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ABSTRACT. We consider an ergodic invariant measure p for a smooth
action o of Z¥, k > 2, on a (k+ 1)-dimensional manifold or for a locally
free smooth action of R*, k > 2 on a (2k + 1)-dimensional manifold.
We prove that if p is hyperbolic with the Lyapunov hyperplanes in
general position and if one element in Z* has positive entropy, then
is absolutely continuous. The main ingredient is absolute continuity
of conditional measures on Lyapunov foliations which holds for a more
general class of smooth actions of higher rank abelian groups.

1. INTRODUCTION

In this paper we continue and significantly advance the line of develop-
ment started in [7] and [19]. The general program is to show that actions
of higher rank abelian groups, i.e Z¥ x R!, k41 > 2, by diffeomorphisms
of compact manifolds must preserve a geometric structure, such as an abso-
lutely continuous invariant measure, under global conditions of topological
or dynamical nature which ensure both infinitesimal hyperbolic behavior
and sufficient global complexity of the orbit structure.

In [7] and [19] we considered Z* actions on the torus T**!, k > 2, that
induce on the first homology group the action of a maximal abelian subgroup
of SL(k + 1,Z) diagonalizable over R. We say that such an action has
Cartan homotopy data.® The central feature of that situation is existence
of a semi-conjugacy h between the action, which we denote by «, and the
corresponding Cartan action «g by automorphisms of the torus, i.e. a unique
surjective continuous map h : TFT1 — Tk*+1 homotopic to identity such that

hoa = ayoh.
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" the case of the torus it may look more natural to speak about homology data,
but we wanted to emphasize that what mattered was the homotopy types on individual
elements; this notion can be generalized while homological information in general is clearly
insufficient.
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This gives desired global complexity right away and allows to produce nonuni-
form hyperbolicity (non-vanishing of the Lyapunov exponents) with little
effort (see [7, Lemma 2.3]). Existence of the semi-conjugacy allows to use
specific properties of the linear action g and reduces the proofs to showing
that the semi—conjugacy is absolutely continuous and bijective on an invari-
ant set of positive Lebesque measure.? Thus, this may be considered as a
version in the setting of global measure rigidity of the a priori regularity
method developed for the study of local differentiable rigidity in [21] (see
also an earlier paper [16]) and successfully applied to the global conjugacy
problem on the torus in [30].

In the present paper we consider an essentially different and more general
situation. We make no assumptions on the topology of the ambient manifold
or the action under consideration and instead assume directly that the action
preserves a measure with non-vanishing Lyapunov exponents whose behavior
is similar to that of the exponents for a Cartan action. Namely, we consider
aZF, k> 2, actionon a (k+1)-dimensional manifold or an RE, k> 2, action
on a (2k + 1)-dimensional manifold with an ergodic invariant measure for
which the kernels of the Lyapunov exponents are in general position (see the
Definition below). Dynamical complexity is provided by the assumption that
at least one element of the action has positive entropy. In fact our results
for ZF actions are direct corollaries of those for R¥ actions via suspension
construction.

To formulate our results precisely recall that the Lyapunov characteristic
exponents with respect to an ergodic invariant measure for a smooth RF
action are linear functionals on R*. For a smooth Z* action they are linear
functionals on Z* which are extended to R¥ by linearity. The kernels of these
functionals are called the Lyapunov hyperplanes. A Lyapunov exponent is
called simple if the corresponding Lyapunov space is one-dimentional. See
Section 2 for more details.

Definition. We will say that m hyperplanes (containing 0) in R* are in
general position if the dimension of the intersection of any [ of them is the
minimal possible, i.e. is equal to max{k — [, 0}.

We will say that the Lyapunov exponents of an ergodic invariant measure
for a Z* action are in general position if they are all simple and nonzero, and
if the Lyapunov hyperplanes are distinct hyperplanes in general position.

Similarly for an R¥ action the Lyapunov exponents of an ergodic invariant
measure are in general position if the zero exponent has multiplicity k¥ and
the remaining exponents are all simple and nonzero, and if the Lyapunov
hyperplanes are distinct hyperplanes in general position.

2And in fact smooth in the sense of Whitney on smaller non-invariant sets of positive
Lebesgue measure.
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Main Theorem.

(1) Let p be an ergodic invariant measure for a C'7% 6 > 0, action o
of ZF, k > 2, on a (k + 1)-dimensional manifold M. Suppose that
the Lyapunov exponents of i are in general position and that at least
one element in Z* has positive entropy with respect to u. Then u is
absolutely continuous.

(2) Let pu be an ergodic invariant measure for a locally free C119 6 > 0,
action o of R¥, k > 2, on a 2k+1-dimensional manifold M. Suppose
that Lyapunov exponents of u are in general position and that at least
one element in R¥ has positive entropy with respect to u. Then u is
absolutely continuous.

As we already mentioned the statement (1) is a direct corollary of (2)
applied to the suspension of the Z* action o. We are not aware of any
examples of R¥ actions satisfying assumptions of (2) other than time changes
of suspensions of Z* actions satisfying (1).

Thus, what we prove is the first case of existence of an absolutely con-
tinuous invariant measure for actions of abelian groups whose orbits have
codimension two or higher which is derived from general purely dynamical
assumptions. Nothing of that sort takes places in the classical dynamics for
actions of orbit codimension two or higher. ® Only for codimension one ac-
tions (diffeomorphisms of the circle and fixed point free flows on the torus) of
sufficient smoothness Diophantine condition on the rotation number (which
is of dynamical nature) guarantees existence of a smooth invariant measure
[5, 32]. Ome can point out though that even in those cases existence of
topological conjugacy (for the circle) or orbit equivalence (for the torus) to
an algebraic system follows from the classical Denjoy theorem (see e.g. [14,
Theorem 12.1.1]) and the work goes into proving smoothness. Thus this
falls under the general umbrella of a priori regularity methods, albeit sub-
stantively very different from the hyperbolic situations, and should be more
appropriately compared with results of [7] and [19].

In order to prove measure rigidity we develop principal elements of the
basic geometric approach of [20] in this general non-uniform setting. This
has been done partially already in [7] and we will rely on those results and
constructions of that paper which do not depend on existence of the semi-
conjugacy.

The main technical problem which we face is showing recurrence for ele-
ments within the Lyapunov hyperplanes. For the actions on the torus the
semi-conjugacy was used in a critical way. One main innovation here is a
construction of a particular time change which is smooth along the orbits
of the action but only measurable transversally which “straightens out” the
expansion and contractions coefficients. This is somewhat similar to the

3In our situation the codimension of orbits is at least three. When codimension of
orbits equals two there is not enough space for nontrivial behavior of higher rank actions
involving any kind of hyperbolicity, see [12].
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“synchronization” time change for Anosov flows introduced by Bill Parry
in [27]. The main technical difficulty lies in the fact that we need the new
action to possess certain properties as if it were smooth. Section 6 where
this time change is defined and its properties are studied is the heart and
the main technical part of the present paper.

2. PRELIMINARIES

2.1. Lyapunov exponents and suspension. In this section we briefly re-
call the definitions of Lyapunov characteristic exponents and related notions
for ZF and R* actions by measure preserving diffeomorphisms of smooth
manifolds. We refer to [6, Sections 5.1 and 5.2] for more details on general
theory in the discrete case and to [7] for further development in a more
specialized setting. We will use those notions without special references.

Let o be a smooth ZF action on a manifold M with an ergodic invariant
measure u. According to Multiplicative Ergodic Theorem for Z* actions
(see [6]) the Lyapunov decompositions for individual elements of o have a
common refinement TM = @ E, called the Lyapunov decomposition for a.
For each Lyapunov distribution £, the corresponding Lyapunov exponent,
viewed as a function of an element in Z*, is a linear functional y : Z¥ — R
which is called a Lyapunov exponent of . The Lyapunov exponents of «
are extended by linearity to functionals on RF. The hyperplanes ker x C
R* are called the Lyapunov hyperplanes and the connected components of
RF\ UX ker x are called the Weyl chambers of c.. The elements in the union
of the Lyapunov hyperplanes are called singular, and the elements in the
union of the Weyl chambers are called reqular. The corresponding notions
for a smooth R* action are defined similarly (see Proposition 2.1 below for
more details). We note that any R¥ action has k identically zero Lyapunov
exponents corresponding to the orbit directions. These Lyapunov exponents
are called trivial and the other ones are called nontrivial. For the rest of the
paper a Lyapunov exponent of an R¥ action will mean a nontrivial one.

One of the reasons for extending the Lyapunov exponents for a Z* action
to R¥ is that the Lyapunov hyperplanes may be irrational and hence “in-
visible” within Z*. It is also natural to construct an R¥ action for which
the extensions of the exponents from ZF will provide the nontrivial expo-
nents. This is given by the suspension construction which associates to a
given Z* action on a manifold M an R* action on the suspension manifold
S, which is a bundle over T* with fiber M. Namely, let Z¥ act on R* x M
by z (x,m) = (x — z,z2m) and form the quotient space

S =RF x M/ZF

Note that the action of R¥ on R¥ x M by z (y,n) = (z + y,n) commutes
with the Z*-action and therefore descends to S. This RF¥-action is called
the suspension of the Z*-action. There is a natural correspondence between
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the invariant measures, nontrivial Lyapunov exponents, Lyapunov distribu-
tions, stable and unstable manifolds, etc. for the original Z* action and its
suspension.

