax,bx]. So U’ (z) = Urwr T (z),
x € (ax,by). Here u™ and pupyr + p~ are positive measures which have the
same mass. fiya, p~ (and pT) all have finite logarithmic energy (see ),
hence pyyx + p~ has it, too. Applying Theorem I1.3.2. of [§] we get urt (2)
Utwrth (z) for all z € C. By the unicity theorem ( [§], Theorem II.2.1.
pT = pyr + p~. Hence g = pyyx and our lemma is proved.

m

Lemma 16 For any [a,b] interval if 1 < A, and X is sufficiently close to 1 then
[a,b] C (ax,by) and Vi(x) has positive lower bound a.e. on [a,b].

Proof. First we show that limy_,;+ ay = —oo and lim,_,1+ by = +o0. Fix z € R
and let let A, \, 1 be arbitrary. We show that z € (ay,, by, ) for large n. If this
were not the case then for a subsequence (indexed also by \,,) we have

[a)\n,b)\n] C [Z,+OO). (28)

(Or, for a subsequence we have [ay,,bx,] C (—o0, 2], which can be handled
similarly.) R is compact so by Helly’s Selection Theorem (|8], Theorem 0.1.3)
we can find a subsequence of the equilibrium measures py»,. (indexed also by
An) which weak-* converges to a probability measure p. This we denote by
P an =>4

For fixed large 0 < N we define the probability measure

MW‘

[_N7N]

UN = .
||MW‘[—N,N]||

We remark that pw ({oo}) = 0 which implies that

[l pw [_NN]|| —1 as N — +o0. (29)

By ([, pp. 3) there exists K € R such that

1 _
FETABII0k z, t € R. (30)

K <log

Now we show that

//log P t|W)‘11(z)WAl(t) dvn (t)dvn (z) is finite. (31)

By @B0) the double integral at &) is bounded from below. It equals to:
1 Ar—1
| 1o =g W) + [ [ 1oslz =t dun i),

13




Here the first double integral is finite because Vyy is finite ([9], Theorem 1.2).
And the second integral is bounded from above since v has compact support.
So (B is established.

Choose 0 < 7 such that ||[7W (x)||cc < 1. Now,

T (1) —log(7?)
:Mli“ioo//mm (0,108 z—t|(TW(12))(TW(t)))d'u(t)du(z)
=t f i (a0 = ) (e )
<t [ [ s G i O ()

< Jim / / log 7= t|(TW(z))>‘n T N Bdvn(z)

1 2
= //log EE T dvn (t)dvn (z) — log(77). (32)

Above in the first equality we used the monotone convergence theorem (see also
@d)). In the second equality we used pyyrn X prypan—p X p. In the second
inequality it was used that uy s, is the probability measure which minimizes
the double integral of — log(|z — t|W*» (2)W*=(t)). In the last equality we used
the monotone convergence theorem again. (It can be used because of [B0), plus
the integral is finite even with the power Ay by (&1I).)

Also, 1
// [1og P K} dvy (t)dvy (2)

< | [ [t =g ~ K] duW(z)]H-
NN

| Il

Combining this with ([B2) we have

I (1) < K1 = —— ]+ —— iy,
|2

|2
| B D]
Letting N — 400 we gain Iy (1) < Viy. Therefore pp = pw. Thus pyyx, —pw
which contradicts 8, since Sy = R.
To prove the positive lower bound of V) (z) a.e. on [a,b],let I :=[a—1,b+1].
Since W is an admissible weight, we can use [8], Theorem IV.4.9., to get

1
S .5 2 (1 B F)WSW*

WA

Hwx

3
wA2

S
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where wg_ is the classical equilibrium measure of the set Syyx (with no external
field present). (We remark that Sy»x D Sy a2.)

It follows that if A is so close to 1 that Sy;,x2 D I holds, then [a,b] C (ax, bx)
and V) (x) has positive lower bound a.e. on [a, b]. .

