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Abstract

This thesis consists of three self-contained chapters. The �rst two concern quantum
invariants of links and three manifolds and the third contains results on the word problem
for link groups.

In chapter 1 we relate the tree part of the�Arhus integral to the � -invariants of
string-links in homology balls thus generalizing results of Habegger and Masbaum.

There is a folklore result in physics saying that the Feynman integration of an
exponential is itself an exponential. In chapter 2 we state andprove an exact formulation
of this statement in the language which is used in the theory of �nite type invariants.

The �nal chapter is concerned with properties of link groups. In particular we
study the relationship between known solutions from small cancellation theory and nor-
mal surface theory for the word and conjugacy problems of the groups of (prime) alter-
nating links. We show that two of the algorithms in the literature for solving the word
problem, each using one of the two approaches, are the same. Then, by considering small
cancellation methods, we give a normal surface solution to the conjugacy problem of
these link groups and characterize the conjugacy classes. Finally as an application of the
small cancellation properties of link groups we give a new proof that alternating links are
non-trivial.

viii



Chapter 1

The � -invariants and the �Arhus
Integral

In this chapter we relate the tree part of the�Arhus integral to the � -invariants of string-
links in homology balls.

1.1 Introduction

Milnor's �� -invariants of Links and their well de�ned cousins, the� -invariants of string-
links are classical and well-studied invariants. These invariants have been brought into the
realm of �nite-type invariants by Bar-Natan in [6], Lin in [34] and Habegger and Masbaum
in [24]. Here we are particularly interested in Habegger and Masbaum's formula which
expresses the� -invariants in terms of the tree part of the Kontsevich integral.

The literature on the �� -invariants is mostly concerned with links inS3. The
generalization to �� -invariants of links in integral homology spheres and� -invariants of
string-links in homology balls exists mostly as folklore. We discuss the� -invariants of
string-links in homology balls and generalize Habegger and Masbaum's results by relating
the � -invariants to the �Arhus integral, which is a generalization of the Kontsevich integral
to links in rational homology spheres, de�ned in [7, 8, 9]. We dothis by representing
string-links in homology spheres by string-links inD 2 � I with some distinguished surgery
components.

The reader may �nd some familiarity with the basic properties of the Kontsevich
integral useful.

1.2 Tangles and String-links

Let B M be a connected, compact orientable 3-manifold equipped with a �xed identi-
�cation ' of the boundary with @(D 2 � I ). A tangle of n componentsT � B M is a
smooth compact 1-manifoldX , of n components, together with a smooth embedding
T : (X; @(X )) ! (B M ; @(B M )), transverse to the boundary. As is standard, we abuse
notation and confuse a tangle, its embedding and its isotopy class.

1



(a) (b)

Figure 1.1: A string-link and its deformation closure.

By a framing on a componenti of a tangle we mean that we equipi with a non-
vanishing vector �eld such that the restriction to the boundaryis the restriction of a �xed
unit vector �eld normal to the x-axis of D 2 under the identi�cation.

A colouredtangle is a tangle equipped with a bijection from the components onto
a set of cardinality n, wheren is the number of components of the tangle.

Since B M can be obtained by surgery on a framed linkL � D 2 � I , we may
represent a tangleT � B M by a tangle T0 � D 2 � I some of whose components are
distinguished framed copies ofS1, on which we do the surgery. We say thatT0 represents
T. We will call these distinguished components thesurgery componentsand the other
components thelinking components. If the tangle T is coloured then this partitions
the colouring set into sets corresponding to the surgery components and the linking
components. In this chapter we denote these setsX M and X L respectively.

We now turn our attention to de�ning string-links in a homology ball B M . These
are the type of tangles we will be concerned with.

Fix a collection of pointsp1 < p 2 < p 3 < � � � on the x-axis ofD 2. These induce sets
of points on@(D 2 � I ) which we call thestandard points. By a string-link of n components
� � B M we mean a tangle� : [ n

i =1 I i ! B M such that under the identi�cation of the
boundary with @(D 2 � I ) we have � j I i (j ) = pi � j , for j = 0; 1, wherepi is the i -th
standard point and I is the closed unit interval. Note that a string-link has no closed
components.

The two sets ofstandard pointsof a string link are the subsets of standard points
on D 2 � f j g, j = 0; 1 which are the boundary points of a string-link component.

Given a string-link � � D 2 � I , we can change a given setA of (interval) com-
ponents of � into S1 components by constructing non-intersecting paths on@(D 2 � I )
between the two endpoints of each interval component, and pushing these paths and the
endpoints of the components ofA slightly into the interior of D 2 � I . This gives a tangle
which we call the deformation closureof � with respect to A. An example is given in
Figure 1.1, where the deformation closure is with respect to the right hand component.

We can represent any string-link � 0 � B M by a string-link � � D 2 � I with a
speci�ed set of framed surgery components, where� 0 is obtained by carrying out surgery
on the deformation closure of the surgery components of� .

A parenthesizationof a set of standard points is a bracketing of that set (for ex-
ample ((p1p2)(p3(p4p5))). We call the parenthesization ((((p1p2)p3) � � � )pn ) the canonical
parenthesization. A parenthesizationof a string-link is a parenthesization of its two sets

2



of standard points.
Note that a parenthesization on a string-link inD 2 � I induces one on any string-

link in B M it represents.

De�nition 1.1. A manifold string-link is a canonically parenthesized,
coloured, framed string-link inD 2 � I with a set of linking componentsX L and surgery
componentsX M .

We say that a manifold string-link is regular if the linking matrix of its surgery
components is invertible (so surgery yields a string-link in a rational homology ball).

We will now de�ne some actions on the set of string-links which wewill make use of
later. As these are well known and somewhat �ddly to de�ne, we gloss over the technical
details and rely upon the reader's intuition.

If two string-links � 1 and � 2 in D 2 � I have the same number of components then
we may form a product� 1 � � 2 in the usual way by \putting � 2 on top of � 1". If the string
links are parenthesized or coloured we require that the parenthesization or colourings
match on the two disks identi�ed under the composition.

We also de�ne� 1 
 � 2 to be the string link obtained by \placing � 2 to the right of
� 1".

Let T � B M be an X -coloured tangle and letA � X . De�ne "A (T) to be the
tangle obtained fromT by deleting all of the components with colours inA. Further let
B be a set disjoint fromX and let S � X � B such that any element ofX or B appears in
at most one pair (x; b) 2 S. We de�ne DS(T) to be the coloured tangle obtained fromT
by, for each (x; b) 2 S, doubling the x-coloured component and colouring the double with
b. When dealing with string-links we may have to isotope them so that the endpoints lie
on the appropriate standard points.

1.3 Milnor's � -invariants

Recall that given a ringR, a R-homology sphereis a 3-manifoldM such that Hq(M ; R) =
Hq(S3; R), for all integers q. Similarly a R-homology ball is a 3-manifold B M with
boundary @(B M ) = S2 such that Hq(B M ; R) = Hq(B 3; R), for all q, where B 3 is the
3-ball. If R = Z we do not specify the ring and just writehomology sphereor homology
ball.

Let � be al-component string-link in a homology ballB � with a �xed identi�cation
of @(B � ) with @(D 2 � I ) (ie. B � is a homology cylinder overD 2) and let N (P) be a
regular neighbourhood of the set of standard points andN (� ) a regular neighbourhood
of the string-link. Then there are two inclusion mapsi j : D 2 � N (P) ,! B � � N (� ) for
j = 0; 1, where the mapi j sendsD 2 � N (P) to the image ofD 2 � f j g � N (P) under the
identi�cation of @(B � ) with @(D 2 � I ). We use thei j to induce certain isomorphisms as
follows.

Let G be any group. Thelower central series, Gq is de�ned inductively by G = G1

and Gq+1 = [ G; Gq].
3



Stallings' Theorem ([45]). Let h : A ! B be a homomorphism of groups, inducing an
isomorphismH1(A) �= H1(B ) and an epimorphism fromH2(A) onto H2(B ). Then, for
�nite q, h induces an isomorphismA=Aq+1

�= B=Bq+1 .

A Mayer-Vietoris calculation and a standard application of Stallings' theorem gives
the following result.

Proposition 1.1. (i j )� , j = 0; 1, induces isomorphisms

� 1((D 2 � f j g) � N (P))
� 1((D 2 � f j g) � N (P))q+1

�=
� 1(B � � N (� ))

� 1(B � � N (� ))q+1
:

Let F (l) be the free group on generatorsx1; : : : ; xl . We will also denote the image
of x i in the quotient group F (l)=F(l)q+1 by x i and the induced maps on the lower central
series coming from proposition 1.1 by (i j )� , j = 0; 1. Since we can identify� 1((D 2 �
f j g) � N (P)) with F (l), we have isomorphisms

F (l)
F (l)q+1

(i 0 ) ��!
� 1(B � � � )

� 1(B � � � )q+1

(i 1 ) � �
F (l)

F (l)q+1
;

and the composition (i 1)� 1
� (i 0)� gives a mapSL(l) ! Aut (F (l)=F(l)q+1 ), where SL(l) is

the set of string-links ofl components in a given homology ballB � . It is not di�cult to
see that we in fact get a map

Art q : SL(l) ! Aut 0(F (l)=F(l)q+1 );

where Aut 0(F (l)=F(l)q+1 ) is the subgroup ofAut (F (l)=F(l)q+1 ) consisting of all auto-
morphisms which mapx i to a conjugate of itself and leaves the productx1x2 � � � x l of the
generators �xed. We call the mapArt q the q-th Artin representation.

The i -th longitude � i 2 F (l)=F(l)q+1 of a string-link � is de�ned in the following
way. Take a double of thei -th component of the string-link. This determines an ele-
ment in the fundamental group of the complement, under (i 1)� 1

� this gives an element in
F (l)=F(l)q+1 which we call the longitude. We have

Art q(� )(x i ) = � i x i � � 1
i ;

where� i 2 F (l)=F(l)q+1 is the i -th longitude of � .
Note that our longitudes are determined by the (black-board)framing and are not

necessarily null-homologous. It is easy to modify the content ofthis chapter should we
insist that the longitudes are null-homologous, or we could justuse the zero framing.

De�nition 1.2. We say that a string-link � has Milnor �ltration n , if all its longitudes
are trivial in F (l )

F (l )n
.

Let P(l) be the ring of formal power series in non-commuting variablesX 1; : : : ; X l .
The Magnus expansionis the homomorphism

� : F (l) ! P (l)

de�ned on the generators of the free group by� (x i ) = 1 + X i .
4



STU : = - AS : = -

IHX : = -

Figure 1.2: The STU, AS and IHX relations.

De�nition 1.3. The � -invariants of a string-link � in an integral homology ball are the
coe�cients of the monomials in the X i of the Magnus expansion of thei -th longitude
� i 2 F (l )

F (l )q+1
. Explicitly, the � -invariant of lengthn + 1 of � i is

� j 1 ;j 2 ;:::;j n ;i = Coe�( X j 1 X j 2 � � � X j n ; � (� i ))

wheren � q and � i 2 F (l )
F (l )q+1

.

It is well known that the longitudes � i of � are trivial in F (l )
F (l )n

, that is � i is of
Milnor �ltration n, if and only if all � -invariants of length � n vanish.

1.4 The Algebras

The algebras we need are amalgamations of the usual algebrasA and B from the theory
of �nite-type invariants (see [5, 6]).

De�nition 1.4. Let X; Y be �nite disjoint sets. Then A(" X ; Y) is the space of formal
Q-linear combinations of uni-trivalent graphs whose trivalent vertices are oriented and
whose univalent vertices are either coloured by elements of aset Y or lie on the oriented
coloured 1-manifold ([ x2 X I x ), which is called theskeleton, modulo the STU, IHX and
AS relations shown in �gure 1.2.

Note that we allow trivalent graphs and the possibility that Y = ; .
We denote the subspace ofA (" X ; Y) such that every connected component has a

univalent vertex and all univalent vertices lie on the skeleton by A(" X ) and the subspace
A(; ; Y) by B(Y).

The degreeof a uni-trivalent diagram is half of its number of vertices and we say an
element ofA (" X ; Y) is connectedif it is a Q-linear combination of connected uni-trivalent
graphs.

Let D1; D2 2 A (" X ; Y) then there is aproduct D1 �D2 given by the linear extension
of the process of stacking the skeleton ofD1 on top of D2 in such a way that the colours
of the two skeletons match and taking the disjoint union of any trivalent components.
An example of the multiplication is given in �gure 1.3.

There is also a notion of a coproductM in A(" X ; Y) which is the obvious extension
of the usual coproduct ofA (see [5]). In fact this makesA(" X ; Y) into a graded co-
commutative Hopf algebra where the grading is by the degree. We denote the degreen

5



d

c ba

� c
d

ba

=

a bc

c

d

d

Figure 1.3: An example of multiplication.

�
f bg

0

B
B
@

a c

b

b
1

C
C
A =

1
2

0

B
B
@

c

a b

+ c

a b

1

C
C
A

Figure 1.4: An example of the map� f bg.

part by A n (" X ; Y) and, by abuse of notation, its graded completion again byA(" X ; Y).
The primitives (ie. the elements such thatM (D) = 1 
 D + D 
 1) of the algebra are
the connected elements.

We will now look at some maps between these algebras. All of these properties
hold since they hold inA and B.

Let Y 0 � Y . De�ne a map

�
Y 0 : A (" X ; Y) ! A (" X [ Y 0; Y � Y 0)

by the linear extension of the process of addingY 0 coloured skeleton components and
taking the average of all ways of placing theY 0 labeled univalent vertices on" Y 0. See
�gure 1.4 for an example of this map.

In fact � descends to a coalgebra isomorphism and we denote its inverse by� .
If X 0 � X , Y 0 � Y and A = X 0[ Y 0. The map "A : A (" X ; Y) ! A (" X � X 0; Y � Y 0)

is de�ned by setting every uni-trivalent graph with a uni-valent vertex on aX 0 coloured
skeleton component or with aY 0 coloured vertex equal to zero.

Let B be some set disjoint from bothX and Y and let S � (X [ Y) � B such
that any element of X; Y; B appears in at most one pair (a; b) 2 S. Then de�ne DS to
be the linear extension of the operation which to each element(a; b) 2 S either, if a is a
label of a skeleton component, gives the sum of all ways of lifting the vertices lying on
the a-coloured component over the component and itsb-coloured double and, ifa is the
colour of a univalent vertex, is the sum of all ways of substituting the coloura by b (see
�gure 1.5 for an example).

D f (a;b);(c;d)g

0

B
B
@

a

c
1

C
C
A =

a b

c

+

d

a b

+

c

a b

+

d

a b

Figure 1.5: An example of the mapDS .
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b b

z a

!

X

a

X

b

X

b

[ X

b

; [ X

b

; X

a

]]

[ X

b

; X

a

] ! [X b; [X b; X a]]

Figure 1.6: An example of the isomorphismCt
3(f a; bg; z) ! Lie3(2).

b b

aa

!

b b

z a

+

b b

a z

! 2

b b

z a

! 2[X b; [X b; X a]]

Figure 1.7: An example ofj z : Ct
3(f a; bg) ! Lie3(2).

