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It is well known that all simple modules of a finite-dimensional Lie algebra L over
an algebraically closed field of prime characteristic p are finite dimensional and that
their dimensions are uniformly bounded above. Let M(L) denote the maximal di-
mension of a simple L-module, and let indL denote the index of L, i.e., the min-
imal dimension of the stabilizer of a linear form on L. Kac and Weisfeiler [Func-
tional Anal. Appl. 5 (1971), no. 2, 111–117; MR0285575 (44 #2793)] conjectured

that M(L) = p
1
2
(dimL−indL), provided that L is restricted. Premet and Skryabin [J.

Reine Angew. Math. 507 (1999), 189–218.; MR1670211 (99m:17026)] confirmed this
conjecture for those restricted Lie algebras that admit a toral stabilizer.

The main result of the paper under review is that the conjecture of Kac and
Weisfeiler is not true for non-restricted Lie algebras. At first, it is shown that for
any modular Lie algebra L all semidirect products of L and the subalgebra generated
by any derivation of L that is contained in the p-closure of the inner derivations
of L have isomorphic universal enveloping algebras. By using this the author then
constructs from any k-dimensional abelian Lie algebra two Lie algebras of dimension
k+2 with isomorphic universal enveloping algebras. One of these Lie algebras is non-
restricted and has index k, the other one is restricted and has index ≤ k − 2. This
already disproves the conjecture of Kac and Weisfeiler for non-restricted Lie algebras
as the maximal dimension of a simple L-module only depends on the isomorphism
class of the universal enveloping algebra of L. The author also employs the family of
restricted Lie algebras to prove that the maximal dimension of a simple module for the
corresponding non-restricted Lie algebra is divisible by p2, which explicitly shows that
the conjecture of Kac and Weisfeiler does not hold for this family of non-restricted
Lie algebras.