We will need Lemma 22 of [I]. We formulate it as follows:

Lemma 17 Let A < B <1, f € L'[A,1] and f € H'[A, (B + 1)/2]. Define
v*(x) = fcl f@®)/(t — x)dt, where ¢ € [A,B] and x < c. Then

v*(x) = (f(c) + o(1)) log ! , as T —c .

c—x
Here o(1) depends on ¢ — x only.

Lemma 18 Let -1 < a <b <1 and 0 < ¢ be fized. Let 0 < € < 1/10 and
0 := /e —2e. Then for x1,22 € [a,b] N (c —d,c+ 9)°, |1 — 22| < €, all the
quotients

UC(xl)j_ Uc(xl)L_ hC(xl)j_ hc(xl)L_
V(@) we(@2) T he(2)d he(w2)r

equal to 1+ o(1) as € — 0. Here the o(1) term is independent of x1,x2 and c.

Proof. First we consider the case when z1, xo < ¢ — J. Note that for 7 > 2
we have 1/(t — x2) < 1/(t — x1), t € [¢, 1], whereas for x1 < x2 we have

<(1+M) ! =(1+4+0(1)) 1 telel].

t—x9 — c—x9 /t—m t—xp’

Multiplying these inequalities by Av/1 — t2 exp(—Q(t))/7? and integrating on
[e, 1] we gain

>

C(IQ)
hc(:vl)

where /1 —23/1/1 — 2% = 1+ o(1) was also used. By the same argument, if
x1, o2 > ¢+ 9§, we have v.(x2)/v.(z1) = 14 o(1), from which

=14 o(1), (33)

v¢2(5172)ir

vc(xl)j_

=1+ o(1). (34)

Returning to the case of z1, x2 < ¢ — 4, from v.(z) = he(x) + B(x), from
B3) and from B(x2) = B(z1) + o(1) we get

ve(@2) = ve(@1)] = |o(D)|(1 + |ve(21) — B(a1)])
< fo(M)(lve(@1)] + 1+ [[Bllja,5))- (35)
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Assuming |v.(z1)| < 1, we have
ve(2)," = ve(@1) ] < Jve(w2) = ve(z1)] < Jo(1)],

so B4) holds again. Finally, if |v.(x1)| > 1, then from (BH)

1+ [[Bllfa

[ve (1))

Ve (x2) B
ve(x1)

1| = o] (1+ ) =lo(1)]
from which B4)) again easily follows.
The proof of the rest of our lemma is similar.

Lemma 19 Let -1 < a < b < 1 and 0 < ¢ be fired. Then the family of
functions F* := {v.(x)} : c€[-1,1]} and F~ = {v.(x); : c€ [-1,1]} have
uniformly smooth integrals on [a,b].

Proof. We consider F* only (¥~ can be handled similarly). Let ¢ € [-1,1].

Let I := [u —€,u], J := [u,u + €] be two adjacent intervals of [a,b], where
0 < e < 1/10. We have to show that
c(t)Fdt
f]”(i); =1+o0(1), as e—0T,
Sy ve(t).dt

where o(1) is independent of I, J and c. Let 6 := /e — 2¢ (> ¢).

Case 1: Assume U J C (¢ — §,¢+ 6)¢. From Lemma [[8 we have v.(t)} =
(I+o(1)ve(t+€)f, t € I. Thus [;v.(t)}dt = (14 0(1)) [;ve(t)Fdt.

Case 2: Assume (JUJ)N(c—0d,c¢+0) #0. So IUJ C [c— /€, ¢+ /€. Let
€ be so small that ¢ € [(a —1)/2,(b+ 1)/2]. (This can be done because of our
assumption of Case 2.)