We will be interested in two particular quotients ofA (" X ; Y) which were de�ned
in [6] and [24] for the algebraA .

De�ne A t (" X ; Y) to be the quotient of A (" X ; Y) by the ideal generated by all rela-
tions which set non-simply connected uni-trivalent graphs equal to zero. The connected
elements are calledtrees. We will denote the connected part (ie. the primitives) ofBt (Y)
by Ct (Y).

Also de�ne A h(" X ; Y) to be the quotient of A t (" X ; Y) by the ideal generated by all
relations which set connected uni-trivalent graphs with more than one univalent vertex
either lying on the same skeleton component or being labeled bythe same colour, equal
to zero. We call this quotient thehomotopy quotient.

It follows from [6] that A h(" X ; Y) is a quotient of A t (" X ; Y) and � descends to
isomorphism on these algebras.

There is a well known map (see eg. [19, 24]) which relates treesto Lie algebras.
Let Lie(l) = � n� 1Lien (l), be the freeQ Lie algebra onl generatorsX 1; : : : ; X l . Also let
Ct (Y; a) be the subspace ofCt (Y [ f ag) consisting of connected elements in which every
uni-trivalent graph has exactly one univalent vertex coloured by somea =2 Y.

Fix a bijection between the colouring setY and the generatorsX 1; : : : ; X l of the
free Lie algebra, wherejY j = l. Then given some elementD 2 Ct

n (Y; a) label the edges
ending in a Y-coloured univalent vertex with the corresponding generator of the Lie
algebra. Now assign an element of the Lie algebra to each unlabelled edge according to
the rule that whenever an unlabelled edge meets two edges labelled byX and X 0 in Lie(l)
(in the direction of the orientation) assign the commutator [X; X 0] to that edge. This
labels the edge coloured bya and we take this to be our element of Lien (l). See �gure 1.6
for an example. It is not hard to see that this gives an isomorphism from Ct

n (Y; a) to
Lien (l).

Finally, we de�ne a map j y : Ct
n (Y) ! Lien (l) for y 2 Y by summing over all of

the ways replacing exactly one of they-coloured vertices by somea =2 Y and then using
the above map to get an element in Lien (l). An example is given in �gure 1.7.
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Before continuing we brie
y review some relevant of the Kontsevich integral.

� For our purposes the Kontsevich integralZ is an A(" X ) valued universal �nite-type
invariant of X -coloured framed parenthesized tangles and the degreen part Zn of Z
is a degreen �nite-type invariant.

� Let � h : A (" X ) ! A h(" X ) be projection. Then by [6], � h � Z is a well de�ned
invariant of (X -coloured framed parenthesized) string-links up to link-homotopy,
where link-homotopy is an equivalence relation which allows ambient isotopy and
each component of the tangle to pass through itself.

� Let T and T0 be tangles thenZ(DS(T)) = DS(Z (T)), Z ("A (T)) = "A (Z (T)) and
Z(T � T0) = Z (T) � Z (T0).

� Z (T) 2 A (" X ) is group-like and so can be written as exp(C) where C 2 C(X ) is
connected.

1.5 The �Arhus Integral

The �Arhus integral, Z M , was introduced by Bar-Natan, Garoufalidis, Rozansky and
Thurston in the series of papers [7, 8, 9] as a universal �nite type invariant of ratio-
nal homology 3-spheres. In this series it was remarked that it extends to an invariant of
links in rational homology spheres. In this section we de�ne�Arhus integral. The reader
is referred to the�Arhus trilogy for a thorough exposition of the invariant.

The pre-normalized�Arhus integral of regular manifold string-links Z M
0 is de�ned

by the following composition:

Z M
0 : RMSL

�Z�! A (" X L [ X M )
� X M�! A (" X L ; X M )

R F G
X M�! A (" X L ; ; )

where:

� RMSL is the set of regular manifolds string-links with linking components coloured
by X L and surgery components coloured byX M .

� �Z
def
= � 
j X L [ X M j � D f�g� X L [ X M (� ) � Z , is the Kontsevich integral as normalized in

[33].

�
RF G

X M
is formal Gaussian integrationwith respect to the variablesX M . It is described

below.

De�nition 1.5. The �Arhus integral of a regular manifold string-link, � LM is given by

Z M (� LM ) = Z M
0 (U+ )� � + � Z M

0 (U� )� � � � Z M
0 (� LM )

where� � is the number of� ve eigenvalues of the linking matrix of"X L (� LM ) and U� is
the unknot with framing � 1.

8



*
1
2

a

a

+
b

c

a

b ;

4

a

+
a

d

a

+
a

b

c

b +

f a;b;cg

=

d

+ 2

Figure 1.8: An example of the pairinghD1; D2i S .

We will now go on to de�ne formal Gaussian integration. LetD1; D2 2 A (" X ; Y),
de�ne

hD1; D2i Y =

0

B
@

sum of all ways of gluing all legs labeled
y on D1 with all of the legs labeledy on
D2, for all the coloursy 2 Y:

1

C
A ;

where this sum is non-zero only if the number ofy-coloured legs ofD1 equals the number
of y-coloured legs ofD2, for all y 2 Y.

It is a well known and easily seen fact that for anX -coloured tangleT, the Kont-
sevich integral �Z may be written in the form

� ( �Z (T)) = exp �[ (
X

x;y 2 X

1
2

lxy x _ y ) + (other stu�) ;

where (lxy ) is the linking matrix of T. Recall that the degree 1 elements (which look like
_ ) are calledstruts.

Therefore, given a regular manifold string-link� LM , with linking components X L

and surgery componentsX M , we can write

� X M
�Z (� LM ) = exp �[ (

X

x;y 2 X M

1
2

lxy x _ y ) � P
def
= exp �[ (Q=2) � P;

where now (lxy ) is the linking matrix of "X L (� LM ). Since� LM is regular, (lxy ) is invertible
and so we can de�ne:

Q� 1 =
X

x;y 2 X M

lxy x _ y

where (lxy ) is the inverse matrix of (lxy ).

Writing � X M
�Z (� LM )

def
= exp �[ (Q=2) � P, we de�ne formal Gaussian integrationas:

Z F G

X M

exp�[ (Q=2) � P = hexp�[ (� Q� 1=2); Pi X M :

It is known ([8]) that Z M
0 is invariant under isotopy and a handle slide of any

component around a surgery component, andZ M is invariant under stabilization on the
surgery components and soZ M is an invariant of string-links in a rational homology ball.
Summarizing this we have:

Proposition 1.2. The �Arhus integral Z M is an invariant of framed parenthesized string-
links in rational homology balls.

At this point we �x some notation. Let � t : A (" X ; Y) ! A t (" X ; Y) be projection.

Then Z M ;t def
= � t � Z M , h� ; �i t

Y
def
= � t � h� ; �i Y and so on. We use similar notation for

the projection � h : A (" X ; Y) ! A h(" X ; Y)
9



1.6 The �Arhus Integral and the � -invariants

Let � LM be a manifold string-link with the canonical parenthesization such that the
determinant of the linking matrix of the surgery components is � 1 (so � LM represents a
string-link in an integral homology ball). Further, for convenience, we setX L = f 1; : : : ; lg
, X M = f l + 1; : : : ; l + mg and assume that the components of the manifold string-link
have numerically increasing colours from left to right. We call such a manifold string-link
nice.

At times we will need to add an extra linking component to the manifold string-
link. We will add this component to the left of the others and colour it with 0. We denote
the new colouring setX L [ f 0g by X L + 1.

The extra 0-coloured component is going to correspond to a longitude of the string-
link and as such is only considered up to link homotopy. Consequently, rather than
working with the algebra A t (" X L +1 ; ; ), we add an additional homotopy relation on the
colour 0, and we call the resulting algebraA h;t (" X L +1 ; ; ).

Given a set of coloursX , let 1X , be the trivial tangle of jX j components coloured
by X . When X contains only one element,x say, we will just write 1x .

In this section we consider the longitudes as elements� i = lim � � (n)
i of the nilpotent

completion dF (l) = lim � F (l)=F(l)n+1 , where� (n)
i 2 F (l)=F(l)n+1 .

The reader is referred to [24] for the motivation behind the formula in the following
lemma.

Proposition 1.3. Let � LM be a nice manifold string-link and let� i , 1 � i � l , be its
i � th longitude regarded as a pure braid. Then

Z M ;h;t (� i 
 1X M ) = � h;t (Z M (10 
 � LM )� 1(D i Z M (� LM ))bi ) (1.1)

wherebi = Z M (� i ) and � i is the braid coloured byf 0; : : : ; l + mg inducing the permutation
(i � 1 i � 2� � � 1 0), ab denotes the conjugationbab� 1, D i = D f ( i; 0)g and � h;t is projection
onto A h;t (" X L +1 ; ; ).

Remark 1.1. In formula 1.1 we are assuming that� LM , � i 
 1X M and 10 
 � LM have the
canonical parenthesization and� i has the canonical parenthesization on the bottom and
the ì -th double of the canonical parenthesization' on the top.

Remark 1.2. Since Z M ;h;t
0 = Z M ;h;t we need only consider the pre-normalized�Arhus

integral. Also note that �Z t = Z t .

We need a few technical lemmas to prove the proposition.

Lemma 1.1. Let � LM be a manifold string-link,i 2 X L and D i = D f ( i; 0)g. Then

Z M (D i (� LM )) = D i (Z M (� LM )) :

10



Proof.

Z M
0 D i (� LM ) =

Z F G

X M

� X M
�Z (D i (� LM ))

=
Z F G

X M

D i (� X M ( �Z (� LM )))

= D i

� Z F G

X M

� X M
�Z (� LM )

�

= D i (Z M
0 � LM )

where the second equality is a standard property of the Kontsevich integral. The third
follows sincei 2 X L and the formal Gaussian integration is with respect to the variables
X M .

The result follows sinceD i respects multiplication.

Lemma 1.2. Let P 2 A (" X ; Y) be of degreen and contain no struts both of whose
univalent vertices are coloured by elements ofY, and let Q 2 A (" X ; Y) consist entirely of
struts coloured byY. Then if hQ; Pi t

Y is non-zero, it is of degree at leastn � [n
2 ], where

[a] is the integer part ofa.

Proof. Assume that hQ; Pi t
Y is non-zero. We need to �nd the minimum possible degree

of hQ; Pi t
Y , whereP and Q vary over all suitable elements ofA (" X ; Y).

Suppose we are given elementsP and Q so that the degree ofhQ; Pi t
Y is minimal.

We can assume thatP is simply connected. If there are any trivalent vertices inP then
we remove them by identifying two of the edges incident to thetrivalent vertex giving a
single edge and adding aX -coloured univalent vertex at the end of the third edge (note
we use the hypothesis thatP is a tree). As this does not change the degree ofP or
hQ; Pi t

Y , we see we can assume thatP consists entirely of struts.
Given such aP and remembering that the struts inP have at most oneY-coloured

vertex, it is easy to see that the maximum number ofY-coloured struts which may be
glued in is [n2 ], giving the result.

Note that if P and Q are as in the above lemma and ifhQ; Pi Y is non-zero then
it is of degree at leastn � [3n

4 ].

De�nition 1.6. We say that two tanglesT and T0 di�er by a pure braid p 2 PBn+1 if
T0 can be obtained fromT by replacing a copy ofD 2 � I which intersectsT in a trivial
string-link with the pure braid p (see �gure 1.9).

We need the following result of Stanford.

Theorem 1.1 (Stanford [46]). Let T and T0 be two tangle which di�er by a pure braid
p 2 PBn+1 . Then for any �nite type invariant, v, of degree less thann + 1 we have
v(T) = v(T0).

Lemma 1.3. Suppose Y is the disjoint union of compact 1-manifoldsY0, YL , YM where
YM consists entirely of copies ofS1. Further suppose thatTi , i = 1; 2 , are two tangles

11



Figure 1.9: Two tangles which di�er by a pure braid.

which agree onYL [ YM and on each component ofY0 the maps di�er by an element in the
lower central series� 1(M � Ti jYL )n+1 , whereM is the manifold obtained by surgery on
Ti jYM . Then the images ofZ M

0 (Ti ) in A h;t
n� [ n

2 ]� 1(" Y0 [ YL ; ; ), where the homotopy �ltration
is on the Y0 components, agree.

Proof. First note that � 1(D 2 � I � Ti jYL [ YM ) is generated by the meridians ofTi jYL [ YM .
This means that there exists a ball which intersectsTi jYL [ YM in a trivial string-link such
that the map of the fundamental groups induced by the inclusion of the trivial string-link
into Ti jYL [ YM is surjective.

Now since� 1(M � Ti jYL ) is also generated by the meridians ofTi jYL [ YM and T1

and T2 di�er by elements in � 1(M � Ti jYL )n+1 , we see thatT2 can be obtained fromT1 by
handle sliding around theYM components, modifying theY0 components by homotopy
and modifying T1 (inside the ball described above) by pure braids inF (jYL [ YM j)n+1 �
F (jYL [ YM j) � PB(jYL [ YM j + 1).

Stanford's theorem tells us that the modi�cation by the purebraids does not a�ect
�nite-type invariants of degree less thann+1 and since the homotopy relations are applied
to the Y0 components so tangles di�ering under these two moves have the same image
under �Z h;t

� n . Finally, formal Gaussian integration takes care of the handle slides and the
result then follows by lemma 1.2.

Proof of proposition 1.3. Let � (n)
i be a representative of the longitude� i in F (l)=F(l)n+1

which we regard as a pure braid ofl+1 components. Now the two tangles (10
 � LM )( � (n)
i 


1M ) and � i D i (� LM )� � 1
i both represent the union of the manifold string-link,� LM , and

the longitude and therefore, by Stallings' theorem, satisfy the conditions of lemma 1.3.
Then

Z M ;h;t
<n � [ n

2 ](( � (n)
i 
 1M ) � (10 
 � LM )) = Z M ;h;t

<n � [ n
2 ](� i � D i (� LM ) � � � 1

i ):

Since� (n)
i 2 F (l)=F(l)n+1 it only shares crossings with the linking components of

� LM , therefore

Z M ;h;t
<n � [ n

2 ](( � (n)
i 
 1M ) � (10 
 � LM )) = Z M ;h;t

<n � [ n
2 ](�

(n)
i 
 1M )Z M ;h;t

<n � [ n
2 ](10 
 � LM ):

Similarly,

Z M ;h;t
<n � [ n

2 ](� i � D i (� LM ) � � � 1
i ) = Z M ;h;t

<n � [ n
2 ](� i )Z

M ;h;t
<n � [ n

2 ](D i (� LM ))Z M ;h;t
<n � [ n

2 ](�
� 1
i ):

Finally solving for Z M ;h;t
<n � [ n

2 ](( � (n)
i 
 1M ), and letting n tend to in�nity gives the

result.
12
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l + mi210 i � 1

Figure 1.10: The pure braid � 0;i 
 1M .

