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Let k be a field. In the paper under review a Frobenius extension is an extension
A ⊂ B of commutative k-algebras such that B is a finitely generated free A-module
with an A-linear trace map ∂BA : B → A which is non-degenerate in the sense that
it induces an isomorphism of (B,A)-bimodules from B onto HomA(B,A). The latter
property is equivalent to the statement that the induction functor IndBA is biadjoint
to the restriction functor ResBA.

A hypercube of Frobenius extensions consists of a set Γ, vertices which are labelled
by subsets of Γ, and edges I \{γ} ⊂ I for γ ∈ I ⊂ Γ, where parallel edges correspond
to the same element γ, such that to every vertex I there corresponds a commutative
k-algebra RI satisfying RJ ⊂ RI for I ⊂ J and to every edge I \ {γ} ⊂ I corresponds
a trace map making RI ⊂ RI\{γ} into a Frobenius extension. Moreover, it is required
that for every square I ⊂ J , J ′ ⊂ K the trace maps satisfy ∂JK ◦ ∂IJ = ∂J

′
K ◦ ∂IJ ′ .

Let Bim denote the 2-category having commutative k-algebras as objects, where
the set HomBim(A,B) of morphisms is the category of finitely generated (B,A)-
bimodules, and horizontal composition is induced by the tensor product over k. For
a hypercube Γ of Frobenius extensions the authors denote by C(Γ) the full sub-2-
category of Bim whose objects are the commutative k-algebras of any vertex of the
hypercube and whose 1-morphisms are generated monoidally by the induction bimod-
ule BBA and the restriction bimodule ABB for any edge A ⊂ B of the hypercube.

The motivating example comes from Lie theory. Let Γ be the vertices of a Dynkin
diagram of a finite-dimensional complex simple Lie algebra, let W be its Weyl group,
and let WI denote the parabolic subgroup corresponding to any subset I ⊂ Γ. More-
over, let R denote the ring of regular functions on the reflection representation of W ,
and let RI denote the subring of R that is invariant under WI . This gives a hypercube
of Frobenius extensions, and the Karoubi envelope of the corresponding 2-category
C(Γ) is the category of singular Soergel bimodules as defined by the last author in
[Int. Math. Res. Not. 2011, no. 20, 4555–4632; MR2844932]. It is expected that un-
derstanding the 2-morphisms in C(Γ) can help answering questions on the geometry
of flag varieties and Kazhdan-Lusztig theory. The goal of the paper under review is
to provide a diagrammatic description of certain 2-morphisms in C(Γ).