Let f(t) := A1 —t2exp(—Q(t))/72. Applying Lemma [[7 (with A := (a —
1)/2, B := (b+1)/2) we have v1 — 22h.(x) = (f(c) + o(1))(—log |c — z|) for

z € [c — /€, ¢) as € — 0T, which easily leads to

he(x) = (\/% +0(1))(=log|c — z|) for x € [c — V/€,¢) as e — 0T,
From here using h.(z) = v.(x) — B(z) we get
f(c)

VelZ) = +o(1))(=1log|c — z|) for x € [c — V/e,c) as e — 0T, 36
(@) = (L + o)~ ogle — al) or @ € fe = v&ro (30)
Clearly, @) also holds for = € (¢, c+ /€] (which can be seen by stating Lemma
[@Afor —1 < A < B instead of A < B < 1).

f(z) has a positive lower bound on [(a — 1)/2,(b+ 1)/2]. So we can choose
€ so small that the right hand side of ([BH) is at least ¢ for all possible values of

c and z. Hence v.(x) = v.(z)} and

[ivetyrdt (5 +0(1)) [y log iyt _

o 1—c2

+ 5 (c
Jyve@®idt (£ 4 0(1)) [, log gt

(14 0(1))* =14 0(1),
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where we used that log(1/|z|) has smooth integral on [—2,2] ([I], Proposition

20).
i

Lemma 20 Let F(x) = G(x) — H(x), where F(x), G(z), H(z) are a.e. non-
negative functions defined on an interval, G(x) and H(x) have smooth integrals
and H(z) < (1 —n)G(x) a.e. with some n € (0,1). Assume also that [, F =0
implies fl G = fIH = 0, when the interval I is small enough. Then F(x) has
smooth integral.

Proof. Let I and J be two adjacent intervals of equal lengths €, where € is “small
enough”. Let a:= [, G, A:= [,G, b:= [, H, B:= [, H. By assumption

A=(1+o(1)a and B=(1+0(1))b, ase—0" (37)

and we have to show that A — B = (1 + o(1))(a — b).

We may assume that a — b # 0, otherwise a = b = 0 from the assumption of
the lemma and so A = B = 0.

Integrating H < (1 — )G on I we get b < (1 — n)a, from which (a + b)/
(a=b) <1+ (1-n))/(1—-(1-n)). Thus, from B

[(A—a) = (B=b)] < lo(1)[(a+Db) <|o(1)|(a —b).

Following the proof of Lemma 24 of [I] we will prove the following lemma.
But we remark that the absolutely continuous hypothesis of Lemma 24 is un-
necessary at [1].

Lemma 21 Let N(x) be a bounded, increasing, right-continuous function on
[—1,1] and let f(z) € L*([-1,1]) be non-negative. Then

1
pv/_1 %dt: ~N(1)fi(2) +/ f@)AN(), ae. z€[-1,1], (38)

(_171]
where the integral on the right hand side is a Lebesgue-Stieltjes integral and

fe(z) == =PV &dt, a.e. z € [-1,1].
1 t—x
Proof. Let us denote the left hand side of [B8) by F(z). Since f(x) and
f(x)N(x) are in L'[-1,1] and N(x) is increasing, there is a set of full mea-
sure in (—1,1) where fi(z), F(z) and N'(z) all exist. Let = be chosen from this
set. It follows that f.(x) exist for all ¢ € [-1,1]\ {z}. Also,

F(z) = lim ( / TUION® 4 ERIOLIO) (t)dt). (39)

-1 t—ux z+e —X
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t — fi(x) is a continuous increasing function on [—1, ) and it is a continuous
decreasing function on (z,1] so at ([BY) we can use integration by parts to get

/IlE +/z; = —fo—e(@)N(z —€) + f-1(x)N(-1) +/ Fo(x)dN (1)

(—1,z—¢]

are@)N@ +€) = Hi(Z)N(L) + / fo(@)dN (1)

(z+e,1]

But above f_1(z) = 0 and

fﬂc-i-e(x)N(x +€) — fm—e(‘r)N(x —€)

= [fate() = fo—e(@)IN(z + €) + fo—e(2)[N(z + €) = N(z — €)]. (40)
Note that
x+e
fac-l—e(x)_fz—é(x):_PV/i &dt_’() aSé_)OJra

since f1(z) exists. Also, 0 < fy_.(z) < c1log(l/e), 0 < € < 1, which implies
that the second term at (@) tends to zero (since N is differentiable at z).
Putting these together, we get that on one hand,

tim /( L N /( L fi@ane) (41)

e—0t

exists and equals to F(x) + f1(z)N(1), and on the other hand, [{Il) equals to

/ fo@)dN () = / f(@)dN(t) (12)
(=1L,1\{z}

(_1)1]

by the monotone convergence theorem (which can be used since ¢ — f.(z) is
bounded from below on [—1,1] since fi(z) is finite). The the continuity of N at
x allowed us to integrate on the whole [—1,1] at (Z).

