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ASYMPTOTIC BOUNDS ON THE INTEGRITY OF GRAPHS AND
SEPARATOR THEOREMS FOR GRAPHS*
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Abstract. In this paper we study the integrity of certain graph families. These include planar
graphs, graphs with a given genus, graphs on the d-dimensional integer lattice Z%, and graphs that
have no Kj-minor. We give upper bounds for the integrity in terms of the order n of the graph. We
also give lower bounds for box-graphs in Z%. As a consequence, the integrity of planar graphs is on
the order of n2/37 where 2/3 is the best possible exponent.
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1. Introduction. The integrity of a finite graph G is

1) = min_ (S|+7(G\5)),

where 7(G \ S) denotes the size of the largest component of G \ S. The integrity can
be thought of as a measurement of connectivity of a graph. |S| measures the amount
of work needed to damage or disconnect a graph, while 7(G \ S) is a measure of how
much of the graph is still intact. The integrity is the sum of these two quantities
and was first introduced by Barefoot, Entringer, and Swart [4] inspired by the idea
to measure a computer network’s vulnerability.

Throughout this paper we assume that G is a graph with n vertices. It is easy to
see that for the complete graph K,,, we have I(K,) = n, and there are examples of
simple, regular graphs with integrity of the order of n® for any 0 < o < 1. However,
the exact integrity of a given graph is difficult to compute. In fact, only for very
simple graph families is the exact integrity known, so even establishing upper bounds
for the integrity of large graph families is a worthwhile goal. See [3] and [8] for further
information about the integrity of graphs.

A graph H is a minor of a graph G if H can be obtained from a subgraph of G
by contracting edges. An H-minor of G is a minor of GG isomorphic to H. The genus
g of a graph G is the smallest genus of all surfaces (compact orientable 2-manifolds)
on which G can be properly embedded. In this paper we show that the integrity of
graphs with no Kj-minor is O(n2/ 3), where h > 3 is fixed. We give explicit upper
bounds with particular attention to the case of planar graphs. The key property is
that such graphs possess separator theorems of the form found in [1, 2, 5, 6, 7, 9]; see
also section 2.

Our main results are Theorems 1.1, 1.2, 1.3, and 1.4 below.
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THEOREM 1.1. Let G be a graph of order n with no Kj-minor for fixed h > 3.
Then for n > 119h3,

I(G) < 10.9hn?/3 —13.10%/2n1/2,
THEOREM 1.2. Let G be a planar graph of order n. Then for n > 535,
I(G) < 18n*/3 — 27.9n'/2.

THEOREM 1.3.  Let G be a graph of genus g and of order n. Then for n >
713(29 + 1),

I(G) < 19.8(2g + 1)'/3n?/3 — 32.2(2g 4+ 1)/2n1/2,
It follows that
1(G) = 0 (n**)

for the graph families in Theorems 1.1, 1.2, and 1.3. Theorem 1.5 below shows that
for planar graphs, 2/3 is the best possible exponent.

Let Z¢ denote the lattice graph where vertices are the points in R™ with integer
coordinates, and vertices are adjacent if and only if their Euclidean distance is 1. A
subgraph of Z¢ which forms a rectangular box whose sides are parallel to the axes
will be called a box-graph. The dimensions of a box-graph are the number of vertices
lying on the edges of the box. (So, each dimension is the length of an edge plus 1.)
The order of a box-graph is the product of its dimensions.

The theorem below provides a formula for calculating the integrity of a box-graph
up to a constant factor depending on the dimension d only.

THEOREM 1.4. Let G be a box-graph in Z* with dimensions ai,...,aq, where
ai > --- > aq and set m(G) = Ya1 + ajaz + -+ H/araz...aq. Then
V(G)|
1.1 <I(G — ) <y,
-y asi@ /(TG <o

where the constants c¢q and Cy depend on d only.

Theorem 1.4 is equivalent to Lemma 4.2 in section 4 (the constants may differ).
For planar box-graphs, the proof of Lemma 4.2 gives the following result.

THEOREM 1.5. Let G be a planar boz-graph of order n with dimensions ay,as,
and a1 > ay (son = ayaz). If ag > 2\/ay, then

0.00136n2/3 < I(G) < 5.22n2/3.
If ag < 2./ay, then
0.00136+/aras < I(G) < 5.22\/a;as.

