Homework 2 Solutions

Advanced Calculus 11 February 6, 2008

5.1 #2: Suppose that g is a continuous function on [a, b].

a) Prove that if f,, — f pointwise, then ¢f, — pointwise.
(a) 9 g

Fix z € [a,b] and let ¢ >0 be given. Because f, — f
pointwise, there is some N so that |f,(x)— f(z)| < ol
whenever n > N (the key point here is that ¢(z) is a fixed

constant, since we’ve fixed z). Then for n > N we have

[(gfn) (@) = (9./) ()] = lg(2) fn(x) — g(z)f(2)]
= 9@l fu(z) = f(@)] < lg(@)l

as required.
(b) Prove that if f, — f uniformly, then ¢f, — ¢gf uniformly.

Let € >0 be given. Because g is continuous on the closed
and bounded interval [a,b], it has a finite supremum. Let
M = sup,¢j,y{g9(z)}. Now because f, — f uniformly, there is
some N so that |f,(r)— f(z)] < §; whenever n > N, and this
holds for all z € [a,b]. Then for n > N we have

[(gfn) (@) = (9./) ()] = lg(2) ful) — g(2) f(2)]
= lg(@)l[fulz) = f(2)] < lg(2)|

€

T

as required.
5.1 #5: Prove that f,(z) = (z — 1)? converges uniformly on any finite interval.

Fix an interval [a,b]. We claim that f, converges uniformly
to f(z) =2% on [a,b]. Let €>0 be given, and let
M = max{|al,|b],1} . Then we have

@) —an(@)] = 2% = (z = =) | = |~ =[S —+ 5 < —.

Thus if we take N = %, then n > N implies that

|f(z) = falz)] <e.



5.1 #7: Let fu(z) = ;75 . Prove that f, — 0 pointwise but not uniformly on
0, 1].

“+n

Fix x. Then
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so that f, — 0 pointwise.

On the other hand, note that f, (%) = %, so that the
convergence cannot be uniform (for any e < 1, there will not

be any n with f,(z) <e at all z).

5.2 #1: Let f,(x) = e on the interval [0,1]. Explain why the sequence of
functions {f,} converges pointwise on [0, 1]. What is the limiting function? Is it
continuous? Is the convergence uniform?

Fix z €[0,1]. If =0, then f,(z)=1 for all n, so that
lim, .o fn(0)=1. If x>0, then

lim, 000 fr(z) = lim, oo ™™ = 0. Thus the limiting function is
the function f(z) with f(0)=1 and f(z) =0 for all = #0.
This function is not continuous, so the convergence cannot
be uniform on this interval.

5.2 #2b: Compute the limit: lim,_ ff e " dx.

From the argument in the previous problem, we see that

fu(x) — 0 on [1,2]. Moreover this convergence is uniform on
this interval. (Fix € >0 and note that

SUP,ep1 o1 fn(2)} =e™™. Thus we have |f,(z) — f(x)[=e¢"", so it
suffices to choose N large enough so that e » <e¢.) So now
we have

2 2 2
lim e "dr = / lim f,(x)dz = / O0dx = 0.
1 1 1

n—~0o0 n—oo

5.2 #3: Give an example of a sequence of continuously differentiable functions {f,}
on [0,1] so that f, — f uniformly but f is not differentiable at all points of [0, 1].

A sequence of functions involving a curve that becomes
sharper and sharper until in the limit it is a cormer will
do (think |z|). Similarly a sequence of bounded functions
whose derivatives are getting steeper and steeper will also
do it (think /7).



5.3 #2: Let f and ¢ be continuous functions on [a, b].
(a) Use the triangle inequality to prove that | || f|lco — |9 lloo | < f — 9 l0o-

Define h= f —g¢g. Then by the triangle inequality, we have
the following:
17+ glloo<[[lloc + 19l -

Substituting back to f and ¢ and rearranging gives

[flle<Ilf = gllsc +l[gllc = [1f =gllc=l[ flloc = 19 llos -

Similarly, setting w =g — f and applying the triangle
inequality to u and f gives

19 = flloo=llglloc = 1 f oo -

The result now follows from the fact that

19— flloo=Ilf = 9lloo -
(b) Suppose that f,, — f in the sup norm. Prove that || f,|co—1 f |loo-

Let € >0 be given. Because f, — f in the sup norm, there
is some N so that || f, — f|w< € whenever n > N. It follows
then from part (a) that || fullec — || fllec | < € whenever n > N.
This is exactly the statement that || f,|lcc— |/l -

5.3 #3: Let C(R) denote the set of bounded continuous functions on R. Prove
that Cp(R) is complete in the sup norm.

Suppose {f,} is a sequence of continuous bounded functions
on R that is Cauchy in the sup norm, and let € > (0 be given.
Because the sequence is Cauchy, we know that there is some
N so that || f, — fml|lcc< € whenever n,m > N. Now fix z € R,
and consider the sequence of real numbers {f,(x)}. Note that
for n,m > N we have |f,(x)— fn(2)| <||fn — fi|lcc< €, so that
this sequence is Cauchy. Because R is complete, it must
converge. Thus we may define a function f:R—R by

f(z) =lim, o ful(z) .
We claim that f,(z) — f(z) in the sup norm, and that f(x) is
bounded and continuous.

To see that [ is bounded, let B =sup{|fn(x)|}, where this is
the same N as above. Then from the Cauchy property of this
sequence of functions, we know that |f,(x)| < B+e¢ for all z.
Then from the properties of limits, we see that



f(x) =lim, . fo(xr) < B+e€ for all z. Thus f is bounded on
R.

To see that the convergence is uniform, note that for
m,n > N we have for every z that

fule) = (@) = fule) = 1m0 fu(@)] = 1 |fuls) — ful@)] < e,

(where we used continuity of the absolute value function to
pull the limit out).

Finally, the fact that the limit is continuous follows from
the fact that the convergence is uniform and each of the f,
is continuous.