Lemma 22 Let [a,b] be arbitrary and let 1 < X be chosen to satisfy the conclu-
sion of LemmalIlA. Then Vy(x) has smooth integral on [a,b].
Proof. To keep the notations simple we will assume that -1 < a < b < 1,

and ay = —1, by = 1, that is, the support of uy » is [—1,1]. This can be done
without loss of generality. Define

R R 1 Q(s)
v(t) = RO and M(t) := Sli)r?+ e Q) (s),
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where v(t) also depends on the choice of x. Note that M (t), t € [-1,1], is a
bounded, increasing, right-continuous function which agrees with exp(Q(¢))Q’ (t)
almost everywhere.

Applying LemmaBPTfor f(¢) := v(t) and N(t) := M(t), let us fix an = € [a, ]
value for which both B) and duwx(r) = Vi(zr)dx are satisfied. (These are
satisfied almost everywhere.) From (22) and Lemma ] we have

7 1 LW —2Q'(t)
W =Tt | e

— ﬁ + PV /11 %dt = L(z) + /<1,11 ve(x)dM(t),

where L(z) :=1/(mv1 — 22) — M(1)B(x).
Let 0 < ¢. Since L(z) is a continuous function on [a,b] (see Remark [3)),
L(z)} and L(z),; have smooth integrals on [a,b]. Also, by Lemma [[d F* and

F~ have uniformly smooth integrals on [a, b], so both

wuw>:L@ﬁ+A¥”w@ﬁMﬂw and

W@m?@L@L+A;Mw@LMﬂw

have smooth integrals on [a, b]. (These new functions are not to be mixed with
Wa(x); and Vy(x);.)
Set

V>\ (;v)(b) = V>\ ($)E$) - V)\(CL')EL_))

Then, using |z, — 2z, — 2| <, z € R, we get

Vi) —Val@)] < |L($)T—L($)Z—L($)|+/(_l . o), —vr (), —vi(2)|dM ()

<. +/ WdM(t) = o1+ M(1) — M(-1)). (43)
(_171]
So
Va(x)(,) — Va(x) uniformly a.e. on [a,b] as ¢ — 0%, (44)
And since
Va(z) has positive lower bound a.e. on [a,b], (45)
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Va(2)(,) has also positive lower bound a.e. on [a, b], assuming ¢ is small enough.
In addition, v¢(x) > 0 when ¢ € [0, 2], whereas v;(x) > B(x) > —||B||[q,;) when

t € (x,1], so V,\(x)E:)) is bounded a.e. on [a,b]. It follows that V,\(:C)(f) <

)
(1- n)V,\(x)E;;) a.e. = € [a,b] for some n € (0,1).

Applying Lemma 20 we conclude that V) (x)(,) has smooth integral on [a, b]
(if ¢ is small enough). Therefore V) (x) has smooth integral by ) and EH). 1

Approximation by weighted polynomials with varying weights was intro-
duced by Saff ([7]). In our proof we shall utilize the strong connection between
weighted polynomials and homogeneous polynomials on the plane.

It was proved by Kuijlaars (|5], see also [§], Theorem VI.1.1) that when
a =0 at ) then there exists a closed set Z(w) C R with the property that a
continuous function f(x), = € R, is the uniform limit of weighted polynomials
w"P, (n=0,1,2,...) on R if and only if f(x) vanishes on Z(w). We formulate
the following version of this theorem.

Lemma 23 Assume that 0 < « at [Z4). Then there exists a closed set Zg(w)
such that a continuous function f(z), = € R, is the uniform limit of weighted
polynomials w"py, (n=0,2,4,...) on R if and only if f(z) vanishes on Zg(w).

