Linear Algebra I Worksheet 10 Solutions April 17, 2007

1. [3 pts] Suppose A is an eigenvalue of the n x n matrix A. Show that the set of
all eigenvectors associated with A (along with the zero vector) is a subspace of R™.
(This is called the eigenspace associated to \.)

Suppose v and W are eigenvectors associated to A. Then we have
Av+w) =Av+ Aw = A\v + Iw = A\(v + w),
so that v+w is again an eigenvector associated to A. Similarly,
A(av) = aAv = alv = A(av),

so that av is again an eigenvector when a # 0. When a =0,
we obtain the zero vector, which is thrown in by assumption.

3 0 0
2. (a) [3 pts] Find the characteristic equation for the matrix A= |—-2 3 -2
2 0 5

We calculate
3—Xx 0 0
det | =2 3—-X =2 | =0B-XN*(5-N.
2 0 5—A
(b) [3 pts] Find the eigenvalues for this matrix.

It follows from above that the eigenvalues for A are A =3 and

A=5H.

(c) [3 pts] For each eigenvalue, find a basis for the corresponding eigenspace by solving
the equation Ax = A\x.

For A\ =3, we solve Ax =3x, or (A—3[)x =0, which gives us

0O 0 0 | O 101110
-2 0 =2 | 0]~ 0 0 0 | O},
2 0 2 |0 0001 O
so that the general solution is
—r -1 0



These last two vectors thus form a basis for the eigenspace corresponding
to the eigenvalue A =3.

For A=15, we solve Ax=5x, or (A—5I)x =0, which gives us

—2 0 0 |0 10010
2 -2 -2 | 0l~1]011] o0,
2 0 0 |0 00010

so that the general solution is

0 0
v=|—-1|=r]|-1
r 1

This last vector forms a basis for the eigenspace corresponding
to the eigenvalue A =5.

(d) [3 pts] Explain why your answers above imply that A is diagonalizable.

We have one eigenspace of dimension 2 and one of dimension 1.

Because they correspond to different eigenvalues, they are linearly
independent. In particular, they all together span a three dimensional
space. It follows they span all of R®. Thus we have a basis

of eigenvectors, so that A is diagonalizable.

(e) [3 pts| Verify directly that A is diagonalizable by showing that P~'AP = D. (In
particular, find P, P! and D.)

We can do this in any order we want. For example, we can set

v,
I
(@]
—_
|
—_

so that

Finding P~! in the usual way, we check that

-1 0 0 3 0 0 -1 0 O 3 00
P'AP=1|1 1 1| |-2 3 -2 0 1 -1{ =10 3 0 =D
1 01 2 0 5 1 0 1 0 05



(f) [3 pts] The Cayley-Hamilton theorem says that every square matrix satisfies its own
characteristic equation. Verify this theorem for A. In other words, if the characteristic
polynomial is

PN = N+ a N a N+ an,

show that
A" + g AV a1 A+ and, = O.
We found that
p(A) = (A —3)2(A—5) = A\* — 112\ + 39\ — 45,

so we calculate

A3 —11A% +39A — 451

2t 0 0 9 0 0 3 0 0 100
= [-98 27 -98|—-11|-16 9 —-16(+39|—-2 3 —-2(—-45(0 1 O
98 0 125 16 0 25 2 0 5 001
0 00
=10 0 0
000

Bonus: Suppose C' = [Z ZC)] is a 2 X 2 symmetric matrix.

(a) [3 pts|] Show that the eigenvalues of C' are real by explicitly computing them.

We calculate

a— A\ b
b c— A\

Solving using the quadratic equation, we find that
Catct/(a+c¢)?—(dac—1?)  a+cEty/(a—c)?+1?

B 2 B 2 '

Because the quantity under the square root is the sum of two squares,
it cannot be negative. Thus the roots are real.

det[ }:)\2—((14-0))\—1)2.

A

(b) [3 pts] Show that C' is diagonalizable by showing that either the eigenvalues are
distinct, or C' is already diagonal.

As long as the quantity under the radical is not zero, we obtain
two distinct real roots. Thus the eigenvalues are distinct, and
have linearly independent eigenvectors. These necessarily form
a basis for R?, so C is diagonalizable.

On the other hand, if the quantity under the square root is zero,
this means in particular that b =0 (and also that a = c, but
that’s not important here). In other words, (' is diagonal.