Another special case of Theorem 1.4 is the following.

THEOREM 1.6. Let G be the boz-graph in Z¢ which forms a cube. Let “a” denote
the dimensions of the cube, so G has order n = a®. Then there exist constants cq and
Cq depending on d alone such that

d d
cgn@1 < I(G) < Cyna+1,

Theorem 1.4 is also demonstrated in the following example for “flat” prism box-
graphs.
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Example 1.7. Let G C Z? be a box-graph with dimensions a1, as, a3 and assume
that b := a1 = as > a3 =: a. In the notation of Lemma 4.2, 49 = 1, 4; = Vb,
Ay = Vb2, and Az = Vb2a. If b > 4 and a < 2V/b2, then, in Lemma 4.2, we have
N =2. Now |V(G)|/Ag = ab?/ Vb2 = ab*/3, and so ctab*/? < I(G) < Ciab*/3.

2. Separator theorems. For A C V(G), we denote by G[A] the induced sub-
graph of G. (This is a graph whose vertex set is A and where two vertices in G[A] are
connected by an edge if and only if they are connected by an edge in the graph G.)

PROPOSITION 2.1. Let 0 < a <1 and 1 < ¢. Let Go(c) be a family of graphs
so that for any G € Gu(c), there exists a vertex partition V(G) = AU B U C, where
|Al,|B|] < (2/3)|V(G)|, |C| < ¢|V(G)|*, and no vertex in A is adjacent to a vertex
in B. Suppose further that if G € G (c), then every subgraph of G is in Go(c). Then
any G € Go(c) can be partitioned

V(G)=A"uB U,
where |A'|,|B'| < (1/2)|V(G)],
, c
1< T—@)e
and no vertex in A’ is adjacent to a verter in B’.

Proof. We follow the proof of Corollary 3 of [9]. We inductively define a sequence
of sets {A;, B, Ci, D;} so that V(G) = A; U B; UC; U D, is a vertex partition; there
are no edges between any of the sets A;, B;, and D;, and we have |4;] < |B;| <
|Al ucC; U Dl| and |Dl| < %|Dl,1|

Let Ag = By = Cy = 0 and Dy = V(G). The properties above are clearly satisfied
for these sets. Assume that A; 1, B;_1,C;_1, D;_1 have been defined satisfying the
above properties and further assume that D;_; # (. Applymg the hypotheses on
Ga(c) to the graph G[D;_1], we have D;_; = — AUBUC, where |A],|B| < 21D;—1],
|C| < ¢|D;-1]%, and no vertex in A is adjacent to a vertex in B. We can assume that
4] < |BJ.

Let A; be the smaller (in cardlnahty) of the sets A;_1 U A and B;_,. Let B; be
the other set. Let C; = C;_1 U C’ and let D; = B. Then

A, UB,UC; UD; = A;_1 UAUBi_lLJOi_lLJéUE
=4, 1UB;,1UC;i_1UD; 4
— V(@)

V(&I

Since no vertex in A;_; is adjacent to one in B;_1 or E, then no vertex in A; is
adjacent to one in B; or D;. Similarly, no vertex in B; is adjacent to one in D;.
Also, |A;| < |B;| by our choice of A;, and if A; = B;_1, then B; = A;_1 U A and

|A; UC; UDy| > ‘Bl-_l UE‘
> ’Aifl Ug‘ = |Bl.

IfTA, =A,_1U Z, then B; = B;_1 and

|[A;UC; UD;| > |Ai-1 UC;—1 UD,;_4]
> |Bi-1| = |Bil.

Also, |D;| = |B| < 2|D;_1| by the hypotheses. It follows that each term in this
sequence of subsets of V(G) satisfies all of the above properties.
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As the vertex set of G is finite and |D;| is decreasing, then |Dg| = 0 for some k.
Thus for such k, we have V(G) = Ax U By U Cy, |Ax| < |Bk| < |Ax U Ck|, and no
vertex in Ay, is adjacent to one in By. Let A’ = Ay, B’ = By, and C' = C},. It follows
that |A'|, |B’'| < n/2. Now,

|Ci| = [Ci—1| + ‘5"
< |Ci—1] + | Di—q|®.
As |Do| = n, then |D;| < (2/3)'n, so
|Ci| <|Cima] +e(2/3)0 " Vone
As |Cy] < ¢(2/3)3Done 4 ¢(2/3)2 Do 4 ... 4 ¢(2/3)~Den® then

1<% (5) -
=0
c

1 (2/3)°

THEOREM 2.2 (Alon, Seymour, Thomas (1990) [1]). Let G be a graph with n
vertices and no Kp-minor, for fited h > 3. Then there ezists a partition V(G) =
AU BUC such that |A],|B| < 2n/3, |C| < h3/2n'/2 and no vertex in A is adjacent
to a vertex in B.

