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Hopf (co)quasigroups were introduced by Klim and Majid [J. Algebra 323, No. 11,
3067-3110 (2010; Zbl. 1200.81087)] to capture the quasigroup structure of the 7-
sphere. Hopf (co)quasigroups are generalizations of Hopf algebras that are not nec-
essarily (co)associative in the same manner as quasigroups with identity elements (or
loops) are generalizations of groups that are not necessarily associative. The lack of
(co)associativity is compensated by conditions involving the antipode.

In the paper under review the authors introduce the notions of left and right
quasi(co)modules over Hopf (co)quasigroups in such a way that a loop acts on a
set if, and only if, the vector space spanned by this set is a quasimodule over the
loop algebra. Then they use the concept of a quasimodule to define an analogue of
Long dimodules for Hopf quasigroups. A Long dimodule over a (commutative and
cocommutative) Hopf algebra H was introduced by Long in [J. Algebra 30, 559-601
(1974; Zbl. 0282.16007)] as being simultaneously an H-module and an H-comodule
with a certain compatibility condition equivalent to being a two-sided (H,H◦)-module
(but different from being an H-Hopf module). The two main results of this part of the
paper are that the category of Long dimodules over a Hopf quasigroup is monoidal and
that Long dimodules give rise to solutions of the D-equation considered by Militaru in
[Algebr. Represent. Theory 2, No. 2, 177-200 (1999; Zbl. 0936.16037)] for bialgebras.

In the second half of the paper the authors re-examine the smash product con-
struction of Klim and Majid [op. cit.] by weakening the condition on the action of one
Hopf quasigroup H on the other Hopf quasigroup A from a module action to a quasi-
module action. They prove that under this assumption the smash product is a Hopf
quasigroup if, and only if, the action of H on A satisfies an associativity condition
involving the antipode of H. Finally, the authors also prove the corresponding dual
result for the smash coproduct of a Hopf coquasigroup H and an H-quasicomodule
Hopf coquasigroup.