Having found a formula for the�Arhus integral of the longitudes we turn our at-
tention to �nding a formula for the Magnus expansion of the longitudes.

De�nition 1.7. An expansionis a homomorphismJ : F (l) ! P (l) such that J (x i ) =
1 + X i + (higher order terms) , whereF (l) is the free group on the generatorsx1; : : : ; xl

and P(l) is the ring of formal power series in non-commuting variables X 1; : : : ; X l .

Clearly the Magnus expansion is an expansion in this sense. We showthat the
left hand side of formula 1.1 can be regarded as an expansion andthen we apply the
following result of Lin to write the Magnus expansion of the longitudes in terms of the
�Arhus integral.

Lemma 1.4 (Lin [34]). Let J be any expansion and� be the Magnus expansion. Then
there exist a unique unipotent automorphism	 : P(l) ! P (l) such that� = 	 � J .

Recall that a map 	 is said to be unipotent if for all a 2 P (l) of degreen, 	( a) =
a + O(n + 1).

A h;t (" X L +1 ) is a graded co-commutative Hopf algebra whose space of primitives
is isomorphic to Ch;t (X L + 1), the space of connected elements ofBh;t (X L + 1). Let
X i 2 A h;t (" X L +1 ) denote the element of degree 1 which has a single chord between the
skeleton components coloured by 0 andi .

Then X 1; : : : ; X l generate a free non-commutative power series ringP(l) = P(X 1; : : : ; X l ) �
A h;t (" X L +1 ); (as the primitives of A h;t (" X L +1 ) are isomorphic toCh;t (X L + 1) and this is
naturally decomposed asCt (X L ; 0) � C t (X L ) = Lie( l) � C t (X L ) and the �rst summand
corresponds toP(X L ) by the isomorphism described in section 1.4).

Let SL(X M ) denote the monoid of string-links inD 2 � I which are coloured by
X M and PB(l + 1) be the pure braid group onl + 1 generators. There is map� : F (l) !
PB(l + 1) 
 SL(X M ) de�ned by the formula x i 7! � 0;i 
 1M where� 0;i is the generator of
the pure braid group which wraps the 0-th strand once around the i -th as in �gure 1.10.
The composition of this with Z M ;h;t gives a mapJ : F (l) ! A h;t (" X L +1 ; ; ).

Lemma 1.5. The mapJ : F (l) ! A h;t (" X L +1 ; ; ) de�ned above is an expansion.

Proof. Let x i 
 1M denote the generators ofF (l) 
 id � PB(l + 1) 
 SL(X M ). Then

Z M ;h;t (x i ) = i � �Z h;t (p1(x i )) = exp( Yi )

whereYi = X i + O(2) 2 A h;t (" X L +1 [ X M ), i : A h;t (" X L +1 ) ! A h;t (" X L +1 [ X M ) is inclusion
and p1 : PB(l + 1) 
 SL(X M ) ! PB(l + 1) is projection onto the �rst component.
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To prove the lemma we have to show that the image ofJ lies in P(l). But this
follows since every diagram inZ M ;h;t (x), where x 2 F (l) 
 id, must have a vertex lying
on the skeleton component coloured 0 since the removal of the 0-coloured component
trivializes the braid. Thus Yi 2 Ct (X L ; 0) = Lie( l).

Now applying Lemma 1.4 to Proposition 1.3 gives:

Theorem 1.2. Let � LM be a nice manifold string-link. Then

� (� i ) = 	 � � h;t (Z M (10 
 � LM )� 1(D i Z M (� LM ))bi )

wherebi = Z M (� i ) and � i is the braid coloured byf 0; : : : ; l + mg inducing the permutation
(i � 1 i � 2� � � 1 0), ab denotes the conjugationbab� 1, D i = D f ( i; 0)g, � h;t is projection onto
A h;t (" X L +1 ; ; ) and 	 is a unipotent automorphism.

Remark 1.3. Habegger and Masbaum's theorem in [24] relating the� -invariants of string-
links in D 2 � I to the Kontsevich integral (which is obviously contained in theorem 1.2)
holds in the algebraA h(0) (" X L +1 ), which we de�ne to be A(" X L +1 ) with the homotopy
relation applied to the colour 0, so there are no tree relations on theX L -coloured com-
ponents (this is true since [24]'s lemma 12.5 only requires the homotopy relation and in
their lemma 12.6, the homotopy relation ensures that the appropriate elements are trees).
However it is interesting to note that attempts by the author to remove the \t" in this
section failed as the normalized Kontsevich integral�Z does not respect multiplication,
necessitating the descent intoA h;t (" X L +1 ; ; ).

1.7 The First Non-vanishing � -invariant

In this section we give a generalization of the Habegger-Masbaum formula by expressing
the �rst non-vanishing Milnor invariants in terms of the �rst no n-vanishing term of the
tree part of the �Arhus integral. This result also appeared in [22] with a di�erent proof.

Recall that Lie(l) is the free Q Lie algebra onl generatorsX 1; : : : ; X l . There is
a canonical graded isomorphism of� n� 1(F (l)n=F(l)n+1 ) 
 Q with Lie( l) = � n� 1Lien (l)
(see [36]). Now if� has Milnor �ltration n, we can consider the longitudes� i as elements
in F (l)n=F(l)n+1 and we denote the corresponding element in Lien (l) by � (n)

i . We call
the � (n)

i the Milnor invariants of degree n.

Theorem 1.3. Let � LM be a nice manifold string-link representing a string-link� . Then
(i) Z M ;h;t (� LM ) = 1 + O(n) if and only if � is of Milnor �ltration n,
(ii) the �rst non-vanishing Milnor invariants of the string- link � determine and

are determined by the �rst non-vanishing term ofZ M ;t (� LM ) � 1 through the Habegger-
Mausbaum formula:

� (n)
i (� LM ) = j i (� )

whereZ M ;t (� LM ) = 1 + � + O(n + 1) and j i : Ct
n (X L ) ! Lien (X L ) is the map described

in section 1.4.
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Proof. (i) First suppose that Z M ;t (� LM ) = 1+ O(n), then � h;t (D i (Z M (� LM ))) = 1+ O(n)
giving � h;t ((D i (Z M (� LM ))) bi ) = 1+ O(n) (since the lower degree terms of the conjugating
bi 's cancel).

Also we have� h;t (Z M (10 
 � LM )� 1) = 1 + O(n).
Since multiplication can not reduce the degree and 	 is unipotent we have

� (� i ) = 	 � � h;t (Z M (10 
 � LM )� 1(D i (Z M (� LM ))) bi ) = 1 + O(n);

and the result follows since all� -invariants of length � n vanish if and only if � i is trivial
in � (B � � � )=� (B � � � )n , where� is a tangle represented by� LM .

Conversely, suppose that� i is trivial in � (B � � � )=� (B � � � )n . Then

Coe�( x � 1 x � 2 � � � x � n � r � 1 ; � (� i )) = 0, for 0 � r � n � 1;

and so
� (� i ) = 	 � � h;t (Z M (10 
 � LM )� 1(D i (Z M (� LM ))) bi ) = 1 + O(n):

As 	 is unipotent it follows that

� h;t (Z M (10 
 � LM )� 1(D i (Z M (� LM ))) bi ) = 1 + O(n):

Thus D i (Z M ;h;t (� LM )) = 1 + O(n) and soZ M ;t (� LM ) = 1 + O(n).

(ii) Suppose that the �rst non-vanishing � -invariant is of degreen. Then by the above
Z M ;h;t (� LM ) = 1 + � + O(n + 1), where � is of degreen. By proposition 1.2, lemma 1.1
and the unipotency of 	 we have

� (� i ) = Z M ;h;t
� n (10 
 � LM )� 1 � Z M ;h;t

� n (� i ) � Z M ;h;t
� n (D i (� LM )) � Z M ;h;t

� n (� i )� 1 + O(n + 1) :

SinceZ M (� i ) can be written as the exponential of a sum of connected elements, this can
be written as

= (1 � 10 
 � )(1 + � )(1 + � h;t D i (� ))(1 � � ) + O(n + 1)

= 1 + � h;t D i (� ) + O(n + 1)

where� = Z M ;h;t
n (� i ) and � is as in the statement of the theorem.

Looking at the degreen part of this formula we see that the terms ofD i (� ) which
do not have a vertex on the 0-coloured skeleton component cancel with the terms of 10 
 � ,
and any terms ofD i (� ) with more than one vertex on the 0-coloured skeleton component
are killed o� by the projection � h;t . So what remains is an element ofCt

n (X L ; 0) = Lie n (l)
and it is easy to see that this is exactly the elementj i (� ).

Finally, the determined by part follows sincej i is injective (see [24]).

The struts of the Kontsevich integral of a link inS3 determine and are determined
by its linking numbers. Theorem 1.3 gives the analogous resultfor links in homology
spheres.

Corollary 1.1. The coe�cients of the struts of the �Arhus integral of a link in a homology
sphere determine and are determined by the linking numbers.
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Chapter 2

A Diagrammatic formula for the
Free Energy

We state and prove a folklore result concerning the diagrammatic integration of expo-
nentials.

2.1 Introduction

As we have already seen in chapter 1, the notions of diagrammatic or Feynman integration
and diagrammatic di�erential operators play an important role in quantum topology, for
example they are used to de�ning �nite-type 3-manifold invariants from the Kontsevich
integral ([7, 8, 9]) and certain vectorspace isomorphisms in the wheeling theorem ([10]).

In physics there is a folklore principle which says that the diagrammatic integration
of the exponential of something connected is itself an exponential. We give an exact
formulation of this statement. The resulting formula is a useful combinatorial identity
which can be used to simplify calculations. In particular thereare applications to the
LMO invariant of 3-manifolds.

Although motivated by the theory of �nite-type invariants, we �nd it convenient
to work in a slightly more general setting in this chapter.

The version of the proof of theorem 2.1 presented here was suggested by Daan
Krammer which greatly improved an earlier proof by the author.

Remark 2.1. We note that the author is currently collaborating with D.M.Jackson and A.
Morales to give a more classical combinatorial exposition of the diagrammatic integration
discussed here and in chapter 1.

2.2 Statement of Results

Let D(Y) be the algebra of formal power series of uni-trivalent graphs with coe�cients
in Q, whose uni-valent vertices are coloured by some setY and trivalent vertices are
oriented and where commutative multiplication is given by disjoint union. Note that we
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Figure 2.1: Examples of de�nition 2.1.

allow the empty graph; . We also allowY = ; , in which case the formal power series in
D(; ) contain only trivalent graphs.

Recall, an element ofD(Y) is called connected if all of its summands consist of
connected graphs.

We say that D 2 D (Y) is Y-substantial if it contains no struts (graphs which look
like _ ). We will denote the subalgebra ofY-substantial elements ofD(Y) by Ds(Y).

De�nition 2.1. Let D 2 D s(Y) be Y-substantial. hDi is de�ned to be the linear opera-
tion given by

hDi =

0

B
@

sum of all ways of identifying pairwise
all of the y coloured uni-valent vertices
of D for all y 2 Y

1

C
A :

This sum is declared to be zero if D has an odd number ofy-coloured vertices for any
y 2 Y. Further, de�ne hDi c to be the connected part ofhDi . See �gure 2.1 for examples
of these de�nitions.

Remark 2.2. If we work with the algebra B(Y) from the theory of �nite-type invariants
(see section 1.4 or [5]), restrict ourselves to those elements with exactly 2m legs of each
colour and project the result ofh�i onto the quotient of B(Y) by the the ideal generated
by the relations Om and Pm+1 de�ned in [32], then the above de�nition is negative
dimensional integration,

R(m) , de�ned in [9] to give a construction of the LMO invariant
- a universal peturbative invariant of rational homology spheres.

The relationship stated in the following theorem was conjectured independently
by the author and Stavros Garoufalidis. The proof of the theorem is given in section 2.3.

Theorem 2.1. Let C 2 D s(Y) be Y-substantial and contain only connected graphs. Then

hexp(C)i = exp

 
1X

j =1

1
j !



C j

�
c

!

: (2.1)

Of courseh�i is not the only type of diagrammatic integration in the literature
and so it is natural to ask which of them satisfy equations analogous to equation 2.1.

There is a well known bilinear pairingh� ; �i : D(Y) 
 D (Y) ! D (; ), where
hD1; D2i is de�ned to be the sum of all ways of gluing all of they-coloured vertices of
D1 to all of the y-coloured vertices ofD2 for every y 2 Y, where this sum is zero if the
number of y-coloured vertices ofD1 and D2 do not match. See also section 1.5. We also
de�ne h� ; �i c to be the connected part ofh� ; �i .
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For motivation we give two important examples of uses of this de�nition. The �rst
example ishDi = hexp(

P
y2 Y

1
2 (y _ y )); D i which relates our present discussion to our

earlier discussion and to the LMO invariant.
Our second important example is essentially the gluing from formal Gaussian in-

tegration (de�ned in section 1.5) which is of the form
D

exp
� P

1� i � j � n ai;j yi _ y j

�
; D

E
;

whereD is Y-substantial.
The following generalizes theorem 2.1. Again we delay the proof until section 2.3.

Theorem 2.2. Let Y = f y1; � � � ; yng, C 2 D s(Y) be Y-substantial and connected and
ai;j 2 Q. Then the following identity holds

*

exp

 
X

1� i � j � n

ai;j yi _ y j

!

; exp(C)

+

= exp

0

@
1X

p=1

1
p!

*

exp

 
X

1� i � j � n

ai;j yi _ y j

!

; Cp

+

c

1

A : (2.2)

So far we have only discussed the free algebraD(Y). However as we are usually
interested in a quotient ofD(Y) by some ideal we observe the following corollary, which
relates the theorems presented here to the theory of �nite type invariants.

Corollary 2.1. Let B(Y) be the algebra of formal power series of uni-trivalent graphs
with oriented trivalent vertices and univalent vertices coloured byY, modulo theIHX and
AS relations (see �gure 1.2 for their de�nitions). Let C 2 B(Y) contain only connected
graphs and beY-substantial. Then equation 2.2 holds in this quotient algebra.

2.3 The Proofs

For motivation, consider the calculation of some valuehCi . One approach is to sum over
all of the ways of breaking the computation down into the construction of connected
components, for example

h 2 i = h 2 i c + h 2i ch i c + 2h i ch i c

+ h i ch i ch i c:

Splitting the calculation like this is the idea behind the proof of theorem 2.1.
More precisely the idea of the proof is to rewritehexp(C)i in terms of h�i c as

indicated above, and after some rearranging of the indexing,the result drops out. The
�rst problem encountered is how to enumerate this sum. We takencare of this �rst.
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Lemma 2.1. Let Ci be a connected element ofDs(Y) for eachi 2 I , whereI is an index.
Then

D Q
i 2 I Ch(i )

i

E
=

1X

m=1

X

f gj :I ! N0 j
P

j gj = h;
gj 6=0 ;

1� j � mg

1
m!

