
Wong, Kayue Daniel
Some calculations of the Lusztig-Vogan bijection for classical nilpotent
orbits.
J. Algebra 487 (2017), 317-339

2010 Mathematics Subject Classification: Primary 22E46; Secondary 17B10

Reviewer: Jörg Feldvoss (1-SAL; Mobile, AL)

Let G be a complex simple Lie group with maximal torus T and Weyl group W ,
let g denote the Lie algebra of G, and let O be a nilpotent orbit in g. For any
nilpotent element e ∈ O let Ge denote the isotropy group of e, let (Ge)

0 denote its
identity component, set A(O) := Ge/(Ge)

0, and let A(O) denote Lusztig’s canonical
quotient of the component group A(O). Vogan [Associated varieties and unipotent
representations, in: Harmonic analysis on reductive groups. Proceedings of the con-
ference held at Bowdoin College, Brunswick, Maine, July 31-August 11, 1989. Edited
by William Barker and Paul Sally. Progress in Mathematics, vol. 101. Birkhäuser
Boston, Inc., Boston, MA, 1991, 315–388; MR1168474 (93a:22001)] conjectured that
for every irreducible representation π of A(O) there exists an irreducible representa-
tion ρ of the component group A(O) such that XO,π ∼= R(O, ρ), where R(O, ρ) is the
global section of the G-equivariant vector bundle G×Ge Vρ → O. Recently, Barbasch
[arXiv:1609.08998v1 [math.RT] September 28, 2016] proved this conjecture for spe-
cial orbits O of classical groups provided that A(O) = A(O). In the first main result
of the paper under review the author extends this to prove Vogan’s conjecture for
special orbits of classical Lie groups without the condition on the component groups.

In the second main result only the special orthogonal and symplectic groups are
considered. Let N0,a denote the set of all pairs (O, π), where O is a nilpotent orbit
in g and π is an irreducible representation of A(O). According to a result of Vogan
[The method of coadjoint orbits for real reductive groups. Representation theory
of Lie groups (Park City, UT, 1998), 179–238, IAS/Park City Math. Ser., vol. 8,
Amer. Math. Soc., Providence, RI, 2000; MR1737729 (2001k:22027)], R(O, ρ) can
be written uniquely as a direct sum of G-modules induced from one-dimensional T -
modules. Since by the first main result of the paper under review this decomposition
holds for XO,π ∼= R(O, ρ), the author can define a map similar to the Lusztig-Vogan
bijection. Namely, he assigns to every pair (O, π) ∈ N0,a the weight of largest length
(with respect to a fixed W -invariant positive definite symmetric bilinear form on the
real span of the weights of G) occurring in R(O, ρ). Then it is shown that this map
is well-defined, injective, and that it can be computed explicitly.
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Sommers [J. Algebra 243 (2001), no. 2, 790–812; MR1850659 (2002f:20066)] de-
fines a surjective map from the set of pairs (O, C) consisting of a nilpotent orbit O in
g and a conjugacy class C in A(O) onto the set of nilpotent orbits in the Langlands
dual of g. If G is classical, then Lusztig’s canonical quotient A(O) is an elementary
abelian 2-group, and so the conjugacy class C is a single element to which there cor-
responds an orbit cover ÕC of O. Let O∨ be any nilpotent orbit in the Langlands
dual of g with preimage (O, C) under Sommers’ map. If one expresses R(ÕC , triv) as
a direct sum of G-modules induced from one-dimensional T -modules as before, then
a conjecture of Achar and Sommers asserts that the weight of largest length occuring
in this decomposition is the semisimple element of a Jacobson-Morozov triple of O∨.
The third main result of the paper under review confirms this conjecture for classical
Lie groups.
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