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This paper extends Bott-Borel-Weil (BBW) theory and Bernstein-Gel’fand-Gel’fand
(BGG) reciprocity to basic classical Lie superalgebras. A finite-dimensional complex
Lie superalgebra g = g0 ⊕ g1 is called classical if the even part g0 is a reductive Lie
algebra, and g is called basic if it admits a non-degenerate invariant bilinear form.
The three series of Lie superalgebras, sl(m|n) (m 6= n), psl(n|n), osp(m|n), the two
exceptional Lie superalgebras F (4) and G(3), and the exceptional series D(2, 1;α) are
basic classical. (According to the classification of Kac, the other finite-dimensional
simple complex Lie superalgebras either belong to the two strange series P (n) and
Q(n), which are classical but not basic, or are Lie superalgebras of Cartan type, which
are neither.) Among the basic classical Lie superalgebras, sl(m|n) (m 6= n), psl(n|n),
and osp(2|n) are of type I, and the remaining ones are of type II.

The author introduces the notion of a relatively S-generic (integral) weight de-
pending on a Borel subalgebra b and some set S of integral weights for a basic classical
Lie superalgebra g. This concept generalizes generic weights that are weights being
far away from the walls of the Weyl chambers. Moreover, if g is of type I, then for
the distinguished Borel subalgebra b of g every dominant integral weight is relatively
S-generic for any set S of integral weights. It is shown that for relatively generic
weights the cohomology groups of BBW theory are contained in one degree. More-
over, in the relatively generic region the degree zero cohomology groups of BBW
theory for dominant integral weights, the so-called generalized Kac modules, behave
as standard modules giving rise to a BGG reciprocity. In the following, I will first
review Bott-Borel-Weil theory for reductive algebraic groups (or compact Lie groups)
and Bernstein-Gel’fand-Gel’fand reciprocity for semisimple Lie algebras, respectively,
before describing some of the main results in the paper under review.

Let G be a reductive connected complex algebraic group (or a compact connected
complex Lie group), let T be a maximal torus of G, and let B be a Borel subgroup of
G that contains T . Then the finite-dimensional irreducible representations of G are
in one-to-one correspondence to the dominant (with respect to a choice of positive
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roots) integral weights of the Lie algebra of T . (In this review the roots of B are
called positive. Note that the choice of positive roots defines a homogeneous complex
structure on G/B.) The Borel-Weil theorem gives a geometric interpretation of this
parametrization in terms of the cohomology of line bundles of the flag variety G/B.
For every character λ of T (that can be extended trivially to B), let Lλ denote the line
bundle over G/B associated to the one-dimensional representation of B with weight
λ. Then the Borel-Weil theorem says that the cohomology group H0(G/B,Lλ) is the
irreducible representation of G with highest weight λ if −λ is dominant, and other-
wise H0(G/B,Lλ) vanishes. Bott’s theorem extends this to not necessarily dominant
integral weights. If −λ + ρ is non-singular (where ρ denotes half the sum of the
postive roots), then there is exactly one non-zero cohomology group Hn(G/B,Lλ).
Furthermore, Hn(G/B,Lλ) is isomorphic to the irreducible representation of G with
highest weight µ in the dominant chamber, where −µ = w(−λ+ρ)−ρ for some Weyl
group element w, and the degree n of the cohomology group is the length of w. On
the other hand, if −λ+ ρ is singular, then Hn(G/B,Lλ) vanishes in every degree n.

Let p be a parabolic subalgebra of a basic classical Lie superalgebra g, i.e., p
is a subalgebra of g that contains a Borel subalgebra b of g. In the paper under
review the author reformulates BBW theory in terms of right derived functors of the
Zuckerman functor applied to coinduced modules from p to g and left derived functors
of the Bernstein functor applied to induced modules from p to g. It is also shown
that the Zuckerman functor can be represented by HomU(g)(R,−), where R is the
maximal h-semisimple g-bimodule of the locally finite dual of the universal enveloping
superalgebra U(g) of g, where h is the Cartan subalgebra of g that is contained in b.
Then the author proves various versions of BBW theory with or without involving
twisting functors. In particular, the BBW theory of Jérôme Germoni [Bol. Acad.
Nac. Cienc. (Córdoba) 65 (2000), 147–163; MR1840448 (2003h:17008)] for osp(3|2),
D(2, 1;α), and G(3) as well as the one of Lilit Martirosyan [J. Algebra 419 (2014),
167–222; MR3253284] for F (4) and G(3) is generalized to integral weights that are
not necessarily dominant.