Y

i 2 I

h(i )!
Q m

j =1 gj (i )!

D Q
i 2 I Cgj (i )

i

E

c
;

whereh : I ! N0 is a map such that only �nitely many of theh(i ) are non-zero.

We introduce some notation for the proof. LetC =
Q

i 2 I Cg(i )
i be an element of

D(Y) such that eachCi is connected. By apattern of order m of C we mean a way of
partitioning C into

Q m
j =1 h

Q
i 2 I Ch(i;j )

i i c, where
P m

j =1 h(i; j ) = g(i ) for each i . Note there
is no ordering of theCi or the h�i c. For example, with C as in the above example,
h i ch i c and h i ch i ch i c are patterns of order 2 and 3 respectively.

We now prove the lemma.

Proof. Clearly X

f gj :I ! N0 j
P

j gj = h;
gj 6=0 ;

1� j � mg

D Q
i 2 I Cgj (i )

i

E

c
(2.3)

enumerates all patterns of orderm. It remains to add coe�cients to count the correct
number of occurrences of each pattern to equation 2.3 which,after summing over all
values ofm, will give the equation in the lemma.

As each pattern in equation 2.3 occurs with a multiplicity ofm! (as the sum orders
the product of h�i c in the pattern) we need to divide each summand bym! to give exactly
one occurrence of each pattern. The lemma then follows upon noting that there are

Y

i 2 I

�
h(i )

g1(i ); � � � ; gm (i )

�
=

Y

i 2 I

h(i )!
Q m

j =1 gj (i )!

ways of making the pattern
D Q

i 2 I Cgj (i )
i

E

c
from

Q
i 2 I Ch(i )

i .

Proof of theorem 2.1.We begin by writing C as
P

i 2 I Ci , where eachCi is a connected
element ofDs(Y) and I is an indexing set. This gives

hexp(C)i =
D Q

i 2 I exp(Ci )
E

=
D Q

i 2 I

P 1
n=1

Cn
i

n!

E
:

This can be written as a sum over functions in the following way:
D P

h:I ! N0

Q
i 2 I

Ch ( i )
i

h(i )!

E
=

X

h:I ! N0

D Q
i 2 I

Ch ( i )
i

h(i )!

E
:
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Now, using lemma 2.1, we can split the calculation ofh�i into a sum of products
of h�i c, giving

1 +
X

h:I ! N0

1X

m=1

1
m!

X

f gj :I ! N0 j
P

j gj = h;
gj 6=0 ;

1� j � mg

� Q
i 2 I

1
h(i )!

h(i )!
Q m

j =1 gj (i )!

� mY

j =1

D Q
i 2 I Cgj (i )

i

E

c
:

We may incorporate the sum over the functionsh into the sum over thegj to write this
as

1 +
1X

m=1

1
m!

X

f gj :I ! N0 j
gj 6=0 ;

1� j � mg

mY

j =1

D Q
i 2 I

C
gj ( i )
i

gj (i )!

E

c
;

which with a little thought, can be seen to be equal to

1 +
1X

m=1

1
m!

mY

j =1

� P
gj :I ! N0 ;

gj 6=0

D Q
i 2 I

C
gj ( i )
i

gj (i )!

E

c

�
;

where the sum is now overgj for a �xed j . Clearly this may be written as

1X

m=0

1
m!

� P
g:I ! N0 ;

g6=0

D Q
i 2 I

Cg( i )
i

g(i )!

E

c

� m

= exp
� P

g:I ! N0 ;
g6=0

D Q
i 2 I

Cg( i )
i

g(i )!

E

c

�

It remains to show that

X

g:I ! N0 ;
g6=0

D Q
i 2 I

Cg( i )
i

g(i )!

E

c
=

1X

j =1

1
j !

D
C j

E

c

but this follows as one may write the right hand side as
1X

j =1

1
j !

X

g:I ! N0 ;
P

i 2 I g(i )= j

j !
Q

i 2 I g(i )!

D Q
i 2 I Cg(i )

i

E

c
;

which is obviously equal to the left hand side.

Since the proof of theorem 2.2 is similar to that of theorem 2.1we only sketch it.
The only real di�erence is that in a calculation ofhS; Ci in terms of h� ; �i c, we look at
all the splittings of both S and C, for example

h_ 3; 2 i = h_ 3; 2 i c + h_ 2; 2i ch_; i c

+ h_; 2i ch_ 2; i c + � � � + h_; i ch_; i ch_; i c:

In fact the proof presented below is essentially a double application (to the struts and to
C) of the proof of theorem 2.1.
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Sketch of the proof of theorem 2.2.As before we writeC as
P

i 2 I Ci where eachCi is
a connected element ofDs(Y) and I is an indexing set. Also write the strut part as
P

k2 K Sk , for some indexK . Then

D
exp

� P
k2 K Sk

�
; exp(C)

E
=

D Q
k2 K

P 1
m=1

Sm
k

m! ;
Q

i 2 I

P 1
n=1

Cn
i

n!

E
:

As before this can be written as a sum over functions:
X

h:I ! N0

X

� :K ! N0

D Q
k2 K

S� ( k )
k

� (k)! ;
Q

i 2 I
Ch ( i )

i
h(i )!

E
:

By using an argument similar to that of the proof of lemma 2.1, wewrite this as

1 +
X

h:I ! N0

1X

m=1

1
m!

X

f gj :I ! N0 j
P

j gj = h;
gj 6=0 ;

1� j � mg

� Q
i 2 I

1
h(i )!

h(i )!
Q m

j =1 gj (i )!

�

X

� :I ! N0

1X

n=1

1
n!

X

f f l :K ! N0 j
P

l f l = �;
f l 6=0 ;

1� l � ng

� Q
k2 K

1
� (k)!

� (k)!
Q m

l =1 gl (k)!

�

mY

j =1

nY

l=1

D Q
k2 K Sf l (k)

k ;
Q

i 2 I Cgj (i )
i

E

c

= 1 +
X

h:I ! N0

1X

m=1

1
m!

X

f gj :I ! N0 j
P

j gj = h;
gj 6=0 ;

1� j � mg

� Q
i 2 I

1
h(i )!

h(i )!
Q m

j =1 gj (i )!

�

mY

j =1

D
exp(

P
k2 K Sk);

Q
i 2 I Cgj (i )

i

E

c

= exp
� P 1

p=1
1
p!

D
exp

� P
k2 K Sk

�
; Cp

E

c

�
;

using similar indexing arguments to those above.

Remark 2.3. An earlier proof of theorem 2.2 gave a partial converse to the theorem,
however as it has been superseded by results to appear in [25], wedo not include it.
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Chapter 3

On the Word and Conjugacy
Problems for Link Groups

In this chapter we study the relationship between known solutions from small cancellation
theory and normal surface theory for the word and conjugacy problems of the groups
of (prime) alternating links. We show that two of the algorithms in the literature for
solving the word problem, each using one of the two approaches, are the same. Then, by
considering small cancellation methods, we give a normal surface solution to the conjugacy
problem of these link groups and characterize the conjugacy classes. Finally, by using
the small cancellation properties of link groups we provide anew proof that alternating
links are non-trivial.

3.1 Introduction

The word problem for the fundamental group of a link complement was �rst solved by
Waldhausen in [47], who found an algorithm for deciding whether a loop in a su�ciently
large irreducible 3-manifold is contractible. Waldhausen's algorithm is di�cult to apply.
It relies on Haken's theory of normal surfaces to �nd a particular set of surfaces in the
3-manifold. Dugopolski, in [16], showed that for the complement of an alternating link,
such a set of surfaces is readily available and he simpli�ed Waldhausen's solution of the
word problem for such links. These algorithms are geometric.

On the other hand, using combinatorial group theory, Weinbaum, in [48], proved
that the groups of prime alternating knots satisfy theC00(4) � T(4) small cancellation
conditions, and applied results of Lyndon, to solve the word problem, and Schupp, to
solve the conjugacy problem. This was extended to all alternating knots by Appel and
Schupp in [2] (see also [35]) by showing these groups satisfy theC00(4) � T(4) for minimal
sequences conditions. In fact these methods apply to a larger setof (not necessarily
alternating) links.

At around the same time Appel, [1], used the Wirtinger presentation and small
cancellation techniques to solve the conjugacy problem for all alternating and some non-
alternating knots.
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An improvement for solving the word problem forC00(4) � T(4) groups and hence
the groups of prime alternating links, to a quadratic time algorithm, appears implicitly
in later work by Appel and Schupp ([3]), and explicitly in several other places ([20, 26,
28, 29]). We consider this algorithm.

Other approaches have also been successful. Epstein and Thurston in [17] showed
that all link groups are automatic (Gersten and Short also showed that the groups of
alternating knots are automatic using di�erent methods in [21]) and hence have a solvable
word problem. In fact the conjugacy problem for link groups is solvable in full generality
since the link complement is a CAT(0) space.

Returning to small cancellation methods, Johnsgard gave a polynomial time algo-
rithm for solving the conjugacy problem for prime alternating link groups in [27].

In this chapter we show that the Dugopolski's solution of the word problem, which
uses the theory of normal surfaces, and the algorithm which comes from the character-
ization of geodesics inC00(4) � T(4) small cancellation groups, are the same for prime
alternating links.

More speci�cally, we see that, expressed in terms ofC00(4) � T(4) groups, the
two algorithms di�er only in the way that they search for subwords to freely reduce and
carry out chain collapses (a particular type of substitution),also Dugopolski's algorithm
will cyclically permute the word, while the other algorithm does not. These di�erences
are inconsequential. In terms of the language of Dugopolski, the algorithm from group
theory carries out type 1 reductions and type 2 deformationswith respect to both the
white and black checker-board hierarchy, while keeping onepoint of the loop �xed, while
Dugopolski's carries out the moves with respect to one hierarchy only and does not �x a
point.

We go on to use the correspondences developed in proving this togive a normal
surfaces algorithm for solving the conjugacy problem for prime alternating links. This
is important since normal surface theory has not been particularly successful in solving
the conjugacy problem, although Evans ([18]) used the theoryto solve the conjugacy
problem for loops in the boundary of a compact su�ciently large 3-manifold. This also
provides a geometric characterization of the conjugacy classes of a given loop in the link
complement. We also give a characterization of the classes of contractible loops using
these moves.

A secondary purpose of this chapter is to provide a readable account of the meth-
ods and algorithms used herein. We discuss in detail the processesneeded to apply
Dugopolski's algorithm, which was not discussed in his paper andwe also give a short
proof of the planarity of Johnsgard's conjugacy algorithm inthe di�cult case (which is
needed to prove that it is polynomial time).

Finally we use the small cancellation properties of link groups to give a new proof
of the non-triviality of alternating links.

Remark 3.1. Although we will mostly talk about prime links, one should remember that
the word and conjugacy problem for the free product of two groups reduces to that of
its factors, so we obtain solutions for the split unions of the links. Also note that the
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Figure 3.1: A crossing ball.

Figure 3.2: Regions of a link.

free product ofC00(4) � T(4) groups is againC00(4) � T(4) and so the small cancellation
results also hold for split unions.

3.2 De�nitions

Let L � R3 [ 1 = S3 be a link. Without loss of generality we may assume thatL lies
on R2 [ 1 except in a neighborhood of a crossing where the arcs lie on the boundary of
a 3-ball, which we call acrossing ball, forming semicircular over and under crossing arcs
which intersect the north and south poles. This is indicated in �gure 3.1. For convenience
we will always assume that our links are of this form.

There is acanonical projection associated with every such link, given by vertical
projection onto R2 [ 1 inside the crossing balls. Similarly we can associate a link to
every projection by adding crossing balls at each crossing.

Since we can move canonically between a link and a projection, we will abuse
notation and say that a link has some property when its canonical projection does.

We can use the regions of the canonical projection to induce a set of surfaces in the
link complement. These are the 2-cells which coincide with the regions of the projection
outside of the crossing balls and a strip with a�= 2 twist inside the crossing balls whose
boundary is identi�ed with the arc given by the intersection of the crossing ball and the
region of the projection the region, the two arcs from the equator to the poles and the
north-south axis of the crossing balls, shown locally in �gure 3.2. We call these 2-cells
the regionsof the link.

The Dehn presentationof � 1(S3� L) is de�ned as follows: Take a regular projection
of L onto R2 [ 1 and label the regionsx0; x1; : : : ; xn (note that this induces a labeling
of the regions of the link). These will be the names of our generators. By convention we
label the region containing in�nity x0, and call this the outer region. To each crossing
we assign a relatorxax � 1

b xcx � 1
d according to �gure 3.2 and add one extra relatorx0. The

presentation obtained after we kill o� the generatorx0 using Titze transformations is
called theDehn presentationof L.
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Figure 3.3: Relators for the presentation.

A geometric interpretation of this presentation of the fundamental group follows
by choosing a base point aboveR2 [ 1 and to each regionx i of the link, assign a loop
which descends from the base point through the regionx i and returns through x0.

We say that a set of relators issymmetrizedif it is cyclically reduced and closed
with respect to inverses and cyclic permutations. A symmetrizedpresentation can be
obtained from any presentation by adjoining the cyclic permutations of the set of relators
and their inverses. Clearly this does not change the group.

We denote the unknot byO. The augmented linkof L is the link corresponding
to the projection of L [ O such that the projection ofL shares no edges with the outer
region (so the projection ofL is \inside" the projection of O).

By convention we label the region which is bounded by the unknot component and
contains the projection ofL (so not the outer region)x0.

Now de�ne the augmented Dehn presentationof L to be the symmetrized Dehn
presentation of the augmented link.

The augmented Dehn presentation is obtained from the construction of the Dehn
presentation by failing to add the relatorx0 and then symmetrizing. It is the free prod-
uct of the Dehn presentation ofL and the in�nite cyclic group. Therefore, solving the
conjugacy (and word) problem for the augmented link group solves it for the link group.

The inclusioni : S3� L ,! S3� (L [O ), induces the homomorphismi � : x i 7! x i x � 1
0

from the Dehn presentation to the augmented Dehn presentation. We will call a word
which lies in the image of the Dehn presentation under this induced homomorphism an
included wordin the augmented Dehn presentation.

If a presentation has all relators of equal length and we can assign a parity to each
generator and its inversex � 1

i such that the letters of each relator alternate in parity, we
say that the presentation hasparity.

Recall that the checker-board colouringof a link projection is the assignment of
the colour black or white to each of the regions in such a way that at each crossing,
adjacent regions have a di�erent colour. By convention we assume that the outer region
is coloured white. It is not hard to see that the checker-boardcolouring induces a parity
on the presentation.

3.3 Small Cancellation Theory and the Word Problem

We begin by reviewing some basic constructions from group theory. One can associate a
standard 2-complexK to a group presentationG = hX jRi in the usual way: K consists
of one 0-cell, one labelled 1-cell for each generator and one2-cell for each relator, where
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the 2-cell D r representing the relatorr 2 R is attached to the 1-skeleton,K (1) , by a
continuous map which identi�es@Dr with a loop representingr in the 1-skeleton.