Since most of the arguments will be for the R* case, we summarize in
the next proposition important properties of smooth R actions given by
the nonuniformly hyperbolic theory (see [6, 2]). For a smooth R* action
o on a manifold M and an element t € R¥ we denote the corresponding
diffeomorphism of M by a(t). Sometimes we will omit « and write, for
example, tz in place of a(t)x and Dt in place of Da(t) for the derivative of
a(t)x.

Proposition 2.1. Let o be a locally free C'9 0 > 0, action of R* on a
manifold M preserving an ergodic invariant measure pu. There are linear
functionals i, i = 1,...,1, on R¥ and an a-invariant measurable splitting,
called the Lyapunov decomposition, of the tangent bundle of M

!
TM=TO&PE
i=1
over a set of full measure R, where TO is the distribution tangent to the R¥
orbits, such that for any t € R* and any nonzero vector v € E; the Lyapunov
exponent of v is equal to x;(t), i.e.

lim _n~"log| D(nt)vl| = xi(t),

where || - || is any continuous norm on TM. Any point x € R is called a
regular point.

Furthermore, for any e > 0 there exist positive measurable functions Ce(x)
and K.(x) such that for allz € R, v € Ei(x), t € R¥, andi=1,...,1,

(1) C @)ex® 3o < Db o] < Cofa)eXe® 2]y
(2) Angles Z(E;i(z), TO) > K (x) and Z(Ei(x), Ej(x)) > K (x), i # j;
(3) Ce(tz) < Co(x)efltl and K, (tz) > K. (x)e =ltl;

The stable and unstable distributions of an element a(t) are defined as
the sums of the Lyapunov distributions corresponding to the negative and
the positive Lyapunov exponents for a(t) respectively:

- = ) + = )
E.nw= D E. EL,= D E
xi(t)<0 (£)>0

2.2. Actions with Lyapunov exponents in general position. Let «
be an R¥ action as in the Main Theorem. Since (k+ 1) nontrivial Lyapunov
exponents of a with respect to u are nonzero functionals and the Lyapunov
hyperplanes are in general position, the total number of Weyl chambers is
equal to 2871 —2. Each Weyl chamber corresponds to a different combination
of signs for the Lyapunov exponents. In fact, 2¥*1 — 2 Weyl chambers
correspond to all possible combinations of signs except for all pluses and all
minuses. The fact that these two combinations are impossible can be seen as
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follows. First we note that y is non-atomic since it is ergodic for a and the
entropy for some element is positive. Now assume that there is an element
t € R* such that all exponents for a(t) are negative. Then every ergodic
component for a(t) is an isolated contracting periodic orbit [12, Proposition
1.3] and hence the measure p must be atomic. In particular, we obtain the
following property which will play an important role in our considerations.
Let xi, ¢ =1,...,k+ 1, be the Lyapunov exponents of the action « and let
E;,i=1,...,k+ 1, be the corresponding Lyapunov distributions.

(C) For every i € {1,...,k+ 1} there exists a Weyl chamber C; such that
for every t € R¥ N C; the signs of the Lyapunov exponents are

xi(t) < 0 and x;(t) > 0 for all j # i.

In other words, property (C) implies that each Lyapunov distribution E; is
the full stable distribution for any t € C;.

Recall that stable distributions are always Holder continuous (see, for
example, [2]). Therefore, property (C) implies, in particular, that all Lya-
punov distributions for such actions inherit the Holder continuity of stable
distributions. More generally, we have the following.

Proposition 2.2. Let o be a C'*?, 6 > 0 action RF as in Proposition 2.1.
Suppose that a Lyapunov distributions E is the intersection of the stable
distributions of some elements of the action. Then E is Holder continuous
on any Pesin set

(2.1) R={zeR: C.(z) <I,K.(x) >1"1}

with Holder constant which depends on | and Holder exponent § > 0 which
depends on the action o only.

2.3. Invariant manifolds. We will use the standard material on invari-
ant manifolds corresponding to the negative and positive Lyapunov expo-
nents (stable and unstable manifolds) for C'*? measure preserving diffeo-
morphisms of compact manifolds, see for example [1, Chapter 4].

We will denote by W(;(t)(x) and Wo) (z) correspondingly the local and

global stable manifolds for the diffeomorphism a(t) at a regular point x.
Those manifolds are tangent to the stable distribution E;(t). The global

manifold is an immersed Euclidean space and is defined uniquely. Any local
manifold is a C'*? embedded open disc in a Euclidean space. Its germ at
x is uniquely defined and for any two choices their intersection is an open
neighborhood of the point x in each of them. On any Pesin set R. the local
stable manifolds can be chosen of a uniform size and changing continuously

in the C'*? topology. The local and global unstable manifolds W;r(t) (z) and

W;'(t) (x) are defined as the stable manifolds for the inverse map a(—t) and

thus have similar properties.
It is customary to use words “distributions” and “foliations” in this set-
ting although in fact the objects we are dealing with are correspondingly
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measurable families of tangent spaces defined almost everywhere with re-
spect to an invariant measure, and measurable families of smooth manifolds
which fill a set of full measure.

Let o be an R¥ action as in the Main Theorem. Then property (C) gives
that each Lyapunov distribution E coincides with the full stable distribution
of some element of the action. Therefore, we have the corresponding local
and global manifolds W (z) and W(z) tangent to E. More generally, these
local and global manifolds are defined for any Lyapunov distribution £ as in
Proposition 2.2. We will refer to these manifolds as local and global leaves
of the Lyapunov foliation W.

3. PROOF OF MAIN THEOREM

As we mentioned before, part (1) of the Main Theorem follows immedi-
ately from part (2) by passing to the suspension. In this section we deduce
part (2) from the technical Theorem 4.1. First we show that the existence of
an element with positive entropy implies that all regular elements have pos-
itive entropy and that the conditional measures on every Lyapunov foliation
are non-atomic almost everywhere. This is done in Section 3.1. Applying
Theorem 4.1 we obtain that for every Lyapunov foliation VW the conditional
measures on ¥V are absolutely continuous. We conclude the proof of the
Main Theorem in Section 3.2 by showing, as in [7], that this implies abso-
lute continuity of p itself.

3.1. Conditional measures on all Lyapunov foliations are nonatomic.
We recall that a diffeomorphism has positive entropy with respect to an er-
godic invariant measure y if and only if the conditional measures of p on its
stable (unstable) foliation are non-atomic a.e. This follows for example from
[25]. Thus if the entropy h,(t) is positive for some element t € R¥ then the
conditional measures of y on W{j(t) are non-atomic. Then there exists an
element s in a Weyl chamber C; such that the one-dimentional distribution
E; = E_ ) is not contained in Ei(t) and thus E;r(t) - E;F(S) =D, Ej
Hence the conditional measures on W;r(s) are also non-atomic. This gives
hu(s) > 0 which implies that the conditional measures on W; = W;(S) must
be also non-atomic. Now for any j # i consider the codimension one distri-
bution E = Dz Ex = E;t(tj) for any t; in the Weyl chamber C;. Since
E; C E; we see that the conditional measures on the corresponding folia-
tion WJ’ are non-atomic. Hence h,(t;) > 0 and the conditional measures on
W; = W;(tj) are non-atomic too. We conclude that the conditional mea-
sures on every Lyapunov foliation W;, i = 1,...,k+1, are non-atomic. This
implies, in particular, that the entropy is positive for any non-zero element
of the action.

3.2. The absolute continuity of p. The remaining argument is similar
to that in [7]. In order to prove that u is an absolutely continuous measure
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we shall use the following theorem that is essentially the flow analogue of
what is done in Section 5 of [22] (see particularly [22, Theorem (5.5)] and
also [25, Corollary HJ).

Theorem 3.1. Let f : M — M be a C'T% diffeomorphism with invariant
measure o and assume that h,(f) is equal both to the sum of the positive
Lyapunov exponents and to the absolute value of the sum of the negative
Lyapunov exponents. If the directions corresponding to zero Lyapunov ex-
ponents integrates to a smooth foliation and the conditional measures with
respect to this central foliation are absolutely continuous, then u is absolutely
continuous with respect to Lebesgue measure.

To use Theorem 3.1 recall that there are 28T! — 2 Weyl chambers for
« and any combination of positive and negative signs for the Lyapunov
exponents, except for all positive or all negative, appears in one of the Weyl
chambers. We use notations of Section 2.2 and consider an element t in the
Weyl chamber —Cj. Then the Lyapunov exponents of t have the following
signs: x;(t) > 0 and x;(t) < 0 for all j # i. Since the conditional measures
on W+(t) are absolutely continuous by Lemma 7.4, we obtain that

hu(a(t)) = xi(t)

for any t in —C;. By the Ruelle entropy inequality h,(a(t)) < =37, x;(t)
and hence
k+1

ZXj(t) <0.

If Zfi% X;j(t) = 0 then Theorem 3.1 applies and the proof is finished.

Thus we have to consider the case when Zfill x;(t) < 0 for all t in all

Weyl chambers —C;, i = 1,...k + 1. This implies that Ufill C; lies in the

positive half space of the linear functional Zfill X;- But this is impossible

since there exist elements t; € C;, i = 1,...k+1 such that Zfill t;,=0. O

4. THE TECHNICAL THEOREM

In the notations of Proposition 2.1, an ergodic invariant measure u for a
smooth locally free R¥ action « is called hyperbolic if all nontrivial Lyapunov
exponents i, i = 1,...,1, are nonzero linear functionals on R¥.

Theorem 4.1. Let p be a hyperbolic ergodic invariant measure for a locally
free C19 0 > 0, action a of R¥, k > 2, on a compact smooth manifold M.
Suppose that a Lyapunov exponent x is simple and there are no other expo-
nents proportional to x. Let E be the one-dimensional Lyapunov distribution
corresponding to the exponent x.