A straightforward application of Proposition 2.1 and Theorem 2.2 gives the fol-
lowing.

COROLLARY 2.3. Let G be a graph with n vertices and no Kp-minor, for fized
h > 3. Then V(G) = AUBUC, where |A],|B| <n/2, |C| < B2 12 and no

[RVon
vertex in A is adjacent to a verter in B.

The well-known separation theorem for planar graphs [9] was improved in [2] to
give the best known such result thus far. See also [6] for results on the decomposition
of planar graphs.

THEOREM 2.4 (Alon, Seymour, Thomas (1994) [2]). Let G be a planar graph with
n vertices. Then there exists a partition V(G) = AUBUC such that |Al,|B| < 2n/3,
|C| < 3v2/2 n'/?, and no vertex in A is adjacent to a vertex in B.

A straightforward application of Proposition 2.1 and Theorem 2.4 gives the fol-
lowing.

COROLLARY 2.5. Let G be a planar graph with n vertices. Then there exists a
partition V(G) = AU B UC such that |A],|B| < n/2, |C| < — 32 12 gnd no

2(1-y/2/3)
vertex in A is adjacent to a vertex in B.

The separation theorem for planar graphs in [9] was generalized in [7, 5] to graphs
with a fixed genus g. Below is the separator theorem from [5], which is slightly stronger
than the theorem in [7].

THEOREM 2.6 (Djidjev (1985) [5]). Let G be a graph with n vertices and genus
g. Then there exists a partition V(G) = AU B U C such that |A],|B| < 2n/3,
|C] < +/6(2g + 1)n, and no vertex in A is adjacent to a vertex in B.

A straightforward application of Proposition 2.1 and Theorem 2.6, together with
the observation that a subgraph of a graph of genus g has a genus < g, gives the
following.

COROLLARY 2.7. Let G be a graph with n vertices and genus g. Then there exists

a partition V(G) = AU BUC such that |A|,|B| <n/2, |C] < M n'/2, and no
—/2/3
vertex in A is adjacent to a vertex in B.

n®. a
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3. Upper bounds on the integrity of graphs. In this section we give upper
bounds for the integrity of certain graphs, which have a separator theorem of the type
given in Corollaries 2.3, 2.5, and 2.7.

THEOREM 3.1. Let 0 < a < 1 and 1 < c. Let Go(c) be a family of graphs so
that for any G € G, (c), with |V(GQ)| = n, there exists a partition V(G) = AUBUC
such that |A|,|B] < n/2, |C| < cn®, and no vertex in A is adjacent to a vertex in B.
Further, assume that if G € G (c), then every subgraph of G is in G, (c). Then for
any G € Go(c) and n > (2¢)V/1=%) we have

I(G) < an™= — bn®,

where
_ 2%2—éz—a 1 1
a=-c + 9 (o
and
c
b= ———.
2l-a _ 1

Note that ﬁ>o¢for0§a<1.

Proof. Let G € G, (c), with |V(G)| = n. Then V(G) = AUBUC by the hypothesis.
By removing the set of vertices C, we divide G into components G[A] and G[B], each
of which has no more than n/2 vertices. This directly gives the estimate

I(G) < g—i—cno‘.

Now we apply the separator theorem to each of the subgraphs G[A4] and G[B]. Thus
A=A,UBUCY,

where |A1], |B1| < n/4, and |C1| < ¢(n/2)® and similarly for B = Ay U By U Cy. By
removing the vertices in Cy and Cs, we decompose G into 4 components, each with
no more than n/4 vertices. It follows that

(@)

IN

= H1C1+ |Gl + [Col

"y en® 42 (")a
4 cn C 2 .

