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Let g = g0 ⊕ g1 be a finite-dimensional Lie superalgebra over an algebraically closed
field of characteristic zero, and let F denote the full subcategory of the category of
finite-dimensional g-modules that are semisimple when restricted to the even part g0.
In the paper under review the author studies so-called endotrivial modules in F , that
is, modules M in F such that the g-module of vector space endomorphisms of M is
isomorphic to the direct sum of the one-dimensional trivial g-module concentrated
in degree 0 and a projective module in F . It has been shown by Boe, Kujawa, and
Nakano [Int. Math. Res. Not. IMRN 2011, no. 3, 696–724; MR2764876] that projective
and injective objects in F coincide. Because of this, syzygies behave nicely, and,
in particular, syzygies of endotrivial modules are again endotrivial. Moreover, the
endotrivial modules considered in the stable category of F form an abelian group
T (g) under the tensor product.

In the remainder of the paper the author determines this group for detecting
subalgebras of those classical Lie superalgebras g = g0 ⊕ g1 for which the action of
the connected reductive algebraic group associated to its even part g0 is stable or
polar on its odd part g1. These subalgebras were introduced by Boe, Kujawa, and
Nakano in [Trans. Amer. Math. Soc. 362 (2010), no. 12, 6551–6590; MR2678986] when
computing certain relative cohomology rings of classical Lie superalgebras, and they
played a similar role as elementary abelian p-groups for group cohomology. More
generally, in the paper under review the analogue of a result of Dade for abelian
p-groups is proved for detecting subalgebras, namely, that every endotrivial module
of a detecting subalgebra is isomorphic to the direct sum of some syzygy of the
one-dimensional trivial module concentrated either in degree 0 or in degree 1 and a
projective module in F . This is then used to show that T (a) is isomorphic to Z2

if a is a detecting subalgebra with dim a1 = 1, or otherwise T (a) is isomorphic to
Z ⊕ Z2. The author also proves that a classical Lie superalgebra with only finitely
many isomorphism classes of simple modules of dimension ≤ n in F for every positive
integer n has also only finitely many isomorphism classes of endotrivial modules of
dimension ≤ n in F for every positive integer n. In particular, the latter holds for
classical Lie superalgebras with semisimple even part, but is not true in general, as
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already gl(1|1) shows.
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