Take-Home Test 1 Solutions

Advanced Calculus II Due February 20, 2008

1. (Project 1, p. 219): You will show in this problem that if f is a continuous
function on [0, 1], then || f|l,—| fllc~ as p — oo.

(a) Show that for each p, || f |, <|| f -

Because f is continuous, we may use the theorem that says
that f<g implies [ f < [g. Taking g to be the constant
function g¢(z) =sup, |f(x)| = M, we have
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The result follows by taking pth roots.

(b) Given that f(z) is continuous on [0, 1], explain why |f(z)| is also continuous on
[0,1]. Then let xy be the point where |f(z)| achieves its maximum. Explain why

[ (o) =I[f lloo-

Suppose a € [0,1] has the property that f(x) > 0. Because f
is continuous, there is some ¢ so that f(z) >0 for all =z
within 0 of a. In particular, f(x)=|f(z)| on this
d-neighborhood. Thus |f(z)| is continuous on this
neighborhood. When f(a) <0, we find that |f(z)| = —f(z) on
some open interval, so that again |f(z)| is continuous there.
The only issue is around those a for which f(a)=0. For
convenience, assume that f(z) is negative just to the left
of a and positive just to the right. The other cases are
similar. Then because [ is continuous, we have

lim |f(z)] = — lim f(z) =0= lim f(z) = lim |f(z)],
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from which it follows that f is continuous at a.

For the last statement, we have

f(ao)] = sup|f@)] = |sup f(@)] = I

(c) Assume that x( is not one of the endpoints of [0,1], and let € > 0 be given.
Explain why you can choose a p > 0 so that |f(x)| >|| f || —€ for all
VS [xO —M,$0+M]



Because |f(x)| is continuous at zp, there is some p >0 so
that x € [vg — p, w0+ p] implies that |f(z)| € [f(z0) — €, f(z0) + €.
But because |f(z)| is maximized at zp, this is the same as
saying that |f(z)| € [f(xo) — €, f(2o)]. In other words,

|f(x)| >|| flloo —€ for these x values.

(d) Prove that fol |f(2)|Pdx > 2u(]| fllee —€)? for all p.

Using the last inequality (as well as the integral
inequality theorem used in part (a)) we have

/0 @) de > / (U7 lloo —€ iz = (I F oo —€)® > 201(] f oo —)P.

where we’ve used the fact that pu S% in the last inequality
(this is because we’re looking at the interval [0,1]).

(e) Show that for p large enough, || f|l >l fll, > || fllec — 2¢ and conclude that
limy o || S llp=[f {loc-

The first inequality is just part (a). For the second
inequality we have from above that

1 1/p
1f 1= (/0 | (@)f” dx) > (]l f lloe =€")"" = (2) (| f ll o0 —e)-
Because i <1, we know that lim, . p'/? =1. Thus
Tim (207 (| flloe =€) =] £ lloc —€.
It follows that for p large enough we have

) (| flloo =€) 211 f lloo —2e.

The result follows.

2. In this problem we will show that the 2-norm satisfies the triangle inequality.
Recall that the 2-norm is defined by

171 ( b[f(x)]2d:v)

(a) Show that for any real number A, we have
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0 < |7+ 2gIB=1713+2x [ fg+ 3 gl



This is direct calculation. We have

lrexgli= [oner = [ese00) = [ e [ror [ 2

—IF12 +2A/fg+v lgl2.
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(b) Use part (a) to prove the Cauchy-Schwarz inequality: (/fg) <Iflzlals-

(Hint: Interpret the right-most expression in part (a) as a quadratic polynomial in
A. What does the fact that it is never negative tell you about its roots? What does
this imply about the radical in the quadratic equation?)

We can write the quadratic polynomial in X as a)l?+b)\+c,
where a =|gl||3, b=2[fg, and ¢=||f||3. Then the quadratic
equation says that

b= Vb? — dac
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The fact that this quadratic is never negative means that it
has either one or zero roots. This corresponds to the
expression under the square root sign being either zero or
negative. In other words, we have

2
bz—4ac=4(/f9)2—4||9||2||f||2§0 = (/fg) <IIFII2 g Iz -

(¢) Prove the triangle inequality, || f +gll2 <[ f |2 + [[g[l2, by computing || f + g ||
and applying the Cauchy-Schwarz inequality to the result.

||f+g||§=/|f+gl2=/fz+2fg+gcf=/f?+2/fg+/g2

<IFIZ+2 11 fll2lgllz + g 1= (Lf 2 + g ll2)*.

The result follows by taking square roots.