Proof. Let X := R. Note that w"p, is continuous on R when n is even.
(Naturally the value (w"p,,)(00) is defined to be lim,_, 4 (w™py)(z).)

Let A be the collection of continuous functions f on X such that w"p, — f
(n=0,2,4,...) uniformly on X for some p,,. Define the set Zg(w) := {z € X :
f(z) =0 for all f € A}, which is certainly closed.

It is easy to see (similarly as in [8], Theorem VI.1.1) that A is an algebra
which is closed under uniform limits. Also, it separates points in the sense
that if x1,22 € X \ Zg(w) are two distinct points, then there exists f € A
such that f(x1) # f(x2). Indeed, let us assume that, say, xo is finite and let
g € A such that g(x1) # 0. Let w"p, — g (n = 0,2,4,...) uniformly on X.
Then w2 (2)[(z — 22)%pn(x)] — w?(2)(x — 22)2%g(x) =: f(z) (n = 0,2,4,...)
uniformly on X because ||w?(z)(z — 22)?||g < +oo. Thus f(z) € A. And
f(z1) # 0 = f(x2) (which holds even if 21 was infinity.)

Since A satisfies the properties above, by the Stone-Weierstrass Theorem

A={f: fis continuous on X and f =0 on Zz(w)}.

We now restate Theorem Bl and prove it.

Theorem 24 For a weight satisfying (I9) and (Z0) we have Zg(W) = 0. That
is, any continuous function g : R — R can be uniformly approzimated by
weighted polynomials W"p,, (n =0,2,4,...) on R.

Proof. Let 79 € R. We show that o & Zg(W).
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First let us assume that zg is finite. Choose J := [a,b] such that a < xp < b
holds. Let f(x) be a continuous function which is zero outside J and f(zg) # 0.
Let 1 < A = u/v (u,v € NT) be a rational number for which the conclusion
of Lemma [T@ holds. Now we use a powerful theorem of Totik. Since V) has a
positive lower bound a.e. on J and it has smooth integral on J (see Lemma 22),
by [TT], Theorem 1.2, (a,b) N Z(W*) = (). So we can find P, (n =0,1,2,...)
such that (W*)"P, — f uniformly on R.

So for n := Nv, we have

WhN"ny — f, N =0,1,2,..., uniformly on R, (46)

where pny := Pyy and deg(pyy,) < Nv < Nu. For all fixed s € {0,...,u — 1} if
we approximate f/W? instead of f at HH), it easily follows that there exist py
(k=0,1,2,...) such that

Whpr — f, k=0,1,2,..., uniformly on R. (47)

Using only k =0,2,4, ..., we get ¢ € Zg(W) by Lemma 23
Now let zg = 0o. Define

Wolz) = —W(==).

|| @
Note that 1/Wy(z) (= |z|/W(=1/z)) and |z|/Wo(—1/z) (= 1/W (z)) are posi-
tive and convex functions because W satisfies 20) and ([I9).

Let g be a continuous function on R. Define —1/00 to be 0 and —1/0 to
be 00. (So g(z) is continuous on R if and only if g(—1/z) is continuous on R.)
Observe that for some p,, we have
W™ (x)pn(z) — g(x) (n=0,2,4,...) uniformly on R, iff
Wn(=1/z)pn(—1/x) — g(=1/x) (n = 0,2,4,...) uniformly on R, iff
Wo™ (2)qn (), — g(—=1/z) (n = 0,2,4,...) uniformly on R,
where gy (z) := 2"pp(—1/z) are polynomials, deg g, < n.

Now let f(z) be a continuous function on R which is zero in a neighborhood
of 0 but f(oco) # 0. By what we have already proved, ¢, polynomials exist
such that Wy" (z)gn(x) (n = 0,2,4,...) tends to f(—1/z) uniformly. Therefore
we can approximate f(z) uniformly by W"(z)p,(z) (n = 0,2,4,...), where
pul) = 2" (~1/2).