A word w 2 F (X ) represents the identity in G if and only if there is a connected
simply connected planar 2-complexD and a map� : (D; @D) ! (K; K (1) ) such that the
0-cells are mapped to 0-cells, openi -cells are mapped to openi -cells, for i = 1; 2 and @D
is mapped to the loop representingw. We call such a 2-complex, labelled in the natural
way, a singular disc diagram(or Dehn diagramor Van Kampen diagram). If D contains
no cut vertices (those whose removal disconnectsD) then we call D a disc diagram.

We say a singular disc diagram isreducedif there are no 2-cellsR1 and R2 with a
common edgee such that reading the labels on their boundaries from edgee clockwise on
R1 and anticlockwise onR2 give the same word. It is easy to see how to remove two such
2-cells without changing the boundary word. We assume that allsingular disc diagrams
are reduced.

A piecewise Euclidean (PE) complexis a combinatorial 2-complex where each 2-
cell is equipped with the metric of a convex polygon in the Euclidean plane in such a way
that all the metrics agree on edges common to the boundaries of more than one 2-cell.

Unless otherwise stated, in this chapter we give all of the 2-complexes a PE struc-
ture by regarding the 2-cells as regular polygons of side 1 where the number of sides of
the polygon is determined by the length of the word labellingthe boundary. Note that
since we never consider presentations with relators of length 2we can do this.

Let G = hX jRi be a group presentation. We call a non-empty wordr a piece with
respect toR if there exist distinct words s; t 2 R such that s = ru and t = rv and R is
symmetrized. Furthermore, we say that a symmetrized presentation is C00(4) � T(4) if
it satis�es the following two small cancellation conditions:

Condition C00(4). All relators have length four and no de�ning relator is a product of
fewer than four pieces.

Condition T(4) . Let r1; r2 and r3 be any three de�ning relators such that no two of the
words are inverses to each other, then one ofr1r2, r2r3 or r3r1 is freely reduced without
cancellation.

In this chapter we are mostly concerned withC00(4) � T(4) small cancellation
groups and so we usually considersquare complexes, that is PE 2-complexes where the
2-cells are regarded as solid Euclidean squares.

We call a (PE) disc diagram whose boundary is labelled by a relator of length
4 a relator square. We observe that rotating a relator square by�= 2 gives a cyclic
permutation of the relator and 
ipping the square correspondsto taking the inverse of
the relator. Also note that if we are tiling with relator squaresand we have a right angle
with labelled edge traversals then, byC00(4) , at most one relator square exists which can
�ll this angle.

We call a two letter subword of a relator apair. The C00(4) condition says that a
pair determines a relator square uniquely up to cyclic permutation and T(4) says that
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Figure 3.4: A chain.

if ab and b� 1c are pairs thenac is not. It follows that in a C00(4) � T(4) group a given
pair uniquely determines a second pair from the correspondingrelator and these pairs
are equal in the group. We call the process of replacing one pair with the other pair it
determinesexchanging a pair.

A chain is a reducedn � 1 disk having the form shown in �gure 3.4, wheren � 1.
We call the word t0t1t2 � � � tn+1 a chain wordand the word s1s2 � � � sn the inner link path.
We collectively refer to the inner link path and the edge labelled t1t2 � � � tn as thesides of
the chain. If an inner link path of a chain is of the format1t2 � � � t2na� 1 we say that it is
a conjugacy chain. We call the process of replacing a chain word with its inner link path
a chain collapse.

let D be a PE disc diagram andv be a 0-cell on@D. De�ne the turning angle to
be � (V) = � � � v, where � v is the sum of the corner angles of all of the 2-cells incident
to v.

The following is a consequence of Lyndon's curvature theorem.

Theorem 3.1 ([20]). Let G = hX jRi be aC00(4) � T(4) group andD be a disc diagram.
Then on @Dthere are at least 4 more vertices with positive turning anglethan there
are vertices with negative turning angle. Therefore there are at least four chains on the
boundary ofD with disjoint interiors.

This immediately gives an algorithm for solving the word problem for a wordw in
a C00(4) � T(4) group:

Algorithm 3.1. Freely reducew. If w is empty then w = G 1. If w is non-empty then
scan the word from the beginning for a pair. If no pairs exist then w 6= G 1, otherwise
scan for the next pair. If this pair forms a chain word then perform the chain collapse
and repeat all of the above. If this pair does not form a chain word then search for the
next pair and check whether this pair and the preceding pair forms a chain word. If so
perform the chain collapse and go to the beginning of the algorithm. Continue like this
until all pairs have been checked. Ifw is still non-empty then w 6= G 1.

If we considerC00(4) � T(4) presentations with parity then there two types of
chains: those with a white inner link path, which we callwhite chainsand those with
black inner link path which we call black chains. The algorithm above performs chain
collapses on both colours of chain. For comparison with the normal surfaces algorithm
later, it is useful to know that the above algorithm works if weonly carry out chain
collapses on chains of a single colour. The following proposition tells us we can do this.
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Proposition 3.1. Let G = hX jRi be aC00(4) � T(4) presentation with parity andD be
a disc diagram. Then on@Dthere exist both white chains and black chains.

Proof. To each 0-cellv on the boundary @Dassign the number 3� d(v), where d(v) is
the number of 1-cells incident tov. We call this number theweight. Note that positive
(resp. zero, resp. negative) turning angles correspond to 0-cells of weight 1 (resp. 0,
resp. < 1). By reading o� the non-zero weights, with respect to some choice of starting
point, we get a sequence of numbers, which we call thesequence of weights. We prove
the result by considering the structure of this sequence and its relationship to the chains
on the boundary.

First observe that the occurrence of a subsequence 1; 1; 1 in the sequence of weights
corresponds to a sequence of three positive turning angles. The middle turning angle must
then be the corner of two chains of di�erent colours.

Now suppose that such a sequence does not occur. Then we may assume that
the sequence of weights is of the form 1; 1; � 1; 1; 1; � 2; � � � ; 1; 1; � n where each� i is a
subsequence of weights which either consist of one negative weight or the �rst and last
terms are negative and any positive term is bounded on each sideby a negative term.
Note that these conditions imply that the sum of the weights in each � i is at most � 1.

Now if there exists a subsequence� i such that the sum of its weights is odd then
it is not hard to see that the two subsequences 1; 1 bounding � i correspond to chains of
di�erent colours and we are done.

It remains to show that it is impossible for the sum of the weights of every � i to
be even. Suppose this was the case. Then a version of Lyndon's curvature formula (see
[35]) gives

4 �
X

v2 @D

(3 � d(v)) =
X

v2 @D

w(v) = 2 n +
nX

i =1

w(� i );

wherew(v) is the weight of vertexv and w(� i ) is the sum of the terms of� i . But if each
w(� i ) � � 2, this is impossible, giving the required contradiction.

Given an arbitrary �nite group presentation, the set of lengths of all words repre-
senting an element of the group has a minimum. Any word which attains this minimum
is called ageodesic. Geodesics in aC00(4) � T(4) presentation are characterized by the
absence of chain words:

Geodesic Characterization Theorem ([3, 20, 26, 28, 29]). A word in a C00(4) � T(4)
presentation is geodesic if and only if it is freely reduced and contains no chain subwords.

Hence algorithm 3.1 �nds a geodesic representative of a given word. We will make
use of this later.

We say that a link projection is reduced(or untwisted) if at every crossing in the
projection, four distinct regions meet. If in addition two distinct regions have at most
one edge in common we say that the projection iselementary. We note that every prime
alternating knot has an alternating elementary projection([35, 44]) and if an alternating
projection is elementary then its corresponding link is prime ([37]).
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Figure 3.5: Type 1 and 2 moves.

Theorem 3.2 ([48]). If a link has an alternating elementary projection (and is therefore
prime and alternating), then the augmented Dehn Presentation satis�es theC00(4) � T(4)
small cancellation conditions and thus the word and conjugacy problems for its funda-
mental group are solvable.

3.4 A solution to the Word Problem by Normal Surfaces

We will now outline Dugopolski's algorithm for deciding whether a loop in the comple-
ment of an alternating link is contractible. Clearly this solves the word problem for the
fundamental groups of alternating links. The reader is referred to [16] for the justi�cation
of the algorithm.

Let M be a 3-manifold andF be a surface inM . Suppose thatq is a loop in M
and q� is an arc ofq such that q� \ F = @q� . If there exists a deformation ofq� into F
which keeps the endpoints �xed, then we may deformq so that it intersects F at two
fewer points (see �gure 3.5(a)). We call such a deformationtype 1 reductionof q with
respect toF .

We call the inverse move (which increases the number of intersections with respect
to F by two) a type 1 augmentationof q with respect to F .

Now suppose thatq� is an arc ofq suchq� \ @M= @q� , F is a surface inM such
that @q� \ F = ; and q�

1 is a sub-arc ofq� such that q�
1 \ F consists of one point of@q�1 and

q�
1 \ @q� is the other point of @q�1. If q�

1 deforms to an arc lying inF [ @Mintersecting@F
once, thenq� deforms to an arc lying partly in @M, where the part not in @Mintersects
F one less time thanq does (see �gure 3.5(b)). We call this atype 2 deformation ofq� .

We will associate a set of surfacesF1; : : : Fn to the complement of an alternating
link L. Let D � R2 [ 1 � S3 be an alternating projection ofL. The checker-board
colouring induces a colouring on the regions of the link (recall our convention of colouring
the outer region white). Form a black (resp. white) surface in the usual way by identifying
all the black (resp. white) regions along their intersection at the polar axes. This gives
surfaces whose boundary isL (in the case of a knot, these are spanning surfaces). Choose
one of the surfaces, black say, call itH . Let F1 = H � N (L), where N (L) is a small
regular neighborhood ofL. Let N (F1) be a small regular neighborhood ofF1 and de�ne
the surfacesF2; : : : ; Fn to be what remains of the white surfaces inS3 � (N (L) [ N (F1))
(see �gure 3.6). We call the set of surfacesF1; : : : ; Fn the black checker-board hierarchy
of D. If we construct F1 from the white surface, we call the resulting set of surfaces the
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Figure 3.6: A hierarchy for the �gure 8 knot.

white checker-board hierarchy. Unless otherwise stated, we will use the black checker-
board hierarchy and will refer to is simply as the checker-board hierarchy.

Remark 3.2. The hierarchy we use has one more surface (from the outer region) than the
one used by Dugopolski (although the extra surface is used implicitly at some points in
his paper). This extra surface does not e�ect the validity of the algorithm.

Notice that we can split S3 � N (L) into 3-balls by removing small regular neigh-
borhoods of all theFi . In particular if we have some arcq in S3 � L then the only
obstructions to being able to perform a type 1 reduction or a type 2 deformation with
respect to someFi comes from the intersections ofq with the boundary of the 3-balls.
This is discussed in more detail in section 3.12, but for the time being we will just note
that this gives a process to check whether we can perform a type1 reduction or a type
2 deformation with respect to any of theFi . Retaining the notation of [16], we give this
the mysterious title process Xwith respect to Fi .

Dugopolski's paper solves the word problem for the fundamental groups of certain
3-manifolds in which there exist a �nite set of surfaces which satisfy certain technical
conditions. He provides an algorithm which decides whether a type 1 reduction with
respect to one of these surfaces is possible for a given arc. He then goes on to prove that
if a loop contracts then the number of times that it intersectswith the set of surfaces can
be reduced to zero by type 1 reductions. He shows that the checker-board hierarchy is
such a set of surfaces in the complement of alternating links andprovides and algorithm
for deciding whether a loop in the complement is contractible or not. The algorithms
follow.

In what follows let L be an alternating link and F1; : : : ; Fn be the corresponding
checker-board hierarchy. Also letl be a loop inS3 � N (L) and l j be an arc ofl such that
l j \ N (F1) = @lj .

The following algorithm determines whether it is possible to perform a type 1
reduction on l j with respect to F1.

Algorithm 3.2 ([16]). If l j \ [ n
i =2 Fi = ; then use process X to check if a type 1 reduction

with respect toF1 is possible. Ifl j \[ n
i =2 Fi 6= ; , then for every subarc ofl j with endpoints

on the same disc, check for and perform type 1 reductions with respect to that surface.
Repeat this until no more such reductions can be made. If nowl j \ [ n

i =2 Fi = ; then use
process X to check if a type 1 reduction with respect toF1 is possible. Ifl j \ [ n

i =2 F1 6= ; ,
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then split l j into arcs l j 1; : : : ; ljs by [ n
i =2 Fi . Use process X to checkl j 1 for a type 2

deformation. If one is possible deforml j so that it lies partly in @N(F1) and the part
which is not in @N(F1) is an arc with endpoints in@N(F1), intersecting [ n

i =2 Fi one fewer
times. Now if l j \[ n

i =2 Fi = ; then use process X to check if a type 1 reduction with respect
to F1 is possible and ifl j \ [ n

i =2 Fi 6= ; , then repeat this step for the new arcl j 2l j 3 � � � l js
until no further type 2 reductions may be performed. If nowl j \ [ n

i =2 Fi = ; then use
process X to check if a type 1 reduction with respect toF1 is possible. Ifl j \ [ n

i =2 Fi 6= ;
then a type 1 reduction with respect toF1 is not possible.

This algorithm decides whether a type 1 reduction is possible,however to imple-
ment the algorithm we also need to know what the loop will look like after we have carried
out the type 1 reductions and the type 2 deformations. It is clear how to draw an arc
after a type 1 reduction. Performing a type 2 deformation pushes part of the loop into
the regular neighborhood. Keeping in mind that the aim of a type 2 deformation is to kill
o� an intersection with a particular surface, it is not hard to see that we should push the
arc through the other side ofN (F1). Note that since we will only carry out such moves
when we �nd a type 1 reduction, the following algorithm will still be �nite time. We will
examine these moves for the checker-board hierarchies in more detail in section 3.6.

The following algorithm determines whether a loopl � S3 � N (L) is contractible
and hence solves the word problem:

Algorithm 3.3 ([16]). If l \ F1 = ; then use process X to check for type 1 reductions
with respect to F2; : : : ; Fn and carry them out (sincel \ F1 = ; there are no possible type
2 deformations). If nowl j \ [ n

i =2 Fi = ; then l is contractible, otherwise it is not.
If l \ F1 6= ; then useF1 to split l into arcs l1; : : : ; lm . Use algorithm 3.2 to check

for and carry out all type 1 reductions with respect toF1 for each arcl i , i = 1; : : : m. If
now l \ F1 6= ; then l is not contractible.

Otherwise split l into arcs l1; : : : ; ls by the intersections with F2; : : : ; Fn and use
process X to check for, and then carry out, all type 1 reductions. If now l \ [ n

i =1 Fi = ;
then l is contractible, otherwise it is not.

3.5 Loops and the Dehn Presentation

We will now look at the relationship between the (augmented) Dehn presentation and
loops in the link complement. This provides the interactionbetween small cancellation
theory and normal surfaces.