Then E is tangent p-a.e. to a Lyapunov foliation VW and the conditional
measures of ;L on W are either atomic a.e. or absolutely continuous a.e.
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The assumptions on the Lyapunov exponents in Theorem 4.1 are consid-
erably more general than in the Main Theorem. In particular they may be
satisfied for all exponents of a hyperbolic measure for an action on any rank
greater than one on a manifold of arbitrary large dimension. As an example
one can take restriction of an action satisfying the assumption of part (1)
of the Main Theorem to any lattice L C ZF of rank at least two which has
trivial intersection with all Lyapunov hyperplanes. For this reason Theo-
rem 4.1 has applications beyond the maximal rank case considered in the
Main Theorem. Those application with be discussed in a subsequent paper.

On the other hand, positivity of entropy for some or even all non-zero ele-
ments is not sufficient to exclude atomic measures on some of the Lyapunov
foliations. Thus application to more general actions may include stronger
assumptions on ergodic properties of the measure.

4.1. Outline of the proof of Theorem 4.1. We note that the Lyapunov
distribution F may not coincide with the full stable distribution of any
element of o. First we will show that E is an intersection of some stable
distributions of «.

An element t € R¥ is called generic singular if it belongs to exactly one
Lyapunov hyperplane. We consider a generic singular element t in L, i.e. x
is the only non-trivial Lyapunov exponent that vanishes on t. Thus

_ - +
TM =TO & Eyy ® E® Ef,

We can take a regular element s close to t for which x(s) > 0 and all other

non-trivial exponents have the same signs as for t. Thus E;(S) = E;(t)

and E;r(s) = E;r(t) @ E. Similarly, we can take a regular element s’ close
to t on the other side of L for which x(s') < 0 and E;“(S,) = Ei(t) and
E;(S,) = E;(t) @ E. Therefore,

E=E" NnE_,.=E- .NE_ .
) a a(s)

a(s) a(s (—s) s’
We conclude that the Lyapunov distribution F is an intersection of sta-
ble distributions and, as in Proposition 2.2, is Hélder continuous on Pesin

sets. As in Section 2.3, F is tangent p-a.e. to the corresponding Lyapunov

foliation W = Woj(is) N W;(S,).

We denote by 1)V the system of conditional measures of  on W. By er-
godicity of u these conditional measures are either non-atomic of have atoms
for p-a.e. x. Since W is an invariant foliation contracted by some elements
of the action, it is easy to see that in the latter case the conditional measures
are atomic with a single atom for p-a.e. z (see, for example, [20, Proposition
4.1]). The main part of the proof is to show that if the conditional measures
p)V are non-atomic for y-a.e. x, then they are absolutely continuous pu-a.e.

To prove absolute continuity of the conditional measures on W we show in
Section 7 that they are Haar with respect to the invariant family of smooth
affine parameters on the leaves of W. As in [7], this uses affine maps of the
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leaves which preserve the conditional measures up to a scalar multiple. Such
affine maps are obtained in [7] as certain limits of actions along W by some
elements of the action. It is essential that derivatives of these elements along
W are uniformly bounded. In [7] it was possible to choose such elements
within the Lyapunov hyperplane L. We note that in general Multiplicative
Ergodic Theorem only guarantees that the elements in L expand or contact
leaves of VW at a subexponential rate.

The main part of the proof is to produce a sequence of elements of the
action with uniformly bounded derivatives along VW and with enough recur-
rence. In Section 5 we define a special Lyapunov metric on distribution F
and show that it is Holder continuous on Pesin sets. Then in Section 6.1 we
construct a measurable time change for which the expansion or contraction
in E with respect to this Lyapunov metric is given exactly by the Lyapunov
exponent . This gives sufficient control for the derivatives along W.

To produce enough recurrence we study properties of this measurable time
change in Section 6.2. We prove that it is differentiable along regular orbits
and Holder continuous when restricted to any Pesin set (2.1). This allows us
to show in Section 6.3 that the time change has some structure similar to that
of the original action. First, it preserves a measure equivalent to . Second,
it preserves certain “foliations” whose restrictions to Pesin sets are Holder
graphs over corresponding foliations of the original action a.. More precisely,
the leaves for « are tilted along the orbits to produce invariant sets for the
time change action 3 and the tilt is a Holder function when restricted to a
set of large measure (the intersection with such a set has large conditional
measure for a typical leaf). Of course, the Holder constants (but not the
exponents) deteriorate when one increases the Pesin set but in the end one
gets a measurable function defined almost everywhere.

Using these properties, we show in Section 6.4 that for a typical element
in the Lyapunov hyperplane L the time change acts sufficiently transitively
along the leaves of WW. For this we use the “m-partition trick” first introduced
in [20] for the study of invariant measure of actions by automorphisms of a
torus and adapted to the general nonuniform situation in [7]. We use this
argument for the time change action § and the main technical difficulty is
in showing that the weird “foliations” described above can still be used in
essentially the same way as for smooth actions.

5. LYAPUNOV METRIC

In this section we use notations of Theorem 4.1. We define a Lyapunov
metric on the Lyapunov distribution E and establish its properties.

We fix a smooth Riemannian metric < -,- > on M. Given € > 0 and a
regular point x € M we define the standard e—Lyapunov scalar product (or
metric) < -,- >, as follows. For any u,v € E(z) we define

(5.1) < UV > = /Rk < (Ds)u, (Ds)v > exp(—2x(s) — 2¢||s||) ds
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We observe using (1) of Proposition 2.1 that for any € > 0 the integral above
converges exponentially for any regular point .

We will usually omit the word “standard” and will call this scalar product
e-Lyapunov metric or, if £ has been fixed and no confusion may appear,
simply Lyapunov metric. The norm generated by this scalar product will be
called the (standard e-) Lyapunov norm and denoted by || - ||z or || - |-

Remark. The definition above gives a measurable scalar product on any
Lyapunov distribution E of an arbitrary nonuniformly hyperbolic R* ac-
tion (and similarly for a Z* action), without any assumption on Lyapunov
exponents, such as multiplicity, or on geometry of Lyapunov hyperplanes.
One can also define the Lyapunov scalar product on the whole tangent space
T, M by declaring the Lyapunov distributions to be pairwise orthogonal and
orthogonal to the distribution 7O tangent to the orbits of the R* action (on
TO one can take a canonical Euclidean metric given by the action). Proposi-
tion 5.1 as well as estimates (5.4) and (5.5) hold for such general case. Also,
continuity of the Lyapunov scalar product on sets of large measure follows
simply from measurability by Luzin’s theorem. However, Holder continuity
on Pesin sets for the Lyapunov scalar product on a given Lyapunov distribu-
tion E requires similar Holder continuity of E. The latter is not necessarily
true for an arbitrary Lyapunov distribution.

We denote by DZ the restriction of the derivative to the Lyapunov dis-
tribution E. The main motivation for introducing Lyapunov metric is the
following estimate for the norm of this restriction with respect to the Lya-
punov norm.

Proposition 5.1. For any regular point x and any t € R*
(5.2) exp(x(t) — el|t]) < [[DF tll- < exp(x(t) +e]t])).

Proof. Fix a nonzero u € E(z). By the definition of the standard
e-Lyapunov norm we obtain

I(Dat)ullt, . = /Rk |(Deas) (Dat)ul® exp(—2x(s) — 2lls||) ds =
/Rk I(Da(s + t))ul|* exp(—2x(s) — 2]|s||) ds =

(53) [ D8l exp(=2x(s' ~ t) = 2’ — t]) s
RE
We note that the exponent can be estimated above and below as follows
—2x(s" = t) — 2¢|s" — t[| < (=2x(s") — 2¢[|s'|) + 2(x(t) + <[it]]),
=2x(s' —t) — 2¢||s’ — t|| > (=2x(s") — 2¢||8'[|) + 2(x(t) — e[t]]).
These inequalities together with the definition

lullz.c = /Rk 1(D28")ul|? exp(—2x(s") — 2¢]|s']|) ds’
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give the following estimate
XO=MN |2 < ||[(Dat)ul, . < 2XOTD )2
which concludes the proof of the proposition. O

Now we establish some important properties of the Lyapunov metric.
First we note that the original smooth metric gives a uniform below estimate
for the Lyapunov metric, i.e. there exists positive constant C' such that for
all regular x € M and all u €

(5:4) [ullze > Cllull

The next proposition establishes the opposite inequality as well as conti-
nuity of the Lyapunov metric on a given Pesin set. We note that similarly
to the proof of Lemma 6.1 below one can show that e-Lyapunov metric is
actually smooth along the orbits.

Proposition 5.2. The e-Lyapunov metric is continuous along any reqular
orbit and on any Pesin set R.. Furthermore, there exists C(l,€) > 0 such
that for all z € RL and allu € E

(5.5) [ullee < CU ) ull-
Proof. Let us fix u € E(x) with ||u|| = 1. The integrand in equation
(5.1)

f(z,s) =< (Dgs)u, (Dgs)u > exp(—2x(s) — 2¢||s||)
is continuous with respect to z on RL by Proposition 2.2. Also, by (1) of
Proposition 2.1 we have |f(z,s)| < C.(z) exp(—¢||s||) and hence for x € RL

f(x,s) dsg/ C.(z) exp(e||s\|)ds§l/ exp(—el|s]||) ds.
RE Rk RF

This implies the estimate (5.5) and the continuity of the metric on the
Pesin set R.. The continuity along orbits follows since for any regular point
x and any bounded set B C R¥ there is [ such that Bz C RL. O

Next we obtain Holder continuity of the Lyapunov metric which will be
crucial for deducing properties of the time change in Section 6.