IN

Continuing in this way, we apply the separator theorem successively ¢ times (where
¢ is a nonnegative integer to be specified later). At each step, we remove vertices
to separate each of 2! components already obtained with a set of vertices of size no
more than c(n/2%)%. After i steps, we have decomposed G into 2! components, each
containing no more than n/2¢ vertices. At the ith-step we would remove no more
than 2= 1e(n /20~ 1) vertices.

It follows that for any nonnegative integer £, we have the estimate

—1
(3.1) I(G) < 55 + ;CZZ(i)

-1 o n
(3.2) =n+ ; (c2(23) - F)
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nlfa ﬁ
log, 50 .

(This value of £ minimizes (3.2). This follows from the fact that

i (M n
2 (5) — g <0

Now we set a value for ¢. Define

K:max<0,1+

11—«

if and only if i < log, ("5 Y/ (2=a)

Since n > (2¢)/(1=*) implies 1 < n'~%/(2c), we get

) nlfa ﬁ
. =1
(3.3) 12 + |logy < 5 )
nlfa 2—a
(3.4) =1+log, < " > —log,(1/6),

where log,(1/6) € [0,1) is the fractional part of the second term in (3.3). Thus

1
1—-a\ 2=« 1
2t —o (2 0 forsome de€|=,1].
2c 2

Substituting this expression into the right-hand side of the estimate

n N A L2171
I(G)S?JF;C? (2—) =g ten i
we get
1 (1-a)?
4 1ea (cn)EZ =a . c -
I(G) < (en)mm2 et b 0 = e

Let f(d) denote the right-hand side of the above inequality. Straightforward calcula-
tions show that lims_ o+ f(0) = lims— 400 f(0) = +o00, and the only critical point of

£(9) on (0, +00) is
_o—(l—a)\ =
6 = <L) .
l-«

Furthermore, this critical point is in (1/2, 1] for any « € [0,1). It follows that

S $00) = mas (7(3) 7).

It is easy to verify that, in fact, f(1/2) = f(1). Hence

1 l-a 1 c e}
I(G) < f(l) = (C?’L) —e27 e (1+ 1_2—(1—a)) B 2l—a _ 17’L ’ O
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Ezxample 3.2. Let G be a graph which is the union of finitely many paths, and let
n = |V(G)|. Theorem 3.1 now implies (with a = 0 and ¢ = 1) that I(G) < 2v/2n—1.
Note that this bound is quite sharp, as for the path P, of length n, we have I(P,) =

[2y/n+1] — 2 and %\/5 ~ 2.121. As paths have the maximum integrity of trees of
order n, see Lemma 5 from [10], we get I(G) < 2v/2n — 1 for G a tree.

Proof of Theorem 1.1. Let G be a graph with n vertices and no Kj-minor. Set
c = 1,h3/:/3 and o = 0.5. Using Corollary 2.3 and Theorem 3.1, we get that for

n > 119h3, we have

I(G) <10.9m*® — 13103202, 0O

. . _ 3\/5
Proof of Theorem 1.2. Let G be a planar graph with n vertices. Set ¢ = 2=573)
and a = 0.5. Using Corollary 2.5 and Theorem 3.1 we get that for n > 535, we have

I(G) < 18n%% —27.9nY2. O

Proof of Theorem 1.3. Let G be a graph with n vertices and genus at most g.

Define ¢ = 71?(2\;% and o = 0.5. Using Corollary 2.7 and Theorem 3.1, we gain that

for n > 713(2g + 1), we have
I(G) < 19.8(29 + 1)Y3n?/® —32.2(2g + 1)V/20'/2. O

4. Rectangular boxes in the lattice graph Z<. Let d be a positive integer.
Recall that a subgraph G of Z%, which forms a rectangular box that is parallel to the
axes, is called a box-graph. We say that G has dimensions a1,...,aqif a1 > --- > aq,
a; € N, and G contains all vertices (x1,...,24), where z; € Z and 0 < x; < a; for all
i. Let mg denote the number of vertices on a smallest hyperface of a box-graph G.
Then myg = H‘ii:Qai. In the case of d = 1, we define m; = 1.

The following lemma asserts the (seemingly obvious) statement that if we delete
a set of vertices S from a box-graph G and |S| is small, then G\ S will contain a large
component.

