Week 5 worksheet solutions

1. Find the determinants of the following matrices (show your work):

[2 9 —5 3 9]
2 5 -2 3000 3 1 5 -3 1

2 4 1 =2 0 0
T3 3 1 2 1 2 —1 0 0 -4 1 2 —4
—1 -2 4 s 7 2 4 8 5 6 9 5
3 -2 -1 -3 -2]

(@ (2)(3)—(-1)(4) =10

(®) 2[(1)(4) = (=2)(2)] =5[(3)(4) = (=1)(2)] =2[B)(=2) = (=1)(1)] = —44
() (3)(—2)(—1)(4) =24 (product of diagonal entries)

(d) 0 (because two columns are equal)

2. Find all values A for which the matrix equation Bx = 0 has a nontrivial solution,

where \
1-— 1
B:[—z 4—A]'

A theorem says that a matrix equation Bx =0 has a nontrivial
solution precisely when det(B)=0. Now

det(B) = (1 - A)d—A) — (=2)(1) = X2 = BA+ 6= (A — 2)(\ — 3).

This polynomial is equal to zero precisely when A =2 or \ =
3, so this is also when the equation has a nontrivial solution.
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3. Use determinants and cofactors to find the inverse of |1
0

The cofactors are as follows:
A =2-3=-1, Ap=—-(1-0)= -1, Aiz3=1-0=1,
Ay =—-(3-2)=-1, Ap=1-0=1, A3 =—-(1-0) = -1,
A31=9—-4=5, Az =—(3—-2)=—1, Azz =2—-3=—1.

Multiplying by the corresponding entries and transposing gives

1(-1) 3(-1) 211" [-1 -1 0
1(-1) 2(1) 3(-1)| =[-3 2 -1
0(5) 1(=1) 1(=1) 2 -3 -1

Lastly, the determinant of the original matrix is —2, so we have
that the inverse is

1/2 1/2 0

3/2 -1 1/2

—1 3/2 1/2



4. Find the linearization of the spherical change of coordinates map:

f(p,¢,0) = (pcosBhsin g, psinfsing, pcose).

cosfsing pcosfcos¢p —psinfsing
J = |sinflsing psinfcos¢ pcoshsing
Ccos ¢ —psin ¢ 0

5. Find the factor by which the linear map you found in #4 scales volume.

det(.J) = cos sin ¢(p? cos @ sin® ¢) — p cos O cos ¢(—p cos O sin ¢ cos @)
—psin @ sin ¢(—psin fsin® ¢ — psin O cos® ¢)
= p?sin gb( cos? 0sin® ¢ + cos? 6 cos® ¢ + sin” O sin? ¢ + sin? 6 cos> gb)
= p*sin ¢( cos® B(sin® ¢ + cos® ¢) + sin® §(sin” ¢ + cos® ¢))
= p’sin ¢(cos® 0 + sin® §) = p* sin ¢.



