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Let g be a finite-dimensional complex semisimple Lie algebra and let e be a nilpotent
element of g. An R-grading of g is called good for e if e is homogeneous of degree 2
and ad e is injective on every homogeneous subspace of degree ≤ −1 and surjective
on every homogeneous subspace of degree ≥ −1. Let Γ be a good R-grading of g for
e and let χ denote the linear form obtained by applying the Killing form of g to e.
Then the alternating bilinear form defined by (x, y) 7→ χ([x, y]) is non-degenerate on
the homogeneous subspace g−1 of degree −1, the subspace m of g generated by any
Lagrangian subspace of g−1 and all the homogeneous elements of degree < −1 is a
nilpotent subalgebra of g, and the restriction of χ to m is a representation. The finite
W -algebra Hχ associated to e and Γ is defined as the opposite of the endomorphism
algebra of the induced module of χ from U(m) to U(g).

A generalization of a construction of W. L. Gan and V. Ginzburg [Int. Math. Res.
Not., No. 5, 243-255 (2002; Zbl. 0989.17014)] shows that the definition of the finite
W -algebra is independent of the particular choice of the Lagrangian subspace. The
main result of the paper under review says that the definition of the finite W -algebra
is also independent of the particular choice of the good grading. The main tool for the
proof is a natural parametrization of good R-gradings by an open convex polytope in
a Euclidean space arising from the reductive part of the centralizer of e in g.


