Linear Algebra I Test 2 Solutions March 15, 2007

1. Let L: P, — P, be defined by L(at? 4+ bt 4+ ¢) = (2a — ¢)t* + (a + b — )t + (¢).

(a) Find the matrix representation for L with respect to the basis (on both sides)

S={t+1, *+t, *+t+1}.

We first plug our basis vectors into the function, obtaining the
following:
Lt +1)=—t*+1,
L(t* + 1) = 2t* + 2t,
L +t+1)=t>+t+1.
We now find the S-coordinate vectors of these outputs. For the
first, we solve
—t?+1 = a(t+1)+B(E+t) +y(#+t+1) = (B+7) 2+ (a+B+7)t+(a+7).
The corresponding augmented matrix is
011 ] -1 1 01
111 0]~1]0 11| -1
101 | 1 0 01
so that

[Lt+1)]s=[-t*+1s= |1
0
For the next two outputs, we could set up and solve a system,
but notice that both outputs are simple multiples of sinle basis
vectors, so that we can determine their coordinates by inspection

to be
0
[L(t* +t)]s = [2t° + 2t]g = |2
0
and
0
L +t+Ds=[t*+t+1]s= {0
1
Thus the matrix representation is
1 00
-1 20
0 01
1
(b) Suppose [v]g = |2|. Find L(v) in two ways: once by finding v and plugging
3

directly into L, and once by doing a matrix multiplication to find [L(v)]s and then
undoing the coordinates.



(1) Using the given coordinates for v, we find that
v=1(t+1) +2(2+1) + 3+t + 1) = 5> + 6t + 4,
so that, using the given formula for L directly, we have
L(v) = 6t* + Tt + 4.
(2) Applying the matrix we found above, we have

1 0 0] |1 1
Lv)s=|-1 2 o] |2| = |3
0 o 1|3 |3

Using these coordinates to find L(v), we have

L(v) =1(t+ 1)+ 3( + 1) + 3(* + t + 1) = 6> + 7t + 4.

(¢) The transition matrix Ps.r from another basis T' to S is given by

1 0 -1
Pser=|1 -1 2

1 0 -1 ] 100 1 0 -1 | 1 00O
1 -1 2 | 01O0]~]0 -1 3 | —-110
-1 1 -1 | 0 01 0O 1 =2 1 01
10 -1 ] 1 0 0 100|111
~ 01 -3 ] 1 -1 0~ |010] 123
00 1 |0 1 1 001 1] 011
Thus the transition matrix from S to 7T is
1 11
P1t=11 2 3
011

(d) Use the matrices from parts (a) and (c) to find the matrix representation for L
with respect to T'.

The matrix representation of L with respect to T is

11171 oo0]l[1 0o -1 1 -1 3
P'AP =11 2 3| |-1 2 0 1 -1 2|=10 -1 6
011 0 0 1| |-1 1 -1 0 —1 4

2. State and verify the rank-nullity theorem for the linear transformation L : My —
M22 defined by
11 11
= aay ]

b] be a random vector in May; write out L(A) explicitly.)

. a
(Hint: Let A = L d



The rank-nullity theorem states that
dimkerL + dimrangel = dimV.
For A as above, we have that
1 1| fa b a bl |1 1 c d—a
L(A)_{o 1} [c d]_[c d] [0 1}_{0 —c]'
To find the kernel, we set
c d—a 0 0
L(A) = =
w=15 2= o]
and solve, finding that ¢ = 0 and a = d. Thus the kernel is
all matrices of the form

b =elo W efo ol

We deduce that the kernel of [ is spanned by the matrices

1 0] (01
0 1/710 0ff"
Because these matrices are linearly independent, they form a basis

for the kernel. 1In particular, the kernel has dimension 2.

For the range, we have that matrices in the range of L are of

the form
c¢c d—a 0 -1 1 0 0 1
b =elo ey Sl o

It follows that these three matrices span the range. As the first
is just the negative of the third, we find that a basis for the

range is formed by
1 0 01
0 —1{’(0 0] )"

In particular, the range is 2-dimensional. These dimensions sum
to four, which is the dimension of My, verifying the rank-nullity
theorem.

3. For each of the following eight statements, indicate clearly whether it is true or
false. (Assume V' is finite dimensional.) For TWO of the statements, also do the
following (in the space at the bottom of the page): If the statement is true, then
explain why. If the statement is false, then provide a counterexample.

The set of all continuous functions f so that f”(3) = 0 is a subspace of

C(—00,).

True. This can be checked directly.

If L is a linear map, then the image of a linearly independent set of vectors

is always linearly independent.



False. The zero map provides a counterexample.
(¢) — Transition matrices are always invertible.

True. The inverse is the reverse transition.

(d)

A matrix is invertible if and only if it row-reduces to the identity matrix.

True. This is how the inverse is found.

(e)

7Zero rows.

If a linear map is 1-1, then its matrix representation cannot contain any

False. To be 1-1, each column of the matrix must contain an initial
term after row-reducing. A matrix that is taller than it is wide
can have an initial term in every column and still have some zero
TOWS.

(f) If dimV' = n, then any set with fewer than n vectors must be linearly
independent.

False. The set could contain multiples of the same vector, for
instance.

(2)

If V is a 4-dimensional vector space, then V must be isomorphic to My, .

True. Any 4-dimensional vector space is isomorphic to R*. In
particular, My, is isomorphic to R?, and so is isomorphic to

any 4-dimensional vector space (if V is isomorphic to W, and
W is isomorphic to U, then V is isomorphic to U).

()

Any two bases for V' must contain the same number of vectors.

True. This is what makes dimension well-defined.