Lemma 25 Let f(z,y), (z,y) € Bd(K), be a continuous function such that
f(z,y) = f(—z,—y) for all (x,y) € Bd(K). Then homogeneous polynomials

n

=3 ala" Tyt =024, ..

k=0

exist such that hy(z,y) — f(x,y) (n =0,2,4,...) uniformly on Bd(K).
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Proof. Recall the definition: y(t)/z(t) = t, t € R, where (z(t),y(t)) € Bd(K)
and W(t) := |z(¢)|. Define

f@) = fx(t),y(t)) = f(=x(t), —y(t)), teR.

Note that if n is an even number (and aggn) are unknowns) then

)k k) — ) S g (V)
D aa" MO0 =20 3 o)

= Ja@®)|" 3" alVtt = W (t)pa(t), (48)
k=0

where p,(t) == Y1, a,(c")tk, degp, < n. (When t = oo, the left hand side of
ER) again equals to (W"p,,)(00) := lims—, 400 W™ (¢)pn(t).)

But by Theorem B4 there exist W™ (¢)p,(t) (n = 0,2,4,...) which tends to
f(t) uniformly on R. This completes the proof, since for any (z,y) € Bd(K)
there exists ¢t € R such that either (x(t),y(t)) = (z,y) or (—z(t), —y(t)) = (2, ).

Proof of Theorem Bl

Define f(z,y) := 1, (z,y) € Bd(K). By Lemma EJ there exist ha, € H3,,
n € N, such that [|1 — ha,||pacx) — 0. From here Theorem B follows the same
way Theorem B follows from Lemma I

References

[1] D. Benko, Approximation by weighted polynomials, J. Approx. Theory 120
(2003), no. 1, pp 153-182.

[2] D. Benko, The support of the equilibrium measure, Acta Sci. Math.
(Szeged) 70 (2004), no. 1-2, pp 35-55.

[3] D. Benko, S.B. Damelin, P.D. Dragnev On the support of the equilib-
rium measure for arcs of the unit circle and for real intervals (manuscript,
http://www.wku.edu/~david.benko/bdd.pdf)

[4] A. Krod, J. Szabados, On density of homogeneous polynomials on convex
and star-like surfaces in R%, East J. Approz, to appear.

[5] A.B.J. Kuijlaars, A note on weighted polynomial approximation with vary-
ing weights, J. Approx. Theory 87 (1) (1996) 112-115.

[6] N.I. Muskhelishvili, Singular Integral Equations. Dover, New York, 1992

22


http://www.wku.edu/~david.benko/bdd.pdf

[7] E.B. Saff, Incomplete and orthogonal polynomials. In C.K. Chui, L.L Schu-
maker, and J.D. Ward, editors, Approximation Theory IV, pp 219-255.
Academic Press, New York, 1983

[8] E.B. Saff, V. Totik, Logarithmic Potentials with External Fields, Springer-
Verlag, Berlin, 1997

[9] P. Simeonov, A minimal weighted energy problem for a class of admissible
weights, Houston Journal of Mathematics, to appear

[10] A. F. Timan, Theory of Functions of a Real Variable, (Moscow, 1960) (in
Russian).
[11] V. Totik, Weighted polynomial approximation for convex external fields,
Constr. Approx. 16 (2) (2000) 261-281.
[12] V. Totik, Weighted approximation with varying weight. Lecture Notes in
Mathematics, 1569. Springer-Verlag, Berlin, 1994.
. Varju, Approximation by homogeneous polynomials, submitted to Con-

13] P. Varji, A imation by h 1 ial bmitted to C

str. Approx.
D. Benko

Department of Mathematics
Western Kentucky University
Bowling Green, KY 42101

USA

E-mail: dbenko2005@yahoo.com

A. Krob

Alfréd Rényi Institute of Mathematics
Hungarian Academy of Sciences
H-1053 Budapest, Redltanoda u. 13-15
Hungary

E-mail: kroo@renyi.hu

23



	Introduction
	Main Results
	Proof of Theorem ??
	Proof of Theorem ??