Proposition 5.3. There exists v > 0 which depends only on € and on the
action and K (l,€) > 0 which, in addition, depends on the Pesin set Ré such
that the e-Lyapunov metric ws Hélder continuous on leE with exponent v and
constant K(l,¢€).

Remark. We note the dependence of the constant in (5.5) and Holder con-
stants in Propositions 2.2 and 5.3, as well as below in Propositions 6.4 and
6.7 on the Pesin set RL. For a fixed ¢ these constants depend only on I and
can be estimated by CIP for some power p. This holds in Proposition 2.2 and
can be observed in the proofs of the other propositions. By (3) of Proposition
2.1 for any t € R* we have a(t)(R) ¢ RY with I/ = exp(e||t||)l. Therefore,
we can say that these constants may grow in t with a slow exponential rate,
more precisely, by a factor at most exp(pel|t||).
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Proof. We consider two nearby points x and y in a Pesin set Cng. By
Proposition 2.2 we can take vectors u € E(x) and v € E(y) with ||u|| =
|v|| = 1 for which the distance in TM can be estimated as dist(u, v) < K1p°,
where p = dist(z,y). Since E is one-dimensional it suffices to show that
|u]|z,e and ||v]|,c are Holder close in p. We will now estimate

o= [ QDS)I? = I(Ds)olP) exp(~2x(5) — 2[5l s
Using spherical coordinates s = s(r, §) where r = ||s|| and denoting

¥(s) = ([(Ds)ull® — [|(Ds)v]|*) exp(~2x(s) — 2er)

lullze = Tl

we can write

Jul2, — ]2, = /0 " f(r)dr, where f(r) =1 /S o).

k—1

We will estimate the difference ||(Ds)ul|? — || (Ds)v||? inside a large ball using
closeness of u and v and outside it by estimating each of the two terms. Since
the action « is smooth we observe that

II(Ds)ull® = (Ds)v]|?| < dist((Ds)u, (Ds)v) - (||(Ds)ul| + [ (Ds)o])

< Cyexp(L|s||) - dist(u, v) < Cy exp(Lr) K1p°

for some L > 0. Hence we obtain [1(s)| < K1Cyexp(M'r) p°, where M’ =
L +2(||x|| +¢). Then for sufficiently large a we have

a a
/ |f(r)|dr < / rF K Cs exp((M)r) pdr < K104 exp(Ma) o,
0 0
where for simplicity we absorbed the polynomial factor appearing in the
estimates into the exponent. Then

J 1 @
(5.6) for a= ng; we have /0 ()| dr < Ky p?/2.
Now we consider [°|f(r)|dr. Since z,y € R., using (1) of Proposition 2.1

we obtain |¢(s)| < 2I? exp(—er). Hence

/ £ (r])dr S/ r* 10512 exp(—er) dr < K3 exp(—ea/2)

a

where we again absorbed the polynomial factor into the exponent. For a
defined in (5.6) this gives us

/ T 1) dr < Ky exp(—ea)2) < Ksp,

where v = 2. Combining this with the estimate (5.6) for [;|f(r)|dr we
obtain

o0
ul, — oll2.] < /0 )] dr < Kap.
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According to (5.4), the Lyapunov norm is bounded below by the usual norm,
so that

e = 1Vllyel < Mlullze = 1015l /lulles + [ollye) <
< llullze = o5 l/2K < Ksp?
which completes the desired Holder estimate. O

6. MEASURABLE TIME CHANGE AND ITS PROPERTIES

6.1. Construction of a measurable time change. In this section we use
notations of Theorem 4.1. We fix small ¢ > 0 and consider the Lyapunov
metric ||.||c on the Lyapunov distribution E. We first study the behavior of
the derivative restricted to E along the RF-orbits. For a regular point x we
consider the function f, : R¥ — R given by

(6.1) f2(t) = log || D;’t]]-
According to Proposition 5.1 the function f satisfies inequalities

(6.2) X(t) —ellt] < fo(t) < x(t) 4 el[t].

Also, since F is one-dimensional, f satisfies the cocycle identity

(63) fx(t+s) :fx(t)+ftx(s)'

We will now establish smoothness of the function f, in t.

Lemma 6.1. For any reqular point x the function f.(t) is C'. More pre-
cisely, for any t,e € R* we have

(Defz) e = x(e) + e ez (e),

where |y (e)| < 3|le|| and Yya(e) is continuous in t and e.
Proof. Fix a regular point x and consider the function
F(t) = exp(fi(t)) = | D7 t] .
Fix a vector v € E(x) with ||ul/. = 1. Since E(z) is one-dimensional,
F(t) = [[(Dat)ul e,
Using the definition of the Lyapunov metric we obtain as in (5.3) that
F?(t) = /Rk I(Das)ull® exp(—2x(s) + 2x(t) — 2]|s — t]|) ds

Differentiating at t we obtain

(Dy F?)e = / I(Das)ull? exp(—2x(s) + 2x(t) — 2¢]s — t])x
Rk

<s—t,e>
2x(e) +5’> ds =
( Is — ¢

[ 1G5+ ol expl-2x(s) — 228l - (2x(e) += 5257 ) ds =
o E
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= 2x(e)F*(t) + e (t, e),
where

P(t,e) = /Rk I(Dx(s +t))ul|* exp(—2x(s) — 2¢]s|))

Then for the function f, we obtain

<s,e>

———ds
sl

(DtF2) e
2F2(t)
where 1)(t,e) = ¥(t,e)/2F%(t). We observe that 1)(t,e) is continuous in
t and e and hence so is ¢, (t,e). We conclude that f,(t) is C'. Since

| < s,e>-||s||7!| < |le|| we obtain |1 (t,e)| < F?(t)|/e|| and hence

[¥z(t, €)] < le]l /2.

We also note that ¢;(t,e) = ¢,(0,e), which follows for example from the
cocycle relation (6.3). Denoting 1,(e) = (0,e) we obtain the desired
formula for (Dy f,) e with function v, (e) which is continuous in e € R¥ and
satisfies |1y, (e)| < 3|le]. O

(Def2)e = Dullog F?) e = = X(€) + < Yalte),

Now we proceed to constructing the time change. We fix a vector w in
R* normal to L with x(w) = 1. We will assume that ¢ and ¢||w|| are both
small, in particular ¢||w|| < 1/2.

Proposition 6.2. For p-a.e. € M and any t € RF there exists a unique
real number g(x,t) such that the function g(z,t) = t+ g(x, t)w satisfies the
equality

IDF a(g(a,t))] = .

The function g(x,t) is measurable and is continuous in x on Pesin sets (2.1)
and along the orbits of a.. It satisfies the inequality |g(x,t)| < 2¢||t||.

In Section 6.2 we will show that g(z,t) is actually Holder continuous in
x on Pesin sets and is C! in t.
Proof. Recall that by Proposition 5.1 for any regular point z we have

(6.4) exp(x(t) —e[[t]]) < [[DFa(t)]l < exp(x(t) + el|t]]);
thus in particular
(6.5) exp(s — es|[w]|) < [[DFa(sw)|l < exp(s + es|[w])).
We fix a regular point z and define

d(s) = log | Dy, a(sW)le = fa(eya(sW).
Using Lemma 6.1 we obtain

d
(66) d),(s) = %fa(t)z(sw) = (DSWfa(t)tc)w =

= X(W) + 67!}(sw—i-cv(t))an(VV)) >1- 6”VV||/2 >0
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This implies that ¢ : R — R is a C! bijection. Hence there exists a unique
number sy such that ¢(sg) = x(t) — log ||DFa(t)||. and thus g(z,t) = so
satisfies the equation in the lemma. We observe that (6.4) implies

—elltl] < x(t) —log [ DY a(t)|" < ]t].
Also, (6.5) implies
s —es||wll < ¢(s) < s +esfwl.

Hence |¢(s)| > 3|s| and we conclude that |g(z,t)| = |so| < 2¢||t|
The continuity of g(z,t) in  on Pesin sets and along the orbits of «
follows from the corresponding continuity of the Lyapunov norm. O

Proposition 6.3. The formula 3(t,z) = a(g(z,t))z defines an R* action
B on M which is a measurable time change of «, 1i.e.

(6.7) B(s +t,x) = B(s, B(t,x)), or

(6.8) gz, s +t) = g(z,t) + gla(g(z, t))z,s).
The action (8 is measurable and is continuous on any Pesin set for a.

Remark. The time change is defined using a condition on the derivative of
the original action restricted to E¥. The new action is not necessarily smooth
and typically does not preserve the Lyapunov foliation YW. However, it does
preserve the sum of the distribution F with the orbit distribution as well as
the corresponding orbit-Lyapunov foliation.

Proof. We will verify (6.7). This relies on the uniqueness part of the
previous proposition. If we denote

y = 0(t,z) = a(g(z,t))z

we can rewrite the right side of (6.7) as

/B(saﬁ(ta x)) = /8<S7y) :a(g(ya S)) Yy =
(6.9) a(g(y,s)) o a(g(z,t)) z = a(g(y,s) + gz, t)) z =
a(s+t+(9(y,s) +g(z,t))w) z.