By a loop we will mean either the path itself or its embedding. It will be clear from
context which is meant, and since we will mostly work up to homotopy, this confusion
does not cause any problems.

Let l be a loop in S3 � L . Up to homotopy we may assume thatl intersects
the interiors of the regions of the link transversally. We willalways assume this of any
loop or arc. Further, since the union of the regions splitsS3 into two 3-balls, every arc

31



between two intersection points whose interior does not intersect any regions, determines
a unique homotopy class. So, up to homotopy, the only information that a particular
(oriented) loop carries is which regions, in what order and inwhat direction it intersects
these regions.

Of course we can consider a word in the (augmented) Dehn presentation as a based
oriented loop in the (augmented) link complement. What about the other direction?

If an oriented loop is based then, it is equivalent to a word in the alphabet generated
by the labels of the regions,x0; : : : ; xn , constructed by following the loop in the direction
of the orientation from the base point and assigning the letterx i every time the loop passes
downward through the regionx i and x � 1

i every time the loop passes upward through the
region. We call the word generated in this way thecanonical worddetermined by the
loop. Note that all canonical words are even in length and alternating in sign.

We have constructed a 1-1 correspondence between alternatingwords of even
length and the homotopy classes of based oriented loops inS3 � L relative to the set
of intersection points with the union of the regions of the link. Let's see how this relates
to the Dehn presentation.

Given a based oriented loopl � S3 � L , we would like to obtain a canonical element
in the augmented Dehn presentation. The usual way to do this is to pull everything
upwards, by homotopy, to the base point. This way is not suitablefor our purposes as
it introduces extra intersection points with the regions of the augmented link. Instead
we prefer the following method. We replace each arc from a region x i to a region x j

which lies completely above the regions with a path from the intersection point with x i

directly to the base point of the space and then directly back down to the intersection
point with x j . Each arc de�ned by the intersection of the loop with the regions which
lies entirely underneath the regions, we homotope this by sweeping it around the outside
of the O component of the augmented link so that it intersects the base point to the
space at one point. Up to homotopy we may assume that the base point of the loop
coincides with that of the space. It is clear how this construction represents an element
in the Dehn generators of the augmented link group. We call this the canonical element
of the augmented Dehn presentation determined byl. It is easy to see that the canonical
element of a loop is exactly the element in the augmented Dehnpresentation given by
the canonical word.

Of course this is not well de�ned. The problem being that if we are given two freely
homotopic based oriented loops in the link complement, taking the canonical element �xes
a path from the loop to the base point of the space and as elementsof the fundamental
group and these may represent di�erent elements of the fundamental group. However, it is
not hard to see that these two classes are conjugate. Therefore wehave a correspondence
between based oriented loops in the link complement and included words in the augmented
Dehn presentation which is well de�ned up to conjugacy. Sincewe are interested in the
word and conjugacy problems, this is su�cient for our purposes.

Remark 3.3. This is basically the folklore result that, for su�ciently nice topological
spaces, the conjugacy problem is equivalent to determining whether two loops are freely
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homotopic.

3.6 Hierarchies and the Dehn Presentation

In this section L is an alternating link. We will explore the relationship between the
checker-board hierarchy and the augmented Dehn presentation.

We constructed the black (resp. white) checker-board hierarchy from the regions
of the link by identifying the black (resp. white) regions andremoving a neighborhood
of the boundaries of these surfaces. So we have a correspondence between the hierarchies
and the regions. Furthermore, we may assume that the intersection points between the
loops and the regions lie away from the parts of the regions which are removed during the
construction, giving a correspondence between loops in the link complement containing
a black or white checker-board hierarchy and the set of regions, which, by section 3.5,
gives a correspondence with words in the augmented Dehn presentation. From this, one
expects a correspondence between type 1 and type 2 moves and some actions on the
augmented Dehn presentation. We will work out the details.

Although a type 1 reduction is performed with respect to a surface in the hierarchy,
rather than the regions of the link, the two end points of the arc we are reducing must
lie in the same region otherwise that arc would intersect another surface in the checker-
board hierarchy. It is now easy to see that in terms of regions, a type 1 reduction is a
move which pulls an arc which intersect a regionx i then comes straight back through in
the opposite direction, completely through the region. In terms of the canonical words
this corresponds to replacingx � 1

i x � 1
i with 1, which is a free reduction. Similarly, a type

1 augmentation with respect tox i introduces a subwordx � 1
i x � 1

i .
Let's look at the more complicated type 2 deformation. A type2 deformation can

be thought of as a �nger move which pushes an arc alongFi , i � 2, into N (F1), then push
everything on one side ofFi into the neighborhood as in �gure 3.7. Remembering that
the hierarchies are formed by regions which intersect as in �gure 3.2, we can interpret
this in the link complement as a �nger move which pushes the intersection point along
Fi until it intersects the North-South axis. Then pushing it into N (F1), so that it does
not intersect with Fi at all. Finally, push the relevant part of the arc so that part
lies completely inside the neighbourhood. This is indicatedin �gure 3.8, where the
dotted line may intersect more surfaces before returning toF1. Next we go on to push
the arc lying in the neighbourhood through to the other side. This process is shown
as a projection in �gure 3.9 (where the type 2 deformation is with respect the black
checker-board hierarchy). By the correspondence with the regions we see that a type 2
deformation of some loop corresponds to exchanging a pair in the canonical word.

Our �nal observation is that moving the base point of a based oriented loop just
changes where we start (and �nish) reading the canonical word and therefore corresponds
to a cyclic permutation of the word.
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Figure 3.7: A type 2 deformation.

Figure 3.8: Realizing a type 2 deformation.

3.7 A Comparison of the Algorithms for the Word Problem

We will apply the theory of sections 3.5 and 3.6 to the two solutions of the word problem
for prime alternating link groups. We will begin by expressing Dugopolski's algorithm
in terms of exchanging pairs and free cancellations of wordsin the augmented Dehn
presentation.

In short, Dugopolski's algorithm takes a loop inS3 � L and checks for and carries
out type 1 and 2 moves to determine whether it contracts or not. We express this
procedure in terms of words in the augmented Dehn presentation.

Recall that in algorithm 3.2 we used process X to check for and carry out a con-
secutive sequence of type 2 deformations which may result in a type 1 reduction. This
process has the following interpretation:

Given a wordw = v(1)w(1)w(2) � � � w(n)v(2), such that v(i ), i = 1; 2 are of parity
black andw(i ), i = 1; : : : ; n are of parity white, de�ne process Yaccording to the following
method: if v(1)w(1) is a pair then it uniquely determines a relator in the presentation,
replace this pair with the remaining letter of parity black in the relator. Repeat this for
the �rst two letters of the new word obtained. Repeat this process until we reach a word
where the �rst two letters are not a pair.

If process Y returns a word of two letters (both of parity black) which freely cancel
we say that it wassuccessful.

If w is a word for which process Y was successful we de�ne theswitch of w to be
the word obtained as in process Y but by substituting each pair with the other pair from
the relator it determines and canceling the last two letters once the process has been
completed. A switch corresponds to carrying out all the sequence of type 1 and 2 moves

!

�

�

!

Figure 3.9: A projection of a type 2 deformation.
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found by algorithm 3.2.

Lemma 3.1. A switch is a chain collapse.

Proof. If process Y is successful we can form a chain whose chain word isv(1)w(1)w(2) � � � w(n)v(2).
Each substitution in the formation of the switch replaces the black-white path with the
white-black path around each relator square. Finally the free cancellation kills o� the
remaining `spike'.

Given a wordw = v(1)w(1)w(2) � � � w(n)v(2), such that v(i ), i = 1; 2 are of parity
black and w(i ), i = 1; : : : ; n are of parity white, we can rewrite algorithm 3.2 as:

Algorithm 3.4. If n = 0 check whether v(1) = � v(2)� 1. If n 6= 0 carry out all free
reductions on the subwordw(1)w(2) � � � w(n). If now n = 0 check if v(1) = � v(2)� 1. If
n 6= 0 do process Y.

If we were successful at any point then a type 1 reduction with respect to F1 is
possible, otherwise one is not.

Now let l be an element of� 1(S3 � L), whereL is an alternating link. Without loss
of generality, we may assume that� 1(S3 � L) is given by the Dehn presentation. Then
let w be the included canonical word representing this loop.

The following is a rewriting of algorithm 3.3 and hence it solves the word problem
for the groups of alternating links.

Algorithm 3.5. If w contains letters of parity white only then freely reducew. If this
gives the empty word thenw = � 1 otherwisew 6= � 1.

If w contains letters of parity black. Then if there is exactly one letter of parity
black, w 6= � 1, otherwise cyclically permute so that the �rst letter is black. Now w can be
written as � 1! 1� 2! 2 � � � � n ! n , where! i is a subword of white parity (and may be empty),
and each� i consists of exactly one letter of parity black. Pick a subword� i ! i � i +1 , for i
modulo n, and run algorithm 3.4. If the algorithm is successful freely reduce the subword
or replace it with its switch as appropriate. Repeat this withthe new word until no more
such substitutions are possible.

If now there are only parity black letters thenw 6= � 1. If there are only parity
white letters then freely reduce. If the word is now empty then w = � 1 otherwisew 6= � 1.

This simpli�es to the following:

Algorithm 3.5 0. Freely reducew and its cyclic permutations. Chain collapse all chain
words beginning and ending in a letter of parity black inw and its cyclic permutations.
Freely reduce. If we obtain the empty word thenw = � 1 otherwise it does not.

Observing that we need never cyclically permute the word, we see that this is
exactly algorithm 3.5, where the chain collapses are only carried out with respect to
black chains.
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We now turn our attention to the rewriting of the group theory algorithm in the
language of normal surfaces.

We start with some included wordw in the augmented Dehn presentation. Algo-
rithm 3.1 tells us how to determine whether this represents the identity in terms of free
cancellation and chain collapses. We know that a free reduction corresponds to a type 1
reduction. Let's see what we can do with a chain collapse.

Let atb be a chain word with inner link path s, where t = t1t2 � � � tn and s =
s1s2 � � � sn . Then we may view a chain collapse as a sequence of exchanging pairs followed
by a free reduction: at1 � � � tnb ! s1u1 � � � tnb ! � � � ! s1 � � � snb� 1b ! s1 � � � sn , where
the ui are the labels of the internal vertical edges in the chain. Wewant to write this
as a sequence of moves on a loop. Recall that the hierarchies split the loop into subarcs.
Starting from the intersection of the loop with regiona do a type 2 deformation (with
respect to the checker-board hierarchy with the same colour asa) on the subarc between
regionsa and t1. Pushing this through the surface our subarc now intersects regions s1

and u1. Now do the type 2 deformation on the next subarc betweenu1 and t2. Continue
like this until we reach a subarc between the regionb(this is after n moves) and eliminate
this through a type 1 reduction.

Letting F1; : : : ; Fn be the black checker-board hierarchy andH1; : : : ; Hn be the
white checker-board hierarchy we can interpret algorithm 3.1 as:

Algorithm 3.6. If l \ [ n
i =1 Fi = ; then l is contractible. If l \ [ n

i =1 Fi 6= ; use process X
to �nd and carry out all type 1 reductions except for those which would move the base
point. If now l \ [ n

i =1 Fi = ; then l contracts. Otherwise use the black hierarchy to split
l into arcs f 1; : : : ; f p and use the white hierarchy to splitl into arcs h1; : : : ; hq. Starting
from the base point use algorithm 3.2 to search for a type 1 reduction with respect to
both F1 and H1. If any are found which do not include the base point ofl , look at the
arcs of l which they determine. These will be nested, so choose the innermost arc and
carry out the sequence of moves required to make the relevant type 1 reduction. Use
process X to �nd and eliminate any further type 1 reductions which do not move the
base point. Repeat this until all such reductions are made. If now l \ [ n

i =1 Fi = ; then l
contracts. Otherwise it does not.

Note that in this algorithm, we keep the base point �xed at all times and we are
working with respect to two hierarchies.

Remark 3.4. By the geodesic characterization theorem, algorithm 3.6 will �nd a loop in
the homotopy class ofl such that the number of intersection points with the regions (or
hierarchy) is minimal.

3.8 The Role of Non-Positive Curvature

The role of non-positive curvature in small cancellation theory is well known. In this
section we will discuss where the non-positive curvature is hidden in the normal surface
approach. This suggests why the two algorithms coincide on prime alternating links. The
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2-complex discussed here was noted independently by Aitchison (unpublished) and Wise
in [49] (see also [12]).

Given a link L construct a PE 2-complex as follows: take two 0-cells,v� and v+ .
Add a 1-cell corresponding to each region of the link, orientedfrom v+ to v� and label each
1-cell according to the regions. Finally take one 2-cellD i for each relatorr i and attach
the 2-cells by a continuous map taking@Di to the path in the 1-skeleton representing
r i . Give this complex a PE structure by regarding the 2-cells as regular 4-gons. We call
this the Dehn complexof L and we call the Dehn complex of the augmented link the
augmented Dehn complexof L.

Clearly the fundamental group of the (augmented) Dehn Complex of a link L is
the (augmented) Dehn presentation ofL.

Lemma 3.2. Let L be a reduced link. Then the Dehn complex embeds intoS3 � L .

Proof. Recall that we are assumingL � R3 [ 1 coincides with its projection except at
crossing balls. Takev+ to lie aboveR2 [ 1 and v� to lie below. Position the 1-cells so
that the pass through the region which label them. The result follows from the following
picture which shows the embedding locally at a crossing.

Remark 3.5. With a little more thought one can see that whenL is reduced the Dehn
complex is in fact a deformation retract of the link complement.

Consider the Dehn complex embedded as in the above lemma. Recall the discussion
of section 3.5 which says that up to homotopy the relevant information of any loop are
its intersections with the regions. So canonically we may assumethat any loop coincides
with the 1-skeleton of the Dehn complex. We may think of type 1 reductions and type
2 deformations as moves between paths in this 1-skeleton. In this situation, a type 1
reduction is clearly a move within the one skeleton. A type 2 deformation corresponds
to exchanging a pair and it is easy to see that we may assume that this deformation lies
on the appropriate 2-cell of the Dehn complex. Thus we see thatDugopolski's algorithm
descends to an algorithm on the Dehn complex of a reduced alternating link.
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The small cancellation properties of the augmented Dehn presentation are depen-
dent upon the Dehn complex. We say that a PE 2-complex hasnon-positive curvature
if traveling around the boundary of any small disk in the complex whose origin is at a
0-cell we travel through an angle of� 2� .

The following proposition is theorem 3.2 rephrased in terms ofnon-positively
curved complexes.

Proposition 3.2 ([48, 49]). The Dehn complex of a reduced link is non-positively curved
if and only if the projection is prime and alternating.

One can make any non-positively curved square complex into onewith a C00(4) �
T(4) fundamental group by adding a 1-cell between a distinguished 0-cell and every other
0-cell in the complex. These observation and the above proposition indicate why the two
approaches discussed in this chapter coincide.