LEMMA 4.1. Let G be a boa-graph in Z. For anye € (0, 1), there exists cg € (0,1)
such that if S C G and |S| < cqmy, then there exists a component K of G\ S such
that |[K| > (1 —¢)|V(GQ)|.

Proof. The proof is by induction on the dimension d. We observe that the lemma
is true for d = 1, since |S| < ¢ymy, with ¢; € (0,1) implies S = 0.

Let d > 2 and assume that our statement is true for d — 1. Let ¢4 be a small
number (which we specify later). Let a; be the largest dimension of the box-graph
G, and let e be an “edge” of the box consisting of a; vertices lying on a line. (Here
the word “edge” is used as in geometry, not in graph theory.) Set u = a;.

Consider the w cross sections of G which are orthogonal to e. Observe that, by
the choice of e, each such cross section consists of my vertices. Denote by H the
set of those cross sections which have at most \/cqmq/u vertices from S. Note that
|S| < camg implies that there are less than /cqu cross sections not in H, and therefore
|H| > (1 — \/cq)u. Let R € H. We regard R as a (d — 1) dimensional box-graph with
|R| = mg vertices. Let mg_1 denote the minimal number of vertices on any of the
(d — 2) dimensional faces of R.

Let C € (0,1), which we specify later. Note that, by the definition of u, we
have mg/u < mg—y (which is true even for d = 2), thus |S N R| < \/cgmg—1. By
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~

F1a. 4.1. A schematic representation of a boz-graph, with a cross section R and the component
Kg4_1(R). Lines of the type l(P) connect many such components from different cross sections.

the induction hypotheses, if ¢4 is small enough, then for any R € H, there exists a
component K;_1(R) of R\ S such that

(4.1) |Kd_1(R)| Z C’md.

For an illustration, see Figure 4.1. Our goal is to construct the desired component
K of G\ S as a union of certain components K,_1(R) to yield the desired size.

For a vertex P € V(G), let I(P) denote those vertices of G which are on the line
passing through P and parallel to e. Let

G ={PecV(G)|lP)NS =0}

and T’ := T N G’', where T is an arbitrary fixed cross section of G orthogonal to e.
Let

J = URGH(Kd—l(R) N G/).
Since
[Ka-1(R)NG'| > |Ka-1(R)| — |S] = (C — ca)ma,

we have |J| > (1 — /cq)u(C — ¢q4)mq. J may not be a connected subset of G\ S. To
obtain a connected subset of J, we proceed as follows: |T’| < mg implies that there
exists P € T" such that [I[(P) N J| > (1 — \/ca)u(C — ¢q). Thus the line segment [(P)
connects more than (1 — /cq)u(C — cq) of the sets K4_1(R) (R € H). Hence, there
exists a component K of G\ S such that

(K] > (1= vea)u(C = ca)Cma = (1 = Vea) (C = ca)CIV(G)].

To complete the proof, we choose C' € (0, 1) to be so close to 1 and then cq to be so
close to 0 such that (4.1) holds for any R € H and

(1-e)(C—c))C>1—¢ O

Proof of Theorem 1.4. We show that Theorem 1.4 follows from the following
lemma.

LEMMA 4.2. Let G be a boz-graph in Z¢, with dimensions a.,...,aq, where
ay > >aq. Let Ag =1 and A, = (a1 ...a,)" ") form e {1,...,d}, and let

N = {mE{O,...,d—l} am+1<2Am}.



INTEGRITY OF GRAPHS AND SEPARATOR THEOREMS 273

If N is nonempty, then let N := min N, otherwise let N := d. Then

(4.2) c 'VXN” <I(G) < c;%,

where the constants c; and C depend on d only.

Intuitively, we can explain (4.2) as follows. The sides a,,, m > N +1 are too small
relative to the bigger sides, and this means that the box is flat in dimensions N +
1,...,d and basically, it has N “real dimensions.” In the formula (4.2), ayy1,...,aq4
will be on the first power (in |V(G)|/An), whereas the powers of the first N “real
dimensions” ayq,...,ay will be less than one. The first N dimensions aq,...,ay have
to be cut by hyperplanes to achieve the integrity bound.

We now show that (4.2) is equivalent to (1.1). By the definition of N, we have
ama1 > 24, for m=0,1,..., N — 1, and if N < d, we also have ay11 < 2AN.