From this equation we see that the point 3(s, 5(t, z)) belongs to the {tw}-
orbit of a(s + t)x. By definition, the point G(s + t,z) also belongs to this
orbit, moreover, it is the unique point of the form a(s + t + gw)x for which

ID7 (s + t + gw) [l = 5T

On the other hand, equation (6.9) and the definition of g(y,s) and g(x,t)
imply that

DY a(s +t + (g(y,s) + g(z,t))w)|. =
IDEa(g(y,s))]e - |IDEa(g(x, )] = eX®) - X®),
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Thus we conclude that the points 5(s, 3(t,z)) and ((s + t,z) coincide, i.e.
(6.7). In particular, we obtain

g(z,s +t) = g(z,t) + g(B(t, x),s)

which gives equation (6.8). O

6.2. Properties of the time change.

Proposition 6.4. The time change g(x,t) is Hélder continuous in x with
Hélder exponent vy on any Pesin set R.. The Hélder constant depends on
the Pesin set and can be chosen uniform in t for any compact subset of R¥.

Proof. We fix t € R* and two nearby points z and y in a Pesin set
RV We take I = I' exp(e]|t]|) and note that by Proposition 2.1 (3) we have
a(t)(RY) ¢ RL. Hence the points z, y, a(t)z, and a(t)y are all in the Pesin
set RL. To prove the Hélder continuity of g(z,t) we need to show that
lg(x,t) — g(y,t)| are Holder close with respect to the distance between z
and y, i.e. can be estimated from above by a constant multiple of a power
of p = dist(z,y).

First we show that ||DFa(t + g(x,t)w)]||c and ||DyEa(t + g(x,t)w)||. are
Holder close in p. This can be seen as follows. Since the action « is smooth,
the points a(t + g(z,t)w, z) and a(t + g(z, t)w,y) as well as the derivatives
Dot + g(z,t)w) and Dya(t + g(z,t)w) are Hélder close in p with con-
stant depending only on the action and |[t||. Also, by Proposition 2.2 the
distribution F is Hélder continuous in p on the Pesin set RL. Finally, the
Lyapunov metric is Holder continuous in p on ng with the Holder exponent

~ by Proposition 5.3 and its ratio to a smooth metric is uniformly bounded
above and below on R by (5.4) and (5.5). We conclude that

(6.10) IIDZ et + g(z, t)w)|l — [|Dy a(t + gz, t)w) || < K1p?
By the definition of g(z,t) = t + g(z,t)w we have
(6.11) ID7a(t + g(z, t)w)| = X = [ DFa(t + g(y, t)w)|..
Then (6.10) and the first equality in (6.11) imply that

1Dy at + g(@, t)w) |l — X V| < Kyp7.

We note that the points a(t + g(z,t)w,y) and a(t + g(y,t)w,y) are on
{tw}-orbit of point «(t,y), and that the value g(y,t) is determined by the
second equality in (6.11). Therefore, the difference g(y, t)—g(z, t) represents
the time adjustment in w direction required to bring the norm HDfoz(t +
sw)||. from being K;p7-close to eX(*) to being exactly eX(t). Recall that by
Lemma 6.1 the norm HDyE a(t + sw)||c varies smoothly with s (see equation
(6.6) in the proof of Proposition 6.2). Thus we conclude that |g(y,t) —
9(z, )| < Ko, 0
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Proposition 6.5. The time change g(x,t) =t + g(z,t)w is differentiable
and C" close to identity in t. More precisely, for a.e. x

Jg
- <e.
|| 9t(x7t)H ¢

Proof. We fix a regular point = and vectors t,e in R¥ and consider a
function of two real variables

(6.12) O(s,g) = fz(t + se + gw) — x(t + se).

We note that, by Proposition 6.2, g(s) = g(x,t + se) is the unique solution
for the implicit function equation ®(s, g(s)) = 0.
Using Lemma 6.1 we obtain
0P
aig(sa g9) = (Dt+se+gwf:c) w=x(w) + 6Q/)(t+se—i-gw)m(vv)v

where |94 se+gw)z(W)| < %|lw]|| and is continuous in s and g. Similarly,

0P
g(sa g) = X(e) te w(t-l—se—&—gw)a;(e) - X(e) = 5w(t+se+gw)$(e)'

We conclude that @ is a C! function of (s, g). Moreover, since y(w) = 1
and ¢ is small we obtain
0P
8—g(s,g) =1+ eV(ttsergw)z(W) = 1 —¢l|w| /2 >0,
Therefore, by implicit function theorem, g(s) is differentiable and
0P > <8(I) >_1 _5¢(t+se+ w):c(e)
/ g
g(s)=—(—=0(s,9(s —(s,9(s = )
== (Geteae) (Fpiosten) = et

Moreover, since [¢(¢1set+gw)az ()| < %HH we obtain

ellel

l9'(s)] < <ele|
2

—e|wll

provided that ¢||w]|| < 1. Since g(s) = g(x, t + se) we have

(o)) e =g

and thus the partial derivatives of g(x, t) in the second variable exist and are
continuous in t. We conclude that g(z,t) is C! in t with ||%(x,t)|| <e 0O

6.3. Properties of the action 5. We note that the new action [ is not
smooth. Hence the notions and results of nonuniformly hyperbolic theory
do not apply to B formally. In particular, such objects as derivatives, Lya-
punov distributions, Lyapunov exponents, and Lyapunov hyperplanes will
always refer to the ones of the original action a. However, the new action (8
inherits some structures of o such as invariant measure and invariant “foli-
ations” which are close to those of .. This is described in the following two
statements. We will use these structures in the next section to obtain some
important transitivity properties of 3.
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Proposition 6.6. The determinant of the time change g(x,t)

A(z) = det (‘Zf@:, 0))

is a measurable function which is L close to constant 1 on M. There-
fore, the new action (B preserves an invariant measure v which is absolutely
continuous with respect to p (and equivalent to u) with density % = A(x)~L

Proof. The L* estimate for the determinant follows immediately from
the fact that by Proposition 6.5 for a.e. x

9g(z,t)
—— —1d|| <Le.
1280 1a) <
Then the existence of the invariant measure v for § follows from [11]. O

We will denote by N the orbit foliation of the one-parameter subgroup
{tw}.

Proposition 6.7. For any element s € R* there exists stable “foliation”

W) which is contracted by B(s) and invariant under the new action 3. It

consists of “leaves” WB_(S) (x) defined for almost every x. The “leaf” Wﬁ_(s) (z)
is a measurable subset of the leaf (N & W;(S))(x) of the form

Wi (@) = {alea(y)w)y - y € W (2)},

where @z 1 W )(w) — R is an almost everywhere defined measurable func-

a(s
tion. For x in a Pesin set the @, is Holder continuous on the intersection of
this Pesin set with any ball of fixed radius in 07(5) (x)with Hélder exponent

v and constant which depends on the Pesin set and radius.

Proof. We will give an explicit formula for the function ¢, in terms of
the time change so that its graph is contracted by 3(s). The calculation is
similar to finding stable manifolds for a time change of a flow. The Holder
continuity of ¢, will follow from the formula and the Holder continuity of
the time change. Since W;(S) is invariant under «, we note that N' @ W;(s)

is invariant under 3 by the construction of the time change. Since VNV/BT(S) ()
is clearly characterized within N' & W

als
and since B(t) is continuous on Pesin sets, the usual argument yields that
for p-a.e. regular point = we have ﬁ(t)(WB_(s) (z)) = Wis) (B(t)x) mod 0.
Thus we obtain the invariance of W under the whole action 3.

Let x and y € W;(S) (z) be in a Pesin set RL. We denote o = 2 and

)(x) by the contraction property

Tn = B(s,2p—1) = B(ns,z) = asy)x, where s, =ns+ g(z,ns)w. (1)
Since points y and z,,, n > 1, are in the same orbit-stable leaf O & W;(S) ()

S

we can define y, to be the intersection of the orbit of y with Wa( )(:z:n).
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Since all points y,, n > 1, are on the orbit of y, we can represent y,+1 as
B(S + tn, yn) for some t,, € R* and write

Yn = B(s +tp1,Yn—1) = ... = B(ns + (to + ... + tn-1),y) = alsn)y.  (2)
The last equality follows from invariance of W;(S) under « which gives that
a(s,)y is on Wes) leaf of z,, = a(sy)z and thus coincides with y, by defi-
nition. Recall that by Proposition 6.2 the function g satisfies

l9(z,t)] < 2¢][t]] (3)

for any regular point z and t € R*. Hence the sequence s,, = ns+ g(z,ns)w
remains in a narrow cone around the direction of s. We conclude that
diffeomorphisms «(s,) contract the stable manifold Wiis) (x) exponentially

and thus
dist(xp, yn) = dist(a(sy)z, a(s,)y) < Kie” "X dist(z, y) (4)

for some x > 0 which can be chosen close to the slowest contraction rate for
afs).

Next we will show that the series t = ) > t; converges exponentially
so that according to (2) we have dist(y,, 3(ns + t,y)) — 0 exponentially.
Combining this with (4) we obtain that for g = 5(t,y)

dist(B(ns, z), B(ns, y)) = dist(zy,, B(ns + t,y)) — 0 (5)
exponentially and thus g belongs to the stable “leaf” Wg(s) ().

To show that the series t = E?io t; converges we estimate t,, as follows.
Similarly to the last equalities in (1) and (2) we can write

Tyl = a(s+ g(xn,s)W)z, and  ypt1 = a(s+ g(Tn,S)W)yn.  (6)
Denoting t!, = (¢(zn,s) — g(yn, s))w we obtain using (2) and (6) that
Btn)B(s,yn) = B(s + tnyyn) = Ynt1 = als + g(xn, S)W)yn =
a(t, + 5+ g(Yn, )W)yn = a(ty)a(s + g(yn, s)W)yn = a(t},)5(s, yn)
This shows that t,, is uniquely determined by the following equations
a(ty)zn = B(tn)z, or tn 4 g(2n, tn)W = t;, = (9(zn,8) — g(yn, 8))W,

where z, = (s, yn). Using (3) we conclude that t,, is a vector parallel to w
whose length satisfies

ctl <||tullgr < Ct,, where t = |g(zn,s) — g(yn,s)|.