Let g be a finite-dimensional semisimple complex Lie algebra, let h be a Cartan
subalgebra of g, and let b = h⊕ n be a Borel subalgebra of g, where n is the sum of
the root spaces of g that correspond to positive roots. Let U(a) denote the universal
enveloping algebra of a Lie algebra a. Then Bernstein, Gel’fand, and Gel’fand consider
the full subcategory of all U(g)-modules whose objects are finitely generated as U(g)-
modules, semisimple as h-modules, and locally finite as U(n)-modules. This BGG
category O is an artinian and noetherian abelian category that is closed under taking
submodules, quotients, and finite direct sums, and has enough projectives. The Verma
modules M(λ) := U(g)⊗U(b) Cλ, where λ ∈ h∗ (that can be extended trivially to b∗),
play an important role in the category O. Namely, every Verma module M(λ) has a
unique simple quotient L(λ), and these simple U(g)-modules are exactly the simple
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objects ofO. A Verma flag of a module M inO is a finite chain 0 = M0 ⊂M1 ⊂M2 ⊂
· · · ⊂Mn = M of submodules of M for which every subquotient Mj/Mj−1 (1 ≤ j ≤ n)
is some Verma module. Then the multiplicity (M : M(λ)) of M(λ) in a Verma flag of
M is independent of the flag. (In fact, (M : M(λ)) = dimC HomO(M,M(λ)∨), where
M(λ)∨ is the sum of the linear duals of the weight spaces of M(λ).) Moreover, every
projective object in O has a Verma flag. Bernstein-Gel’fand-Gel’fand reciprocity
states that (P (λ) : M(µ)) = [M(µ) : L(λ)] for any λ, µ ∈ h∗. Here P (λ) denotes the
projective cover of L(λ) in O, and [M(µ) : L(λ)] denotes the multiplicity of L(λ) in a
composition series of M(µ). (Note that, since O is artinian and noetherian, according
to the Jordan-Hölder theorem, every object in O has a composition series, and the
multiplicities are independent of the chosen series.)

In the paper under review the author proves the following BGG reciprocity for
the category F of finite-dimensional weight modules over a basic classical Lie su-
peralgebra g with respect to a Cartan subalgebra h. Let Γ̃ denote the set of all
possible sums of odd roots of g with respect to h. If Λ is relatively Γ̃-generic for a
Borel subalgebra b of g that contains h, then the projective cover PFΛ of the simple
g-module LΛ in the category F has a filtration consisting of generalized Kac mod-
ules KΛ′ , the multiplicities in such a filtration are independent of the filtration and
satisfy (PFΛ : KΛ′) = [KΛ′ : LΛ]. Since, as mentioned above, for a basic classical
Lie superalgebra of type I with distinguished Borel subalgebra, every dominant in-
tegral weight is relatively generic, this generalizes the BGG reciprocity of Yi Ming
Zou [J. Algebra 180 (1996), no. 2, 459–482; MR1378540 (97e:17012)]. Moreover, the
author’s BGG reciprocity expresses the virtual BGG reciprocity of Caroline Gruson
and Vera Serganova [Mosc. Math. J. 13 (2013), no. 2, 281–313; MR3134908] in terms
of multiplicities of modules.

In addition, the author discusses the existence of BGG resolutions (i.e., resolutions
by generalized Verma modules) and the existence of weak BGG resolutions (i.e.,
resolutions by modules with a filtration of generalized Verma modules) for atypical
Kac modules of basic classical Lie superalgebras of type II. Recall that a basic classical
Lie superalgebra g of type II has a Z-grading g = g−2 ⊕ g−1 ⊕ g0 ⊕ g1 ⊕ g2 such
that g0 = g−2 ⊕ g0 ⊕ g2 and g1 = g−1 ⊕ g1. A generalized Verma module for g
is any module induced from a finite-dimensional irreducible g0-module (that can be
extended trivially to an g0 ⊕ g1 ⊕ g2-module) to g. In particular, it is shown that
atypical Kac modules of basic classical Lie superalgebras of type II never have finite
weak BGG resolutions, and an atypical Kac module of osp(m|2) either has an infinite
BGG resolution or a finite resolution by twisted generalized Verma modules.
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