Mini-Test 2 Solutions

Calculus 1II October 26, 2007

1
1. Evaluate the following integral: / zn(z) dz
0

The integrand is not defined at x =0, so this is an
improper integral. We thus have

/leln(x) dv = lim Utlxln(x) dx} .

We evaluate this integral using integration by parts,
setting w=In(z) and dv=2z. This gives

x? z?
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z? 1 z? x
= —In(z) — i/xdx— Eln(x) -

Evaluating from ¢ to 1, we have

@ In(1) — %) - <§ In(t) - g) = 2~ In() + g

We now take the limit as t — 07. Clearly, we have
. 2
hmt_@% =0, but for the other term, we need to use

1’Hospital’s rule.

1
lim #2In(f) = lim (2t)(¥> — lim 2=2.

t—0t+ t—0t t—0t+
So we finally have
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2. Write out the form of the partial fraction decomposition of the function below.
Do not integrate anything, and do not solve for anything.
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3. Consider the four-leaved rose given in polar coordinates by r = cos(26).

(a) Find the Cartesian coordinates of the point where 6 = /3.
If 0 =n/3, then r =cos(2r/3) = —1/2. Then

x =rcos(f) = —% cos(m/3) = —= - = = —=

1
y =rsin(f) = ~3 sin(m/3) = —
(b) Find the slope of the tangent line at that point.

Using the parametric expressions (from the next part), we
have

dr  dr/dt  —2sin(2t) cos(t) — cos(2t)sin(t)’
Evaluating at ¢t =m/3, we have

dy dy/dt  —2sin(2t)sin(t) + cos(2t) cos(t

~—
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(c) Find a Cartesian parametrization of the curve.

x = rcos(0) = cos(20) cos(f) = cos(2t) cos(t)
y = rsin(f) = cos(20) sin(f) = cos(2t) sin(t)

(d) Find an integral expression equal to the length of one petal of the rose. Do not
evaluate the integral.

Using the polar form of the arc-length integral, we have
B dr 2 /4
L:/ 7~2+(—) d@:/ \/0082(29)+4sin2(26’)d9.
@ do —7/4
If we use the parametric form instead, we obtain
b
dy\ 2 dx\?2
b= VG (@)
/\/ at) T\

/4
— /_ \/( — 2sin(2t) sin(t) + cos(2t) cos(t))2 + (= 2sin(2t) cos(t) — cos(2t) sin(t))2 dt

w/4

which eventually simplifies to the polar expression above.