Thus we need to investigate the convergence of the series

o0 [e%¢)
' =>"t,= lg(@n.s) — g(yn.9)|.
n=0 n=0

By Proposition 6.4 the function ¢ is Holder continuous with exponent
and constant depending on the Pesin set. For xz and y in the Pesin set
RL, x, and y, are in another Pesin set RY for which the Holder constant
deteriorates from that of R! by a factor at most exp(pe||s,||) < exp(2pen)
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(see Remark after Proposition 5.3). Replacing s by its multiple if necessary
we may assume without loss of generality that y > 2pe. Then (4) implies
that the series converges exponentially and its sum satisfies

t' < Kodist(x,y)".

This completes the proof of (5) and shows that § € Wﬁ_(s) (), where § =

B(t,y) with t = tw and [|t|| < C't' < Ksdist(x,y)?. Hence § can be repre-
sented as

7 = a(pz(y)w)y, where [, (y)| < Kydist(z,y)".

We conclude that W[;(s) (x) is of the form stated in the proposition. The
Holder continuity of ¢, with Holder exponent v can be obtained similarly

to the Holder estimate for ¢, in the previous equation. The constant Ky
depends on the Pesin set R.. O

The corresponding unstable “foliation” W;(S) can be obtained as Wﬂf (—s).

Since the foliation W corresponding to the Lyapunov distribution E is an
intersection of stable foliations we obtain the following corollary.

Corollary 6.8. For the Lyapunov foliation VW corresponding to the distri-
bution E of the original action « there exists “foliation” W invariant under
the new action 3 of the form described in Proposition 6.7.

The foliation W will be referred to as the Lyapunov foliation of 8 corre-
sponding to the Lyapunov distribution E.

6.4. Recurrence argument for the time change. Recall that an ele-
ment t € R¥ is generic singular if it belongs to exactly one Lyapunov hyper-
plane. We consider a generic singular element t in the Lyapunov hyperplane
L. Our goal is to show that for a typical point  the limit points of the orbit
B(nt), n € N, contain the support of the conditional measure of v on the leaf
W(x) More precisely, we prove the following lemma which is an adaptation
of an argument from [20] for the current setting.

We say that partition &; is coarser than & (or that & refines &) and
write £ < & if {&(x) C & (x) for ae. .

Proposition 6.9. For any generic singular element t € L the partition
a(t) tnto ergodic components of v with respect to B(t) is coarser than the

measurable hull V) of the foliation W.

Proof. For a generic singular element t in L, x is the only non-trivial
Lyapunov exponent that vanishes on t. As in Section 4.1 we take a regular
element s close to t for which x(t) > 0 and all other non-trivial exponents
have the same signs as for t. Then E_ als) = ( ) and ET, a(s) = (t) G FE.

Consequently, for the action § we have {(Wj ) = &( 5(t)) and EOWV ,B(s ) <
13 (W (t)). Birkhoff averages with respect to 5 ( ) of any continuous function
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are constant on the leaves of Wﬁ_(t). Since such averages generate the algebra
of B(t)-invariant functions, we conclude that the partition g into the
ergodic components of 3(t) is coarser than £ (Wg(t)), the measurable hull of

the foliation W,g(t)' The equality S(WE(S)) = S(W/;(s)) is proved in the next

proposition, so we conclude that
(6.13) €ty < EWge) = EWj)) = EWVI ) < EOV).
O

Remark. Equalities in (6.13) represent the “m-partition trick” which first
appeared in [20] in the setting of actions by automorphisms of a torus.
Absence of Lyapunov exponents negatively proportional to y is necessary for
this argument to work. If this condition holds for all exponents (other than
the trivial one corresponding to the orbit directions) the action is called
totally non-symplectic (TNS). On the other hand, presence of exponents
positively proportional to x, e.g. non-simplicity of x itself, forces considering
multidimensional coarse Lyapunov foliations, corresponding to all exponents
positively proportional to x. Naturally one cannot hope any more to have
the dichotomy of atomic vs. absolutely continuous but nevertheless under
additional assumptions the m-partition trick still works and allows to make
conclusions about conditional measures.

The (long) remainder of this section is dedicated to the justification of
the “m-partition trick” in our setting.

Proposition 6.10. (W ) = §(W_(S)) = m(B(s)), the m-partition of 5(s).

B(s) B
Proof. We will show that {(Wg(s)) = 7(B(s)). The other equality is

obtained in the same way. We note that in the case of diffeomorphisms this
result is given by Theorem B in [24]. Also, for the case of a hyperbolic
measure this result was established earlier in [22, Theorem 4.6]. In our case,
although some zero Lyapunov exponents appear, they correspond to the
orbit direction, so that the central direction will be easier to control than in
[24]. We will follow [22] and [24], so let us give a sketch of the proof in their
case.

6.4.1. Sketch of the proof in [22, 24]. In what follows, f will be a diffeomor-
phism preserving a measure i with unstable foliation W and local unstable
manifolds W*. The idea is to use the following criterium due to Rokhlin
[29] (Theorems 12.1 and 12.3). Given a partition { we denote by M, the
o-algebra generated by &.

Theorem 6.11. Let f be a measure preserving transformation and assume
& is an increasing partition, i.e £ > f&, satisfying:

(1) ;2o f77€ is the partition into points,

(2) h(f) = h(f,§) < oo.
Then the Pinsker o-algebra coincides mod 0 with the o-algebra (\,~ g M fne.
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For two partitions 7 and &,
Hlg) = [ log i (n(z) du(a),

where ¢ are the conditional measures associated to the measurable partition
€. And for an increasing partition &, h(f,&) = H(f~1€[¢). Also, H(n) =
H(n|T) where 7 is the trivial partition. We shall make use of the following
known formulas of the conditional entropy. Given partitions 7, &, ¢,

(1) H(CV En) = H(CIn) + H(EICV n),
(2) If n > £ then for any ¢, H((|n) < H((|),

(3) H(CIE) = H(nl§) — H(nl¢).

Also we shall make use of the following Lemma whose proof is left to the
reader.

Lemma 6.12. Let & and n, be measurable partitions and assume that if
D, ={z:&(x) C nu(x)} then u(D,) — 1. Then for any C,

lim H(C|€ V n,) = H(C|E)

We say that a partition ¢ is subordinated to W+ if U, C &(z) € W (x)
for a.e. z, where U, is some open neighborhood of z in W (z). In [22, 24]
first a partition £ is constructed as follows,

Lemma 6.13. [24, Lemma 3.1.1.] There exists a measurable partition &
with the following properties,

(1) € is an increasing partition subordinated to W,
(2) VoZo f7€ is the partition into points,
(3) Mazo Myng = Meown).-

Partitions of this type were used by Sinai [31] to study uniformly hyper-
bolic systems and were built in the general context in [23, Proposition 3.1.],
(see also [22, Proposition 3.1.]). Then it is proven that hypothesis (2) of
Theorem 6.11 is satisfied by any such partition.

In [22] and [24] the proof that hypothesis (2) of Theorem 6.11 is satisfied
by any of these partitions is in various steps. On one hand, the following
lemma is proven.

Lemma 6.14. [24, Lemma 3.1.2.] For any two partitions & and &a built in
Lemma 6137 h‘(f7 51) = h(f7 62)

On the other hand, it is proven that the entropy of the partitions £ built
in Lemma 6.13 approach A(f). To this end, it is built a countable partition
P, with finite entropy, i.e., H(P) < oo and such that h(f,P) is close to h(f).
Then h(f,P) and h(f,&) are compared where ¢ is a partition built in Lemma
6.13. It is in comparing this two entropies where the proof in [22] and [24]
differ. In [22] the comparison follows from the properties of ¢ and that
Pt =\, [P refines £ (this is done in the proof of [22, Proposition 4.5.])
while in [24] more work is needed because P does not a priori refines £ due
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to the presence of zero exponents. However, in our case, although some zero
exponents appear, they correspond to the orbit direction, so that PT will
essentially refine & because of the properties of the partition P. That is why
we are somehow closer to the proof in [22]. Finally, the proof ends because
we can take the partition P with entropy as close to h(f) as wanted.

6.4.2. Proof in our case. Let us go now to the proof in our case. We will
follow the above sketch, but now f := §(s) will not be a diffeomorphism,
so we need to take some care. Let W := W;(S) and W = W;(s) be the
global and local unstable ”manifolds” built in Proposition 6.7. As the global
”manifold” W(z) is a graph over W;( 5) (x), the local "manifold” W (zx) is the
restriction of this graph to W;r(s) ().

As the main contraction/expansion properties of W comes from the con-
traction/expansion properties of W;(S) (z), we will mostly measure the dis-

tances between points in W projecting them into WJ(S) (z). Thus, let us
define 7, : W(z) — W;L(S)(x) the projection and observe that the restriction

of m, to W(w) is Lipschitz continuous, with Lipschitz constant depending
only on the Pesin set x belongs to. Observe also that the inverse of m; is

not Lipschitz. Let us define for z,y € W(z), d.(y, z) = d(74(y), 72(2)).
Let us begin now with a useful Lemma,

Lemma 6.15. If n is an increasing partition and n(x) C W(:c) for a.e.
x then the sequence of partitions {f~"n} generates, i.e. \/;_ f~"n is the
partition into points.

