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Let L denote the free Lie ring of rank r > 1. Then the free centre-by-metabelian
Lie ring of rank r is the factor ring G = L/[L′′, L], where L′′ denotes the second
derived ideal of L. Apparently, G is a central extension of the free metabelian Lie
ring G/G′′ ∼= L/L′′, and the additive structure of the latter is well-known; namely,
it is a free abelian group, and the standard Lie monomials are a basis. The aim of
the paper under review is to study the additive structure of the second derived ideal
G′′ = L′′/[L′′, L] of G which is much more complicated.

The free centre-by-metabelian Lie ring G has a natural grading by degree. Let
Gn denote the homogeneous component of G of positive degree n. For n ≥ 4 the
n-th homogeneous component G′′

n = G′′ ∩ Gn of the second derived ideal G′′ has a
direct decomposition G′′

n = Fn ⊕ Tn, where Fn is a free abelian group and Tn is a
(possibly trivial) elementary abelian 2-group. In [Math. USSR Izvestija 11 (1977),
1–30] Kuz’min found explicit bases for Fn as a free Z-module and for Tn as a free
Z/2Z-module. Later Zerck pointed out in an unpublished manuscript [per biblio] that
for n ≥ 6 the bases given by Kuz’min for the torsion subgroups Tn are not generating
sets. Moreover, it turns out that the bases given by Kuz’min for the free abelian
subgroups Fn are not linearly independent over Z.

The goal of the present paper is to overcome the shortcomings of Kuz’min’s paper
on the torsion-free part. The main result confirms Kuz’min’s result on the torsion-free
part of G′′

n for odd n ≥ 5 and corrects his result for even n ≥ 6. In conjunction with a
recent paper of Kovács and the second author [Bull. Lond. Math. Soc. 46 (2014), no.
3, 491–502; MR3210704] on free centre-by-metabelian Lie algebras in characteristic 2
this yields a complete description of the additive structure of the second derived ideal
in a free centre-by-metabelian Lie ring. At the end of the paper under review the
authors also include a short direct proof of the fact that the torsion subgroup of G′′

is annihilated by 2 and that the corresponding torsion-free quotient is free abelian.