3.9 A Small Cancellation Solution for the Conjugacy problem

In this section we will outline Johnsgard's solution of the conjugacy problem. Johnsgard
analyzes the types of disc diagrams that are possible forC00(4) � T(4) small cancellation
groups and the restrictions imposed upon the diagrams by the geometry of the link. An
algorithm is then provided for �nding cyclic geodesic representatives of the conjugacy
class of a given element. The reader is referred to [27] for thedetails and justi�cation of
the results discussed in this section.

First some nomenclature forC00(4) � T(4) presentations. If there exists a letterb
such that ab and b� 1c, wherec 6= a� 1, are both pairs, we callac a sister-set. If a disk of
relator squares forms a \L" shape such that the inner crook of the\L" is not a pair, we
call the word labeling the crook apseudo-pair. Note that in a T(4) presentation no pair
is a sister-set and in a group presentation with parity, no pseudo-pair is a sister-set.

We say that a word iscyclically geodesicif all its cyclic permutations are geodesic.
If a word is a cyclic permutation of another, we say that the twowords arecyclically equal,
and if two geodesic words represent the same group element we say they areequivalent
geodesics.

We will use the following construction in algorithm 3.7. Regard the integral points
(n; m) in the plane as potential 0-cells for a 1-complex. Letw be a geodesic word in a
C00(4) � T(4) presentation. We embedw in the plane in the following way. Start at the
point (0; 0), which we take to be a o-cell. Choose a point at displacementi away and also
take the 1-cell between these points as part of the complex. Label this 1-cell with the �rst
letter of w. If w has more letters then from this point choose a 0-cell and corresponding
1-cell a displacement ofi away and label this new 1-cell with the next letter in the word
according to the following criterion: if the new letter and the preceding one form a pair
or a pseudo-pair which is not a sister set, change direction from that most recently taken;
otherwise keep going the same way. Continue in this way for the remainder of the word.
The 1-complex thus obtained is called thestandard embeddingof w.
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Denote the standard embedding byC0. From C0 we construct a singular disc
diagram by the following iterative procedure: consider eachright angle in the plane that
is not contained in consecutive edges of a relator square ofCi , if this right angle is labelled
by a pair then add the (unique) relator square to the diagram itdetermines. Call the
resulting diagramCi +1 . Continue in this way until no more squares can be added.

The resulting diagram is called thegeodesic completionof w. It is characterized
by the following theorem:

Geodesic Completion Theorem ([28]). A geodesic word in aC00(4) � T(4) presenta-
tion uniquely determines a square tiling (the geodesic completion) bounded by a rectangle
in the Euclidean plane such that every equivalent geodesic of the original word is a label
of a geodesic rectilinear edge path which is path-homotopicto the edge path of the original
word.

The geodesic characterization theorem provides an easy method for replacing a
word with a conjugate cyclic geodesic word by taking cyclic permutations and geodesic
representatives of the word inC00(4) � T(4) presentations.

We also note that by [27] proposition 4.1 and corollary 4.8, in an alternating
C00(4) � T(4) presentation with parity, conjugate cyclic geodesic words are of the equal
even length, both alternate in sign, and have equal numbers ofletters of each parity.

Let u0 and w0 be words in the augmented Dehn presentation of a prime alternating
link. Then the following algorithm solves the conjugacy problem in polynomial (order 7)
time.

Algorithm 3.7 ([27]). Take cyclic geodesic representativesu and w of u0 and w0. We
may assume these are non-empty words.

If u and w are not both of equal even length, alternating in sign with thesame
number of letters of each parity, thenu0 and w0 are not conjugate. Otherwise there are
two cases: whetherw has letters of both parities or not.

First consider the case wherew has letters of both parities. We are going to
construct a planar 2-complex using relator squares of unit length coming from the pre-
sentation and regarding the integral points of the plane as possible 0-cells.

Begin by taking the geodesic completion ofw. For simplicity, assume that the
�rst letter of w is oriented in the i direction and the path representingw lies in the �rst
quadrant with endpoint (I; J ).

Some of the relator squares in the geodesic completion may intersect the linesx = 0
or x = I . Let l1 (resp. r1) be the word labelling the path in the geodesic completion
which sits on the linex = 0 (resp. x = I ). If l1 is non-empty then add a path from (I; J )
to (I; J + jl1j) labelled by l1 to the complex and take the geodesic completion. If this
creates a new path in the geodesic completion which lies onx = 0 (so it initial point is
(0; jl1j)), we label this l2. We place a copy of this path on top of (I; J + jl1j) and take the
geodesic completion. Continue in this way until we either reach an l i which is empty or
until the 2-complex starts repeating itself.

39



Repeat this process with the wordsr i which we add to the complex on the� j
direction from the point (0; 0).

Now check every path from point (0; n) to ( I; J + n), where n is an integral point
on the 2-complex, for cyclic permutations ofu. If such a path is foundu and w are
conjugate otherwise they are not.

Now consider the case wherew is composed entirely of letters of a single parity.
Look for all letters xai such that x � 1

ai
� w � x � 1

ai
is a chain word. This determines some

chains which all have a side labelled byw. Identify these chains along their common side
to obtain a connected 2-complex. This 2-complex has a set of paths which are the sides
of some chain. For each of these paths we look for all chains which have a side labelled
by a path in this set and, unless it is a cyclic permutation of somechain which has been
previously added to the complex, we identify the common edgesof the chain and the
2-complex. Continue in this way until no new chains can be added to the complex.

If there is a path in this complex which was the side of a chain which is labelled
by a cyclic permutation ofu then u and w are conjugate otherwise they are not.

Remark 3.6. We will see in section 3.13 that the 2-complexes produced by thealgorithm
are in fact simply connected.

3.10 The Algorithm in Action

To aid the digestion of the conjugacy algorithm, we provide a few examples of the dia-
grams it produces.

First consider the trefoil. This has augmented Dehn presentation

hx0; : : : ; x4jx1x � 1
4 x2x � 1

0 ; x1x � 1
0 x3x � 1

4 ; x2x � 1
4 x3x � 1

0 i :

The following diagrams are constructed by the algorithm for the wordsw = x � 1
3 x4x � 1

0 x2

and v = x1x � 1
3 . The diagram for w is on the right and for v the left.
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Reading o� the diagrams we see thatw and, say,x � 1
2 x3x � 1

0 x4 are conjugate and that any
two words with these as their cyclic geodesic representatives are conjugate. It also proves
that say, x � 1

1 x4x � 1
2 x4 is not conjugate tow. Similarly, the right diagram tells us that u

is conjugate tox � 1
2 x3 and is not conjugate tox � 1

4 x0.

The tiling for w above �lls a rectangle. In general this wont happen. To see
an example of how pseudo-pairs can change things, consider the �gure eight knot (the
augmented Dehn presentation of the trefoil has no pseudo-pairs). Its augmented Dehn
presentation is:

hx0; : : : ; x5jx1x � 1
4 x2x � 1

0 ; x1x � 1
0 x3x � 1

4 ; x2x � 1
4 x3x � 1

5 ; x2x � 1
5 x3x � 1

0 i :

We construct the diagram forw = x � 1
2 x1x � 1

5 x3, noting that x1x � 1
5 is a pseudo-pair.

2 1

0
2

1
4 0

4

0

5

3

w

05
2

3

4
1

3

For further example of how things can di�er from the above, consider the link
below (whose lengthy presentation we exclude).
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w

1

7

3

2
6

4

5
0

There exists a labelling of the regions of the above link such that x2x � 1
1 x4x � 1

3 and
x7x � 1

6 x5x � 1
0 are relators andx � 1

2 x0, x � 1
1 x5, x � 1

7 x3 and x � 1
6 x4 are not pairs or pseudo-pairs.

In fact in this labelling 1 and 0 are of opposite parity.
Notice that the diagram produced by algorithm 3.7 from the word w = x4x � 1

1 x0x � 1
7

contains a split vertex and the diagram contains collinear edges with opposite parity. In
fact, by the theory of [27] in such situations (where there is a two letter subword which
is not a pair, sister set or pseudo-pair) all of the cyclic geodesicrepresentative come from
the geodesic completion.

3.11 Normal Surfaces and the Conjugacy Problem

In light of what has come before, it should come as no surprise that the small cancellation
solution to the conjugacy problem gives a normal surfaces algorithm. Algorithm 3.7 �nds
�nite sets of certain cyclic geodesic representatives of the conjugacy classes of the group.
Moreover, every group element is conjugate to one of these representatives.

The algorithm starts with an included word w = i � (w0), where i � is the inclusion
of the Dehn presentation into the augmented Dehn presentation, and constructs a planar
diagram. From this diagram we can read o� a set representativesof the conjugacy classes
of w. By section 3.5,w can be represented as a based oriented loop inS3 � L and since
we are interested in conjugacy, by section 3.7, we can work withthese loops. In this
section we will interpret the small cancellation methods for the conjugacy problem to
�nd a normal surfaces solution to the conjugacy problem for prime alternating links. Our
aim is to construct the (representatives of the) conjugacy classes geometrically.

We call a loop inS3 � L or S3 � (L [ O ) minimal if it attains the minimal number
of intersections with the regionsx0; : : : ; xn (or equivalently, for S3 � L , the hierarchy).
Say that two loops areequivalent minimalif they are homotopic and minimal.

It is clear that canonical loops from cyclic geodesic words are minimal and loops
of equivalent geodesics, cyclic permutations and inverses from a cyclic geodesic word are
equivalent minimal.

First we need to understand the geometry behind the geodesic completion. Re-
member that by the geodesic completion theorem, the geodesic completion of a wordw
contains all of its equivalent geodesics. One point to bear in mind, is that di�erent cyclic
permutations of the same word will in general produce di�erent geodesic completions (un-
less there are no pseudo-pairs). This means that our interpretation to loops will depend
upon the base point.
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By the construction of the geodesic completion, it is clear that the following method
will produce the set of all equivalent geodesics of a wordw: Start with the set containing
only w. Scanw for pairs. To each pair we �nd, take a copy ofw and replace that pair
with the other pair in the relator it determines. If this creates a word not already in
the set add it to the set. Repeat this process with each new word we�nd which is not
already in the set. Stop when we can't continue with this process.

Note that if w hasn! of letters of parity white and n� of parity black, then there
are at most (n� + n! )!=n� !n! ! equivalent geodesics.

Now since exchanging a pair corresponds to a type 2 deformation of the canonical
loop, it is easily seen from the construction that the set of (minimal) loops produced is
the set of loops which can be obtained fromlw by a sequence of type 2 deformations
which keeps the base point �xed. Formally:

Lemma 3.3. Let l i � (w) be the oriented based loop representing a geodesic includedword
i � (w) in the augmented Dehn presentation of a prime alternating link. Construct a set
of based oriented loops by performing all possible sequences of type 2 deformations while
keeping the base point �xed. This set represents the equivalent geodesic words ofw.

We move on to the question of generating the set of representatives found by the
algorithm in terms of geometric moves on loops. Denote bylw the based oriented loop
determined by the wordw from the inclusion of � 1(S3 � L) into the augmented Dehn
presentation.

The �rst step of algorithm 3.7 is to �nd cyclic geodesic representatives of the words.
Algorithm 3.6 will do this.

The next step of the algorithm concerns words which are of odd length or non-
alternating. Since words coming from the inclusion of the Dehn presentation into the
augmented Dehn presentation are necessarily alternating and of even length, we need not
consider this case.

Now suppose thatw is alternating, of even length and contains letters of one parity
only. Then algorithm 3.7 produces a �nite strip in the plane. The set of representatives
are the sides of the chains in this strip and the set of all geodesicrepresentatives of the
conjugacy class are their cyclic permutations. The set of representatives produced by the
algorithm determines a set of minimal based loops. We would liketo understand how to
generate these geometrically starting fromlw . To do this it is su�cient to understand
how to move between the sides of a single chain of the construction.

Consider a conjugacy chain with chain wordata� 1 and inner link path s, where
t = t1t2 � � � tn ands = s1s2 � � � sn . So the sidess and t determine loopsls and l t respectively
and we want to obtain l t from ls. On the level of groups, we can make the sequence
of substitutions: s1 � � � sn ! a� 1s1 � � � sna ! t1b1s2 � � � sna ! t1t2b2s3 � � � sna ! � � � !
t1 � � � tna� 1a ! t1 � � � tn . From this we get the following geometric interpretation: Deform
the arc of the link containing the base point so that the base point lies over regiona
and no further intersections with regions are added. Furtherdeform this arc by a type 1
augmentation with respect toa (ie push the base point through regiona). Follow the loop

43



from the base point in the direction of the orientation. Each time we meet an intersection
point carry out a type 2 deformation on the arc between that intersection point and the
following one and continue following the loop. Continue in this way until we have carried
out n deformations (or equivalently we have reached the �nal intersection point before
the base point). Now carry out the type 1 reduction with respect to regiona (since our
original loop was minimal there is only one choice for the reduction). The reductions are
with respect to the black or white checker-board hierarchy depending upon the parity of
a.

Note that two loops are related by the above sequence of moves ifand only if they
can be represented as two sides of a chain.

So by algorithm 3.7 we have:

Lemma 3.4. Let l i � (w) be the oriented based loop representing a cyclic geodesic included
word i � (w) which has letters of a single parity in the augmented Dehn presentation of
a prime alternating link. Let S be the set of oriented loops given by forgetting the base
point of the loops constructed froml i � (w) by all possible repeated applications of the method
described above. ThenS represents all cyclic geodesic elements of the conjugacy class of
i � (w).

Now suppose thatw contains letters of both parities,n! letters of parity white
and n� letters of parity black. Since we want to use the algorithm to generate all the
geodesic representatives of the conjugacy class ofw (up to cyclic permutation), rather
than producing a diagram, will carry out algorithm 3.7 in thefollowing way: �nd all
equivalent geodesics ofw (using the geodesic completion). If any of these words have
the parity of the �rst letter opposite to that of the �rst letter o f w, then choose one of
them and call it wl1, say. Similarly, if any of these words have the parity of the lastletter
opposite to that of the last letter of w, then choose one of them and call itwr 1. If wl1

exists, then cyclically permute it by one letter (so the �rst letter becomes the last). Call
this new word w0

l1. Generate all of the equivalent geodesics ofw0
l1. If any of these words

have their �rst letter of opposite parity of the �rst letter of w, choose one and call itwl2.
Repeat this process for as long as is possible or until maxf n� ; n! g consecutive steps give
no new words. Do an analogous process forwr 1.

There are three key step in the above process to interpret geometrically: generating
the geodesics, recognizing the parity of the �rst letter and constructing w0

lj or w0
rj . The

generation of geodesics was discussed earlier. The parity of the�rst letter is determined
by the �rst intersection point of the loop. Constructing w0

lj from the permutation of wlj � 1

and the cyclic permutation corresponds to moving the base point along the loop through
one intersection point against the orientation.