Proof. Let us see that for a.e. x,if y € (f~"n)(x) for every n then x = y.
We have that a.e. x belongs infinitely many times to some fixed Pesin set,
say R. Take n; the sequence of integers such that f™i(z) € R. So we have
that y € f~™ (n(f™(x))) C f~ (W (f™(x))) for every i. Since f™(z) is in
R, we have that the projected diameter of W (f™ (z)) is uniformly bounded
and that the projected diameter of f=™ (W (f™ (x))) tends to 0. Hence,
since 7, (y) € 7, (f~™ (W(f™(x)))), the distance between the projection of
y into W;F(S) (x) with = is 0, this means that in fact y is in the orbit of x.

But this is only possible if 2 = y since y € W (z). O

Recall that by Proposition 6.7 we have that W(z) = {a(g.(y)W)y : y €
W;r(s) (z)}. Following the above philosophy, let us say that a partition &

is subordinated to W if £(x) € W(z) for a.e. x, and there is an open
neighborhood U, C W;(S)(ZL') such that {a(pz(y)w)y :y € Uy} C &(x).
Here again, we will use the criterium in Theorem 6.11 to prove Proposition
6.10, that is to prove that the Pinsker o-algebra coincides with the o-algebra
generated by the ”foliation” Wg . So that let us build partitions like the

(s)
ones in Lemma 6.13.
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Lemma 6.16. There exists a measurable partition & with the following prop-
erties:

(1) € is an increasing partition subordinated to W,

(2) V)2 f77€ is the partition into points,

(3) MaZo Myre = Moy

Proof. Let us take é , the measurable partition built in Lemma 6.13 for
a(s), and define the partition £ as the graph over {(z):

E(@) = {alpa(y)w)y -y € ()}
Let us see that this is a partition that sgtisﬁes the three properties. Property
(1) follows by definition and because & satisfies also property (1). Property
(2) follows from Lemma 6.15. Observe that property (3) is the same as
proving that A 2, f"¢ = £(W). Notice that A7, f"¢ is the graph over
Aoy f€ which equals {(W(j(s)) by property (3) of Lemma 6.13. So, since
&(W) is the graph over ¢ (W;F(S)) we get property (3). O

The next step is to prove the analog of Lemma 6.14, in fact we prove a
more general result. We follow the proof in [24, Lemma 3.1.1.].

Lemma 6.17. If £ is a partition built in Lemma 6.16, and ¢ is an inceasing
partition such that {(x) C W(x), then h(f,{V &) = h(f,().

Proof. For n > 1 we have

h(f,CVE) = R(f,(V €)= HCV frElfCV 1)
= H(|FCV ™M) + H(EfEV F77)
Asn — oo, the second term goes to 0 since { f~"(} generates by Lemma 6.15.
So we want to show that H(¢|f¢V f*1¢) — H(¢|f¢). To this end we shall
make use of Lemma 6.12. So let D, = {x : (f¢)(x) C (f*"'¢)(x)}. Since
((x) € W(z), and the projected diameter of W (z) into W:(S) (x) is finite
a.e., we have that the projected diameter of (f~"()(x) goes to 0. Hence,
since &(x) contains a graph over an open neighborhood of x in W(j(s) () we
have that (f~"¢)(x) C &{(z) if n is big enough and hence p(D,) — 1. Now
the lemma follows from Lemma 6.12 and the fact that h(f,{) = H(C|f()
since ( is an increasing partition. (]

Corollary 6.18. For any two partitions &1 and & built in Lemma 6.16,
W1,61) = h(f.&).

It remains to show that the entropy of a partition built in Lemma 6.16
equals the entropy of f. We shall build a countable partition P with finite
entropy to compare h(f,P) with h(f,&) as in the sketch. To this end we
shall use the following Lemma due to Mané,

Lemma 6.19. [26, Lemma 2| If u is a probability measure and 0 < 1p < 1
is such that log1 is p integrable, then there exists a countable partition P
with entropy H(P) < +oo such that P(x) C B(z,¢¥(x)) for a.e. x.
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So let us construct a suitable function . For a set A C M let us define
O:A = {a(t)(a) : a € A; ||t|| < €}. Let us fix a Pesin set Ry of positive
measure and take Ry another Pesin set such that O.R; C Ry. Arguing
similar to Lemma 2.4.2. of [24] let us define a measurable function ¢ : S —
R* by

0 if ¢ Ro
¥lz) = { Slgte @ if z e Ry

Where 7(z) is the smallest positive integer & > 0 such that f*(z) € Ry, A
and lp = g, are the constants in Lemma 6.21 below and 4 is such that if
x,y € Ry and dist(x,y) < & then OEWJ(S)(QC) N OEW;(S)(y) # ) and vice
versa interchanging x and y for some € > 0 small that depends on the Pesin
set (such d and e exists by transversality and uniformity over Pesin sets).
We will require other properties for that § later (see Lemma 6.20). Since
J Ro rdp = 1, we get that log is integrable. We may assume also, by an
appropriate choice of Ry, that inf,,>0 ¢ (f~"(x)) =0 for a.e x.

Hence, by Lemma 6.19, there is a partition P such that H(P) < oo and
P(x) C B(z,(z)) for a.e. x. Take Ry C Ry such that if z,y € Ry and

dist(z,y) < 0 then there is a point z € Ry N (’)EWOJ;(S) ()N OEWa_(s) (y). If

R, is taken of big enough measure, thep there is such a set R; of positive
measure. Let us define P = PV{R;, S\ R} and recall that P+ = \/>°  f"P.

Lemma 6.20. For some § > 0 we have that Pt (z) C W(z), z a.e.

Before the proof of this Lemma, let us begin with a property of the W
“manifolds” that, apart from invariance and uniformity over Pesin sets, sim-
ply reflects the Lipschitz property of the original map a(s).

Lemma 6.21. There is A > 0 that depends on s, | = lg > 0 that depends
on the Pesin set R such that forn >0, and 0 <4 < 17 ifze W(x), 7 €R
are such that d,(z,z) < e~ then

de"(m)(fn(x)? fn(z)) <0
and f"(z) € W(f"(x)).

Let us go now into the proof of Lemma 6.20.

Proof. of Lemma 6.20. Let us see first that P (z) C OEW;F(S) (), x a.e.

Let y € PT(x). Take the sequence of negative integers —n; < —n;_1 such
that x,, = f~"(z) € Ry. Sincey € Pt(z) = Vo, f*"Pand P = PV{R,, S\
Ry} we have that y,, = ™™ (y) € Ry and hence, since dist(z,,, yn,) < 0, we
get that

RN OEW;s)(mni) N OaWa_(S) (Yn;) # 0.

(
So, the whole piece of orbit O-W T . (x,,) N OW, ) (yn;) is in Ry. Call

i a(s) N
z}” = W;(S) (Tn,) N (’)EWQ_(S) (yn,) and 272% = (’)EW;F(S) (xn,) N W,B_(s) (Yn,)-
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We claim that fm~"i-1(z}) =z} | for every i and hence f%"i(zl) =
. The same happens for the sequence 22 . Let us proof the claim.

Slnce 2} W+( )(IL‘ni) NOW (s )(ynl) we have that

e (ah) = oo i Vi (@) 0 17 (O W (9n):
Hence to prove the claim it is enough to show that f~"i-1(z} ) € WBJF(S) (@n,; )
and to this end we shall use Lemma 6.21. Take the sequence of positive in-
tegers kj,j =0, ... such that fki (n,) enters in Ry, ko = 0, k; = n; — nj_1.
By definition we have that k; —kj_1 = r(f*-1(z,,)) = rj_1. Let us see that

Frimt (fR1(z,) € Wiy (F 1 (55 (a,))-

By Lemma 6.21 it is enough to see that

sz’“j—l(xni)(fkjfl(xn ), i1 (z,)) < lg e
Let us assume by induction that

PR (L) = W (P9 () N O W (£ (9a,)-
Since f¥i-1(z,.) € Ry we know that
dist(f5-1(zn,), F9 (yn,)) < S22,

Now, by the uniformity of the invariant stable and unstable manifolds for

points in a given Pesin set and by the uniform transversality of the invariant
distribution, there is a constant Cy that depends on the Pesin set such that

iy ) (P71 (), S0 (20)) < Codist (597 (a0, ), £5971 (g, )
So that taking ¢ small enough we get that
P (571 (g,)) € Wi (F7 71 (P (),
hence
fk ( ) W+s)(fk (xn )) no Wa(s (fkj (ym))
So the claim is proved for zni.
For the case of 22 observe that 22 = O.(z} )ﬂW (s )(ym) for every i. On

the other hand, Wﬁ?s) is f—invariant and since the derivative of f" restricted
to any orbit O is uniformly bounded from below and from above we get that

PR ) = P (OL( ) O (W ()
C Ooelfr (2 ) N Wity (5 9y )
= Oce(z,) N Wy (4n,)
for some fixed constant C'. So, if ¢ is small enough we get that the last term

equals z2 .

So finally, since f™i~"0(22 ) = 220, we get that
dist (271, Yng) = dist(f" 7" (22 ), f™ 7" (yn,))
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and hence, since the right hand side tends to zero because z,%l € W/B_(s) (Yn,)

we get that 22 = yn,. Hence, f7"(y) € OSW;(S)(f_”O(a:)) and since

no < r(f~"0(x)) we get that P*(z) C OSW;F(S) (x) by using Lemma 6.21
and the fact that the derivative of f™ restricted to any orbit O is uniformly
bounded from below and from above.

