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Let g be a finite-dimensional restricted Lie algebra over an algebraically closed field
of prime characteristic p. Then the representation theory of g can be reduced to
the representation theory of a family of finite-dimensional associative algebras Uξ(g)
parametrized by a linear form ξ on g, where Uξ(g) is a certain factor algebra of the
universal enveloping algebra of g. The family {Uξ(g) | ξ ∈ g∗} of associative algebras
is called generically semisimple if there exists a linear form χ ∈ g∗ such that Uχ(g) is
semisimple.

The behavior of Uξ(g) is often determined by properties of the stabilizer z(ξ) =
{x ∈ g | ξ([x, g] = 0} of ξ in g. Alexander Premet and the author of the paper under
review proved in [J. Reine Angew. Math. 507, 189-218 (1999; Zbl. 0978.17011)] that
{Uξ(g) | ξ ∈ g∗} is generically semisimple provided that there exists a linear form
χ ∈ g∗ such that z(χ) is a torus, i.e., z(χ) has an invertible p-map. Moreover, in
the same paper it is conjectured that the converse is also true. The author confirms
this conjecture for solvable restricted Lie algebras over an algebraically closed field of
characteristic p > 2 by using the precise description of the simple modules obtained by
Helmut Strade in [Math. Ann. 232, 15-32 (1978; Zbl. 0351.17005)]. This generalizes
a previous result of the author [Uch. Zap. Kazan. Univ. Ser. Fiz.-Mat. Nauki 154, no.
2, 196-203 (2012)] asserting that Uξ(g) is simple precisely when z(ξ) = 0.

Moreover, it is proved that the maximal dimension of an irreducible g-module
divides the dimension of any projective Uξ(g)-module. From this the author derives
that the existence of a simple projective Uχ(g)-module for some χ ∈ g∗ implies that
{Uξ(g) | ξ ∈ g∗} is generically semisimple. In the last section, more generally, any flat
family {Aξ | ξ ∈ X} of finite-dimensional associative algebras over an algebraically
closed field parametrized by an irreducible algebraic variety X is considered. It is
shown that dimensions of simple modules and the Cartan invariants are constant on
a non-empty Zariski-open subset of X and that the subset of those ξ ∈ X for which
a fixed semisimple associative algebra is a direct factor of Aξ is Zariski-open in X.


