Calculus IV Test 3 Solutions April 20, 2006 Name:

1. A wire in space traces out the curve described by r(t) = (t2,¢3,t?), for 1 <t < 27. Find the
total mass of the wire given that the density at the point (x,y, z) is given by

flz,y,2) = \/8(%>2 + 9zz.

Y

We have that

' (¢)] = /(2t)2 + (3t2)2 + (2t)2 = V/8t2 + 9t4.
Also note that

f(r@) = \/8(%>2 + 912t2 = /82 + 9t4,

t3
Thus

Mz/lzf(r(t))|r’(t)|dt:/l2 (8t2+9t4> dt:%+?.

2. (a) State and prove the fundamental theorem for line integrals (you may do it either for two or
three dimensions).

The fundamental theorem of line integrals states that

b
/ Vf-dr = f(r(5)) - [(x(a)).

To prove it, we note that

[vsa= [ G (= G+ o)
= [ (&sew) = o) - sria)

(b) Let C be the curve r(t) = (et ¢ —5) for 0 <t < 1. Verify that
/ (2% siny — ) dx + (¢** cosy + In(y? + 1)) dy = 0,
c

by showing that this is the integral of a conservative vector field along a closed loop. Do not find a
potential function for the vector field.

To see that the vector field is conservative, we note that

0 oP
8—? = 2e* cosy = B
and that F is defined everywhere. Also, because

r(1) = (1,0) = r(0),

the curve is closed.



3. (a) Find a potential function for F(z,y) = (2e¥ cos(2z) + 2zy, €Y sin(2z) + x?).

Given that f, = 2eYcos(2z) 4 22y, we deduce that
flz,y) = €'sin(2x) + 2%y + g(y),

for some function g. But now because f, = e¥sin(2z) + z?, we deduce that
¢(y) =0, so g is constant. We thus find a potential function of

f(z,y) = €¥sin(2z) + 2%y,

(b) Let C' be the curve r(t) = (tcos®t, e’ %) for 0 <t < m, and let F be the vector field from part
(a) above. Use your answer from part (a) to find the value of [ F -dr without directly calculating

_ c
the integral.

Applying the fundamental theorem of line integrals, we have

/C Fodr = f(x(m) — f(x(0)) = f(m, 1) — (0,1) = 7.

4. Let C be the portion of the graph of y = 2?+x—2 where 0 < z < 1, and let F(z,y) = (y—=z, 2?%).
Find / F-dr.
c

The curve is not closed, so we cannot use the fundamental theorem. The vector
field is not conservative, so we cannot use Green’s theorem. We calculate
directly, using the parametrization

r(t) = (t,t* +t—2).

Thus we have
r'(t) = (1,2t + 1),

and

F(r(t)) = (t* — 2,1?).

So now

1 1
/F-dr:/ <t2—2,t2>-<1,2t+1>dt:/ (2% + 2t° — 2) dt :
C 0 0 6

5. (a) State the divergence form of Green’s theorem.

/aD(F ‘n)ds = //D(divF) dA.



(b) Let R be the region in the upper half-plane y > 0 inside the circle 22 + y? = 4. Let C be the
boundary of R, oriented counterclockwise. Let F(z,y) = (e¥" + z,In(z> + 1) 4+ 2y). Use Green’s

theorem to find the normal component of F along C'; i.e., find [ F -nds, where n is the outward
c

pointing normal vector for C'.

Using the divergence form of Green’s theorem, we have that

/C(F-n)ds://RdideA:?)//R dA = 3(area(R)) = 6.

6. Let F(z,y,2) = (1,2 + yz,xy — /z). Calculate curl F.

curlF = (v —y, -y, 1).

7. (a) Express the area of the surface r(u,v) = (uv,u + v,u — v), with domain D described by
u? <v<wu?, 0<u<1,as adouble integral in 4 and v. Do not evaluate the integral.

Note that
r, = (v,1,1) and r, = (u,1,—1),

so that

Ity X t,] = /(=2)2 + (v +u)2 + (v — u)? = V4 + 2u2 + 202.

Thus we have

1 u?
:/ / V4 4+ 2u? 4+ 2v2 dv du.
0 u3

(b) Find the upward flux of the vector field F(z,y, z) = (y, z, z) across the surface
r(u,v) = (ucosv,usinv, 1 —u?),

where the domain D in the uv-plane is the region with 0 <wu <1 and 0 < v < 27.
We calculate

r, X T, = (cosv,sinv, —2u) x (—usinwv,ucosv,0) = (2u®cosv, 2u’sin v, u),

while
F(r(u,v)) = (usinv,ucosv, 1 — u?).

So we have

2T
/ / r(u,v)) - (ry, X r,)dA = / / (4u®sinvcosv 4+ u — u )dudv—§

Bonus: Describe this surface (verbally or visually).

This is a paraboloid based at (0,0,1) opening downward.



