Linear Algebra I Worksheet 2 Solutions June 13, 2007

1. (a) [3 pts| Show that the set of all vectors of the form , where ¢ = a+ 2b and

QU O o

d = a — 3b, is a subspace of R*.

We went over the direct way of doing this today in class. Here’s
a shortcut way:
This set is the set of all vectors of the form

a 1 0
b 0 1
S i B L
a — 3¢ 1 -3

But this is precisely the span of the two rightmost vectors in
the equation above. We have a theorem that says that spans are
always subspaces.

(b) [3 pts] Show that the set of all solutions to the equation Ax = b, where b # 0,
is not a subspace of R".

Suppose X; and Xy are both solutions to this equation. Then
A(X1+X2) :AX1+AX2 :b+b:2b§£b,

where the last inequality is because we know that b # 0. Thus
the sum of two solutions is not again a solution, so the solution
set is not closed under addition, hence not a subspace.

2. Consider the linear map L(v) = Av, where A =

O N~ =
Ot DN W
— W = DN
O == =
— = O

Before anything else, let’s row reduce this matrix (we know we’re
going to have to eventually):

13211 13211 13211
12110 01101 01101
25311 7lo1 111 fooo0o1o0
01101 01101 00000

(a) [6 pts] Find a linearly independent set of vectors that span the range of L.



The range is all the outputs. A typical output looks like

1321 171" T3y +2z+w+u
121107 T4 2+ 2+ w
2531 1|17 20 + 5y + 3z + w -+ u
0110 1 1’;’ Y+ 2+ u

1 3 2 1 1
=z 1 +vy 2 +z 1 +w ! +u 0

2 5 3 1 1

0 1 1 0 1

Thus the range is spanned by these five vectors. PLEASE NOTE:
These five vectors are precisely the columns of A. THIS IS ALWAYS
TRUE: the columns of A span the range of the map L(v) = Av.

Now we just need to find a maximal independent subset of these.

For this we line them all up and row reduce. The vectors corresponding

to columns with initial terms form the set we’re looking for.
But because these vectors are the columns of A, lining them up
and row reducing is the same as row reducing A, which we did
above already. The initial terms end up in columns 1, 2, and
4. Thus vectors 1, 2, and 4 form a basis for the range. I.e.,
a basis for the range of L is given by

1 3 1
1 2 1
21715171
0 1 0

(b) [6 pts] Find a basis for R? that contains your vectors from part (a).

To extend this set of three vectors to a basis for all of R?,
we tack on the standard basis for R? to produce a (too large)
spanning set, and then row-reduce, looking for initial terms.
This gives the following:

1311000 13110 0 0
1210100 0101 -1 0 0
2510010 7Jlo112 0 -10
0100001 0100 0 0 1
131 1 0 0 0
oo 1 -1 0 0
001 1 —1 —1 0
000 -1 1 0 1



Because the initial terms are in columns 1, 2, 3, and 4, these
vectors form a basis for R?. So our basis is

1 3 1

1
1 2 1 0
217151711710
0 1 0 0

3. [3 pts] For what values of ¢ are the vectors B] and [ } linearly dependent?

2
2+ 2

The most general way is as follows: By the definition of linear
dependence, we are asking when the following system has a nontrivial

solution:
1 2 0
s +olaZs] = o]

This means row-reducing as follows:

1 2 | 0 - 1 2 | 0

3 2+2 |0 0 -4 | 0|’
This system has nontrivial solutions precisely when c*—4 =0,
or when c¢==+£2.

A simpler way of doing this (that depends on the fact that there
were only two vectors involved) is to note that for pairs of vectors,
linearly dependent is equivalent to parallel, which is equivalent

to being multiples of one another. So these are dependent precisely
when they are multiples of one another. If they are going to

be multiples, it must be that the second is twice the first (from
looking at the top entry), thus we have that ¢*+2 =06, and we

get the same solutions as before.