Note that amy1 > 24, = 2(a1...amn)Y Y implies ai...amy1 > 2
(a1 ... am) TV “and so we have (ag...ame1) ™2 > by (ay - ap,)/ MY,

where b, = 21/("+2) > 1. Thus A,,41 > A, holds for m =0,1,...,N — 1.
Also,any1 <2AN=2(aq ... aN)l/(NH) implies a}vt_ll/(NH) <2(a1...an+1)
S0 ant2 < any1 < 2(a1...aN+1)1/(N+2). Continuing in this way, we get that
Umi1 < 2(ay...an)" ™Y holds for m = N,...,d — 1. As in the previous para-
graph, this implies that A,,+1 < b, 4, holds for m =N, ..., d — 1.
We conclude that bg_1bg_2...byAn > A, for all m =0,...,d. Here

1/(N+1)7

ba—1bg_s ...by < 2V/2HL/3+41/(d+1) < 94

and so

Vel vl _ V(o)
202ANy — A1 +---+ A, An ’

establishing the equivalence of (4.2) and (1.1). O

Proof of Lemma 4.2. First we prove the lower bound in (4.2). We can assume that
1 < N (otherwise a; < 2A4p, and so 1 =a; = --- = a4 and G is a single vertex). Then
we have 2 < a;. By definition, when N # 0, we have ay.1 < 2ANx and ay > 2AN_1,
whereas when N = (), we have ay > 2Ay_;1 (and N = d). Note that this implies

a an) NI ay T
an = CLN( 1 ) = N . AN
ar...an)™1  (a1...an_1)V
N N

So [4t] (i= , N') are positive integers.
Let k; € {0 S [45]} (i =1,...,N) and consider the box-graph

Blkr,... ky) = {a:l €Z: [kiAy] < 21 < min([(k; + 1)AN],a1)}
X X {xN €Z: [knAn] < zy < min([(ky + 1)AN],aN)}

x{xN+1€Z: O<xN+1§aN+1} X e X {ﬂidEZ: O<a:d§ad},
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which, for simplicity, we call a box. When k; = [£%] holds for at least one i €
{0,..., N}, we call B(ky,...,kn) a truncated box (it may even be an empty set), and
otherwise we call it a full box. Clearly, the B(kq,...,ky) are disjoint sets, and their
union is V(G). Since Ay — 1 < [(k; + 1)AN] — [kiAN] < Ay + 1, any of the first N
dimensions of a full box is an integer in the interval (Ax —1, Ay +1). The remaining
dimensions of a full box are any1,-..,aq-

. The number of full boxes is Hfil[j;] Since Ay < a;/v2 (i = 1,...,N), we

ave

(4.3) > ‘N (jl - 1) > T, (CZ%_ %az) > <1 - %)dAN.

Let M denote the maximum dimension (i.e., maximal number of vertices on an
edge parallel to a coordinate axis) of any of the full boxes. When A # (), using the
estimate 2An > Ay + 1 for the first N dimensions and 2Ay > anyy1 > -+ > aq for
the rest of the dimensions, we get 2Axy > M. When NV = (), using 2Axy > Ay + 1
(and N = d), we get again 2A > M. The minimal number m, of vertices on any
hyperface of an arbitrary full box is at least

(AN — ].)NaN+]_ ... aq > (AN — ].)NCLNJrl ...aq

>
M = M 24N
d
1 1 N—1
> 3 <1— —d+\1/§) AN an41-..aq,
where we used that the number of vertices in a full box is at least
(44) (AN — I)NCLN+1 ...Qq
and
1 1 >1 1
Ayn — d+\1/§.

The last inequality follows from Ay > “'V/2.

Now let S C V(G) be arbitrary. Let 0 < € < 1 be arbitrary, and let ¢4 be the
number given in the statement of Lemma 4.1.

Case 1. If there exists a full box B such that

d
1 1
(4.5) |SﬂB| §cd§ <1_T\1/§> A%_laN_H...ad < cgmgq,
then, by Lemma 4.1 (and (4.4)), we have

1\
(46) I(G) 2 (1 - 6)(AN — 1)NGN+]_ ...Qq 2 (]_ — 6) <]_ — Tw) A%a]\pﬂ_ ... ad.

