Answers to homework 21 problems

17.9 #4: The divergence F is 3x 4 1, so we have
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To compute the surface integral across the boundary, note that we have two sur-
faces, part of a paraboloid and part of the xy-plane. On the paraboloid, we use the
parametrization r(u,v) = (u,v,4 — u? — v?), with domain D the disc u? + v* < 4 of
radius 2 in the uv-plane. The outward pointing normal vector is r, xr, = (2u, 2v,1).

So we have
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On the xy-plane, we use parametrization r(u,v) = (u,v,0) with domain D the disc
u? + v? < 4. The outward pointing normal vector is (0,0, —1). We therefore have
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The total surface integral is therefore, as expected, equal to

8m + 0 = 8.

17.9 #10: Note that divF =0, so
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17.9 #20: Let S be the part of the paraboloid 2% + 2 4+ z = 2 lying above the plane
z = 1. Now we create a closed surface by setting S; to be the disk 22 + 4% <1 in
the plane z = 1. Then by the divergence theorem, we have
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Because the divergence of F is 1, we have that

1 po2r pl—r? -
///dideV:/// dV:/ / / rdzdrdf = —
E E o Jo 1 2

the downward pointing normal for S; (using the standard parametrization as part of
a plane) is (0,0, —1), whose dot product with F is equal to —1. Thus over the disk

S1, we have
// F-dS:// —1dS = —area(S;) = —
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It follows that the flux across S is



17.9 #22: Because the unit sphere has outward pointing normal vector (z,y, z), we

have that
2z + 2y + 2 (2,2,2) - (x,y, 2),
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where F = (2,2, z). We can therefore apply the divergence theorem, noting that the
divergence of F is 1, to obtain
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so that