Putting this together we get the following procedure: Givenlw minimal, based and
oriented. Note the colour of the �rst and last regions intersected by lw . Carry out all
possible sequences of type 2 deformations with respect to both checker-board hierarchies
which �x the base point. If any of these new loops have the �rst (resp. last) intersection
point of the opposite colour as the �rst (resp. last) aslw choose one and move the base
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point forward (resp. backward) one intersection point and repeat this process. Continue
like this for as long as we can or until we stop obtaining new loops.

Since algorithm 3.7 produces a set of cyclic geodesic words suchthat every conju-
gate cyclic geodesic word is a cyclic permutation of one of those produced, we see that
by considering the set of all cyclic permutations of these wordswe get the set of all cyclic
geodesic representatives of the conjugacy class. This obviouslydoes not depend upon
which particular cyclic geodesic we started with. This gives the following lemma.

Lemma 3.5. Let l i � (w) be the based oriented loop representing a cyclic geodesic included
word i � (w), which has letters of a both parities, in the augmented Dehn presentation of
a prime alternating link. Let S be the set of oriented loops given by forgetting the base
point of the loops constructed froml i � (w) and carry out all possible repeated applications
of type 2 deformations. ThenS represents all cyclic geodesic elements of the conjugacy
class ofi � (w).

Putting all of this together we obtain the following geometric characterization of
the conjugacy classes.

Proposition 3.3. Let L be a prime alternating link,s 2 � 1(S3 � L) � � 1(S3 � (L [ O )
and l be the oriented loops determines. Then by using type 1 reduction and type 2
deformations with respect to both hierarchies ofS3 � L , l determines a set of loops with the
property that every loop is minimal and represents the cyclicgeodesics of the conjugacy
class of s. Moreover, every loop representing an element in the conjugacy class ofs
is equivalent to an element of this set by a sequence of type 1 reductions and type 2
deformations.

Although it should be fairly clear how to construct a polynomialtime normal
surface algorithm for the conjugacy problem for prime alternating links, for completeness
we outline one.

Algorithm 3.8. Given two oriented loopslw0 and lu0 in the complement of a reduced
prime alternating link. Use algorithm 3.6 to �nd equivalent minimal loops lw and lu
respectively. There are two cases.

The �rst case is whenlw intersects two surfacesF1 and Fi , for somei 6= 1. Use
process X to look for and carry out all possible sequences of type 2deformations (with
respect to the checker-board hierarchy of the same colour as the �rst surface the loop
intersects) . This produces a �nite set of minimal loops. Choose some base point on each
of these loops. If, when traveling round the loop from the base point in the direction of
the orientation, we meet the surfaces in the hierarchy in the same order and direction as
for lu for any choice of base point thenlw0 and lu0 are freely homotopic. Otherwise they
are not.

The second case is whenlw intersects surfaces in the hierarchy of one colour only.
Work with the checker-board hierarchy of the opposite colour. Use process X to carry
out the procedure used in lemma 3.4 to produce a �nite set of minimal loops. Choose
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some base point for each of these loops. If when traveling round the loop from the base
point in the direction of the orientation produces we meet surfaces in the hierarchy in the
same order and direction as forlu for any choice of base point thenlw0 and lu0 are freely
homotopic. Otherwise they are not.

Remark 3.7. By considering annular diagrams (see [35]) one can show, quite unsurpris-
ingly, that two words in the augmented Dehn presentation of anarbitrary link are con-
jugate if and only if one can be obtained from the other by a �nite sequence of free
reductions, exchanging pairs and adding a subword which can befreely reduced. Equiva-
lently, two loops in a link complement are freely homotopic if and only if there is a �nite
sequence of type 1 reductions and augmentations and type 2 deformations. Of course
our ability to �nd such a sequence is dependent upon our abilityto solve the conjugacy
problem.

A similar statement holds for the word problem.

3.12 Process X and the Petronio Cell Decomposition

Process X uses the fact that the hierarchy splits the manifold into 3-balls to check for
type 1 and 2 moves. It is easy to see that the realizability of thesemoves only depends
upon the positions of the endpoints of the arcs and how the hierarchy splits the mani-
fold. More explicitly, the positions of the surfaces of the hierarchy determine a pattern
on the boundary of the 3-balls and process X examines the positions and ordering of
the intersections of the arc, which we will call theintersection points, in this pattern.
By considering the Petronio (or pyramid) cell decomposition (see [11, 43]) of the link
complement, we will fully describe process X for non-split alternating links.

Let L be a non-split link and D be its canonical projection. Construct a cell
complex by taking as the 0-cells the North and South poles of the crossing balls. For the
1-cells, take the arcs of the link between the poles of the crossing balls and two 1-cells
inside each crossing ball where each of these 1-cells has an end point on each of the poles.
For the 2-cells we take two copies of the each of the regions ofthe link and modify them
slightly so that rather than having arcs lying on the north-south axes of the crossing balls,
the arcs lie on the 1-cells of the complex. We do this in such a way that any intersection
of the 2-cells is at one of these 1-cells. This 2-complex divides S3 into 3-balls and we take
these to be the 3-cells of the complex, where the attaching mapis the obvious one.

Some of the 3-cells in this complex have non-trivial intersection with the regions
of the link. We call such 3-cells thesandwiched 3-cells.

What we have obtained is a cell decomposition ofS3 such that L is a sub 1-complex
and N (F1) [ n

i =1 Fi is a sub complex. In addition the 0-cells and 1-cells determine graphs
on the non-sandwiched 3-cells. These are the ones required by process X.

Observe that if, in the above construction, we only add one 1-cell per crossing ball,
one 2-cell per region ofD and leave out the sandwiched 3-cells we still get the same graph

46



(a)

!
�

!

�

B �B �B �B �

(b)

Figure 3.10: The moves on the Petronio cell decomposition.

on the boundary of the 3-balls. This gives a cell decompositionof S3 with L as a sub-
complex. This is called thePetronio cell decomposition. So our questions of intersections
of arcs with the checker-board hierarchy may be phrased in terms intersections with the
2-cells of this complex. Finally, since this complex has the property that S3 � L =
(S3=L) � f 0� cellsg and we are only concerned with points inside the 2-cells, we see that
it is su�cient to use the Petronio cell decomposition. We will denote the 3-cells byB+

and B � , and call the graphs on them theboundary graphs.

Lemma 3.6. Let L be a non-split alternating link. Then by examining the boundary
graphs we see that:
(a) A type 1 reduction can be recognized by two consecutive intersection points within
the same region of the boundary graph. The reduction corresponds to deleting these two
points (see �gure 3.10(a), where the arcs connecting intersection points are to indicate
the ordering).
(b) A type 2 deformation is indicated by two consecutive intersection points in adjacent
regions of the boundary path onB � , which originate from a black region. The deformation
replaces these two points with one coming out of the region opposite in the boundary graph
on B � (see remark 3.8), as in �gure 3.10(b).

Proof. The result follows by carrying the processes of section 3.6 through to the Petronio
decomposition.

Remark 3.8. When �nding the image of a type 2 deformation on a boundary graph we
must go back to the link to determine which region we should deform into. This has no
bearing on process X since it only detects the presence of a type 1or 2 move.

3.13 Planarity of the Conjugacy Algorithm

In section 3.9 it was claimed that the diagrams produced by theconjugacy algorithm
for prime alternating links were planar (and therefore the algorithm is polynomial time).
This was proved in [27]. Here we present a substantially shorter proof of the planarity of
the diagrams produced by algorithm 3.7.

De�ne the distancebetween two regions of a link projection to be the minimum
number of edges which a curve between the two regions must cross( in terms of the graph
of a link with the usual metric it is the length of a geodesic path).
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We have seen earlier that a pair corresponds to a arc of distance 1. It is not hard
to see that a sister-set corresponds to an arc between two regions which are a distance 2
apart. Moreover, a region which is distance 1 from each of theseregions is the element
needed to form the two pairs in the de�nition of a sister-set. Forcompleteness we note
that a pseudo-pair corresponds to an arc between regions of distance 3.

Theorem 3.3. The small cancellation diagrams produced by algorithm 3.7 are planar.

Proof. Suppose we are given two cyclic geodesic included words in the augmented Dehn
presentation of a prime alternating reduced linkL. If the words contain letters of both
parities the result follows since by theorem 3.1 there are exactly four chains on the
boundary ([27, 28]). So assume that they both consist of letters of a single parity. In this
case it is su�cient to show that a cyclic geodesic included word isthe inner link path of
a conjugacy chain then it is the inner link path of at most two conjugacy chains.

Suppose we are given a conjugacy chain with inner link pathw = w1 � � � wn and
chain word ava� 1, where v = v1 � � � vn . Then a� 1w1 and w� 1

n a are pairs and sowi wi +1

and vi vi +1 , where the indices are modulon, are sister-sets. Interpreting this into the
language of loops we see that the canonical looplw intersects regions of a single colour
and consecutive intersection points of the loop occur in regions a distance of 2 apart.
In particular, the �rst and last intersection points of lw occur in regionsw1 and wn a
distance of two apart and the regiona is adjacent to both of these regions. So eithera,
w1 and wn meet at a vertex with w1 and wn diagonally opposite to each other or they do
not meet at a vertex anda is a region which shares edges withw1 and wn .

By section 3.11, we obtain the last and �rst intersection points of lv from the last
and �rst of lw by a type 1 augmentation with respect to regiona on an arc which contains
the base point, carrying out two type 2 deformations and carrying out a type 1 reduction
on the resulting intersection points (which occurs as the two �nal intersection points of
the new loop). Note that since the link is alternating there areexactly two possible type
2 deformations. We examine the geometric consequences of thesemoves.

If the augmented link is the trivial link of two or more components there can be
no chains. There are two cases remaining.

Suppose �rst that the regionsa, w1 and wn meet at a crossing. First consider the
case indicated in �gure 3.11(a). Since the canonical projection is elementary,a, b, w1

and wn are distinct regions. Then we havew� 1
n w1 = ( w� 1

n a)(a� 1w1) = ( b� 1w1)(c� 1d),
by hypothesis this impliesb = d. This means that there must be a sequence of edges as
indicated in �gure 3.11(b), where the boxes indicate the possibility of further knotting.

Now suppose thatw is the inner link path of another conjugacy chain. This chain
must have its chain word of the formbub� 1, for some wordu, since a and b are the
only regions distance one fromw1 and wn . This chain givesw� 1

n w1 = ( w� 1
n b)(b� 1w1) =

(f � 1e)(w� 1
n a), and hypothesis this implies thata = f and the planar projection is of the

form indicated in �gure 3.11(c). Now sincea 6= b it is clear that there can be no more
than two conjugacy chains.

The arguments forwnw� 1
1 , the other positions fora and for the opposite sign of
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Figure 3.11: A diagram used in the proof of planarity.
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Figure 3.12: Another diagram used in the proof of planarity.

the crossing are similar.
The second case is when the regionsa, w1 and wn do not meet at a crossing.

Consider the situation where the projection locally looks like �gure 3.12(a) (note there
are necessarily an even number of crossings with the edges ofa in the boxes). Then
w� 1

n w1 = ( w� 1
n a)(a� 1w1) = ( e� 1b)(c� 1d), which by hypothesis implies thatb= c.

Now suppose thatw is the inner link path of another conjugacy chain. This chain
must have its chain word of the formfuf � 1, for some wordu. The the regionf can only
be positioned as in �gure 3.12(b). This separates the part of the link on the left from
the part of the link on the right of the projection as indicated in the �gure. But this is
impossible unlessb= c = f , and by studying the �gure it is clear that there are no more
suitable regions in which to make a conjugacy chain. Thus there are at most two.

The arguments for wnw� 1
1 and the opposite sign of crossings are similar. This

completes the proof.
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3.14 A New Proof that Alternating Links are Non-Trivial

There are several approaches in the literature for showing that alternating links are non-
trivial - using the determinant in [4], the Alexander polynomial in [15] and [41], the Jones
polynomial in [30], the Q-polynomial in [31] and geometrically in [38]. These proofs give
varying degrees of intuition as to why the result holds. The argument presented here uses
Dehn's lemma and the solvability of the word problem to show in avery direct way that
spanning disks for the link can not exist giving a very intuitivefeel for the non-triviality
of alternating links. We prove:

Theorem 3.4. If L is a link admitting a reduced, prime, alternating projection, then L
is non-trivial.

Note that since the connected sum of two non-trivial links is non-trivial restricting
ourselves to prime links does not compromise the spirit of this section.

The i -th doubleof a link L is a parallel copy of thei -th component. We de�ne
the i -th longitude � i to be an element of the link group determined by thei -th double.
Note that as in Chapter 1, our longitudes not necessarily null-homologous in the link
complement. This is to simplify the argument and causes no realproblems. The following
piece of folklore is a consequence of Dehn's lemma and the looptheorem.

Folklore. A link is trivial if and only if all of its longitudes are trivi al in the link group.

This reduces theorem 3.4 to solving the word problem for the longitudes of the
link, which we shall do using small cancellation theory.

Recall that the checker-board colouring of a link projection is an assignment of a
colour black or white to each of the regions of the projectionin such a way that adjacent
regions are assigned a di�erent colour.

Lemma 3.7. The i -th double of an alternating linkL is isotopic to a simple closed curve
J � S3 � L such that, in terms of the projection, any \intersections" of J with white
regions of the checker-board colouring occur before any \intersections" with black regions,
with respect to a chosen base point and orientation.

Proof. We work in terms of the alternating projection of the linkL and its i -th double
D i (L). We give the projection ofL the checker-board colouring and look at the way that
D i (L) intersects the regions.

First observe that D i (L) is a curve which travels parallel to the component ofL
and intersects adjacent regions of the projection. Choose a base point and orientation
of D i (L) and label the intersection points ofD i (L) with the regions v1; : : : ; vn of the
projection of L, where we travel in the direction of the orientation from thebase point.
We may assume thatv1 intersects a white region and thereforevn intersects a black one.
SinceL is alternating we can �x the intersection pointsv1 and vn and isotope everything
else so thatv2; : : : ; vn� 1 all lie in di�erent regions (which are uniquely determined). Notice
that v2 now lies in a white region andvn� 1 lies in a black region. Now �xv2 and vn� 1 and
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Figure 3.13: The argument of lemma 3.7.

isotope so thatv3; : : : ; vn� 2 lie in di�erent regions (in fact the regions they were originally
in). This placesv3 in a white region andvn� 2 in a black region. Repeating this process
a �nite number of times gives the required curveJ .

This argument is embodied in �gure 3.13.

We can now prove the main result of this subsection.

proof of theorem 3.4.1 By Lemma 3.7 and the geometric interpretation of the generators
of the augmented Dehn presentation in section 3.5, the longitude can be represented
by the conjugate of a non-empty wordw which changes parity exactly once. Since
the projection is reduced,w is freely reduced. A word of this form can not contain a
chain word (as these change parity twice) and since the augmented Dehn presentation
is a C00(4) � T(4) small cancellation group (lemma 3.2), the geodesic characterization
theorem tells us that the longitudes are non-trivial.

116/11/05: This proof contains a small gap! See my paper A new proof that alternating links are non-trivial where this
gap was plugged by a small extension of the argument.
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