Case 2. If

d
1 1 -
(47) |SﬂB| >Cd§ <1_T\I/§> A% 1CLN+1...CLd
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for any full box B, then, by (4.3),

1 1\?
I(G) > |S| > (number of full boxes) - cay <1 - d+\1/§> AV tan .. aq

1\? 1 1 \*
(48) 2 <1—E) Cd§ <1_T\I/§> A%aNJ,_l...CLd.

Since ANani1...a4 = (1_[;-1:1 a;)/An = |V(G)|/An, (4.6) and (4.8) establish the
lower bound at (4.2).

To prove the upper bound at (4.2), intersect G with hyperplanes to define the
boxes in the first half of the proof. More precisely, let

ai

Hl = {[klAN] /€1:1,...,|:AN

]}x{l,...,ag}x-~~><{1,...,ad},

Hy = {1,...,a1}><{[k2AN]: k2=1,...,[2—ﬂ}
x{1,...;a3} x -+ x{1,...,a4},
Hy ;;{1,...,a1}x...x{1,...,ad_1}x{[kNAN]: kN:L...,[Z—]JVV”,

and let S := UY | H;. Now,

N N

ai | V(&) _ [V(G)|
S| < H;| = <d .
1= 3 Z[AN} Ol £ M8

We have seen that any of the first N dimensions of a full box is an integer less
than Axy + 1, and the next dimensions are ay41,...,aq. Note that this is also true
for the truncated boxes (which easily follows from [([f-]+1)An] > a;, i =1,..., N).
So any box (and hence any component of G'\ S) has at most (Ax + 1)Nan41...aq

vertices. These lead to

V(G)|
An

V(G)| 1\~ 1 \"\ |[V(G)
(49) de"— 1+ d+\1/§ ANCLN+1...CLd§ d+ 1+ d+\1/§ AN s

where we also used

I(G) <d +(AN—|—1)NCLN+1...CLd

1 1
14 AN <1+ ok d

It is possible to give values to the constants c¢j; and C}; in Lemma 4.2. For example,
below we consider the case d = 2. (Note that one can certainly find better constants
for the upper and lower bounds if one considers a proof that applies to the special
case d = 2 directly.)

Proof of Theorem 1.5. Let d = 2. First we give concrete values for the constants
in Lemma 4.1. Let € € (0,1). Since in the proof of Lemma 4.1 we have that ¢; € (0,1)
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may be chosen arbitrarily and that C' can be as close to one as we wish, ¢ € (0,1)
can be any number satisfying

(1-va@)(1—c)>1—e

Furthermore, we want to choose ¢ and ¢z to get about the same lower bounds in (4.6)
and (4.8). Thus we desire

1 1)?
l—emze(1-—) .
Set € = 0.968 and ¢y = 0.754. Now, (4.6) and (4.8) give ¢5 = 0.00136. Together with
the upper bound from (4.9), we have

V(G)
An

(This holds even in the case when N =0.)

Now in Lemma 4.2, we have Ag = 1, A; = /a1, and Ay = Hajaz. Note that if
a1 < 2Ag = 2, then necessarily a; = a3 = 1, and the claim of Theorem 1.5 is satisfied.
So we may assume that a; > 2A4,.

If as > 2A; = 2,/a1, then N =2 in Lemma 4.2, and so (4.2) leads to

V(&)

(4.10) 0.00136 e

< I(G) < 5.22

0.00136n/3 < I(G) < 5.22n2/3.
If ag < 2A; = 2,/ay, then N =1 in Lemma 4.2, and so (4.2) leads to
0.00136/aras < I(G) < 5.22\/ajay. O

Note that the above inequality gives I(G) = O(y/n) in the degenerate cases when
az = O(1). This is consistent with the known integrity of a path (az = 1); see [3].

Proof of Theorem 1.6. Let G C Z% be a cube graph whose dimensions are of size
a. Note that the inequality a,, 1 < 24,, in Lemma 4.2 now simplifies to a < 2™*1.
Thus, for @ > 2™*! we have N = ), and so N = d. Since |V (G)|/Aq = a®/a¥/(@+1) =
a®* /() — |V(@)|4/(@+D) | Lemma 4.2 gives

V(G YD < [(G) < O3V (G)|%/(@+D)

which holds even in the case a < 2™T! if we redefine the values of the constants c,
and C. 0
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