So we get that Pt (x) C (’)EW;F(S) (), x a.e. Let us see now that in fact

Pt(x) C VNVg(S) (), x a.e. We will use the same notations as above. Take y €

1
no?

P*(x), we already get that yn, = 22 and hence that it is in the e-orbit of z

1 _ it
where 2z, = W,@(s)

() N OﬁWa_(s)(y"o)‘ Let us see that 2}, = yn,. In fact,
dist(f " (zp,)s f " (o)) — 0 since 2z € W;(s)(fcno)- On the other hand,
since infy, >0 ¢¥(f~"(z)) = 0, we get that im inf dist(f ™" (yn, ), f " (2n,)) = 0.
So

lim inf dist(f =" (Yn,), f " (21,)) = 0.
But the derivative of f" restricted to any orbit O is uniformly bounded from
below and from above, that is: || D, f"|rol|| < C for every n € Z. So we have
that

O dist (Yng, 2ny) < dist(f " (Yng), " (2n,)
for every n and hence dist(yn,, z5,) = 0. Hence, f~™(y) € I/T/gr(s)(f*”O (x))
and since ng < r(f7"0(x)) we get the Lemma by using Lemma 6.21. O

So we can now begin the comparison of the entropies h(f,P) and h(f,§)
for the partition P built just before Lemma 6.20 and the partition £ built in
Lemma 6.16. But first let us state the following corollary of Lemma 6.17.

Corollary 6.22. Let P be the partition in Lemma 6.20 and Q be any finite
entropy partition. Then, for Po = PV Q and & a partition built in Lemma
6.16 we have that h(f,Po) = h(f,P§) = h(f, £V PY).

Proof. The result follows since Pg (x) C W (x). O
Finally we get:
Lemma 6.23. h(f,&V Pd) = h(f,£).

Proof. As in the argument in the proof of Lemma 6.17, see also [24,
Lemma 3.2.1.], we have,

h(f,EVPE) = Rh(f,€V f"P)
= H(EfEv [MHP0) + HPGIf eV fPF)
where the first term is < H(£|f¢) and the second term goes to 0 since

{f~"¢} generates. Hence h(f,&V Py) < H(E|FE) = h(f,€). Finally, since
H(Py) < 0o we have that h(f, &V P) > h(f,€) and hence we are done. [

Finally, combining the above Lemma with Corollary 6.22 we get that
h(f,Po) = h(f,£). So that taking finite partitions Q, such that h(f,Q,) —
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h(f) we get that

and hence h(f,£) > h(f). The other enequality follows since £ is a measur-
able partition.

7. CONCLUSION OF THE PROOF OF THEOREM 4.1.

We will use the properties of the time change and the transitivity property
of the action ( to produce elements of the action a with recurrence and
uniformly bounded derivatives along W.

We denote by 1} the conditional measure of u on W(z) and by B)V(x)
the ball in W(z) of radius r with respect to the induced smooth metric.

Lemma 7.1. For any Pesin set lee there exist positive constants K and I’
so that for p- a.e. x € RL and for p?¥- a.e. y € RL.N B (z) there exists a
sequence of elements t; € R* with

(1) z; = aftj)z € RL,

(2) zj — v,
(3) K~' < | DEa(t))| < K.

Proof. Consider typical points 2 € R and y € R N B)Y(x) and let
7 = afps(y)w)y be the point on W(z) corresponding to y. We denote
s = @, (y)w and observe that § € RY with I = lexp(|s||). By Proposition
6.7 the function . (y) is Holder on RL N B)Y(x) and hence s is uniformly
bounded, so that the constant [’ can be chosen the same for all x and y in
the lemma.

Since the invariant measure v for 3 is equivalent to p we may assume
that x and g are typical points for v. Then by Proposition 6.9 there exists
a sequence n; — oo such that ; = B(n;t,z) = a(g(x,n;t))r — §. Since
both z and § are in R then the iterates Z; can also be taken in this set.
Denoting t; = g(z,n;t) —s we conclude that z; = a(tj)z — y. Again, all
points x; are in a Pesin set RV with I the same for all z and y in the lemma.
Thus the sequence t; satisfies (1) and (2).

To obtain (3) we note that by the definition of the time change

1Dz a(g(x, njt)ll- = 1.

Then the estimates in (3) follow from the uniform boundedness of the correc-
tion s for all z and y in the lemma and from the uniform estimates (5.4),(5.5)
for the ratio of the Lyapunov and smooth norms on the Pesin set ng. O

We will use the notion of an affine map on a leaf of a Lyapunov foliation.
These are the maps which are affine with respect to the atlas given by affine
parameters on these leaves. The notion of affine parameters is similar to
that of nonstationary linearization. The following proposition provides a-
invariant affine parameters on the leaves of any Lyapunov foliation W.
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Proposition 7.2. [7, Proposition 3.1, Remark 5] There exists a unique mea-
surable family of CYt? smooth a-invariant affine parameters on the leaves
W(x). Moreover, they depend uniformly continuously in C0 topology on
x in any Pesin set.

Now we can apply Lemma 7.1 to obtain the following invariance property
for the conditional measures of y on W. We note that if the conditional
measures p)Y are atomic this invariance property degenerates into trivial.

Lemma 7.3. [7, Lemma 3.9] For u- a.e. x € RL and for p)V- a.e. y €
RN BY(x) there exists an affine map g : W(x) — W(x) with g(z) =y
which preserves the conditional measure ,u}r/v up to a positive scalar multiple.

This lemma is proved by finding a limit for the restrictions of maps «a(t;)
to W(z). The proof is identical to the one of Lemma 3.9 in [7]. It relies
only on the conclusions of Lemmas 3.7 and 3.8 in [7], which are now given
by Lemma 7.1.

Assuming that the conditional measures ! are non-atomic for p-a.e. x,
the following lemma from [7] establishes the absolute continuity of these
conditional measures and completes the proof of Theorem 4.1. Its proof in
[7] relies only on the conclusion of Lemma 7.3 (Lemma 3.9 in [7]).

Lemma 7.4. [7, Lemma 3.10] The conditional measures u)¥ are absolutely
continuous for u - a.e. x. (In fact, u}V is Haar with respect to the affine
parameter on W(x).)

8. CONCLUDING REMARKS AND SOME OPEN PROBLEMS

8.1. Further properties of maximal rank actions. For a ZF, k > 2
action a on the torus T#t! with Cartan homotopy data there is a unique
invariant measure p which is projected to Lebesgue measure A by the semi-
conjugacy with the corresponding linear Cartan action «y; this measure is
absolutely continuous and the semi-conjugacy is bijective and measure pre-
serving between certain sets of full y-measure and full Lebesgue measure.
Thus (a, ) and (ap, A) are isomorphic as measure preserving actions ([19,
Corollary 2.2.]); furthermore, the measurable conjugacy is smooth on almost
every local (and hence global) stable manifold for any element of «, in par-
ticular, along the Lyapunov foliations, [19, Proposition 2.9.]. This implies
that the Jacobians along those foliations are rigid, i.e. multiplicatively co-
homologous to the corresponding eigenvalues of elements of g ([7, Lemma
4.4])4. Another consequence is that the metric entropy of a with respect to
1 is the logarithm of an algebraic integer of degree at most k + 1.

A fact, we can prove in this setting rigidity of general cocycles which are Holder with
respect to the Lyapunov metric. Although the proof is not very difficult it uses the semi-
conjugacy and its regularity properties very heavily and thus it would not fit well with the
program of the present paper which aims at deriving geometric/rigidity properties from
purely dynamical assumptions irrespective of any model.
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It is natural to ask whether in our more general setting similar proper-
ties of the expansion coefficients and for entropy hold. In a general set-
ting Jacobian along a Lyapunov foliation is called rigid if its logarithm is
cohomologous (with a measurable transfer function) to the corresponding
Lyapunov exponent. Notice that our proof of the key recurrence property
is based on rigidity of Jacobians for the special time changes constructed
in Section 6.1 which is true essentially by definition. Notice however that
different Lyapunov foliations may require different time changes.

Conjecture 1. Jacobians along Lyapunov foliations for an action o satis-
fying assumptions of Main Theorem are rigid.

Problem 1. [13] What are possible values of entropy for elements of an
action satisfying assumptions of Main Theorem?

The following conjecture represents a cautiously optimistic view which
presumes existence of a certain underlying arithmetic structure.

Conjecture 2. The values of Lyapunov exponents and hence of entropy are
logarithms of algebraic integers.

Notice that this is true for all known examples on a variety of manifolds
as described in the introduction and in those cases the algebraic integers
have degree at most k + 1.

Another result of [19] (Theorem 3.1.) establishes existence of a set of
periodic points dense in the support of the measure p whose eigenvalues are
equal to the corresponding powers of the eigenvalues of ag. This implies
that the Lyapunov exponents of atomic measures concentrated on the cor-
responding periodic orbits are equal to those of 1. Again the latter property
is also true for all known examples on manifolds other than tori. Let us call
such periodic points proper.

Problem 2. Under the assumptions of Main Theorem (1) is there any
proper periodic point for a? Are proper periodic points dense in the support
of the measure pu?

Another circle of questions concerns relations between the Z* actions
satisfying assumptions of the Main Theorem (1) and R¥ actions satisfying
assumptions of Main Theorem (2). Any suspension of the action of the first
kind is an action of the second kind. One can also make time changes for the
suspension. A trivial type of time change is given by a linear automorphism
of R¥. Any time change is given by an R¥ cocycle over the action and
Lyapunov exponents are transformed according to the cocycle averages and
hence assumptions of Main Theorem (2) are preserved under a smooth time
change. Thus existence of non-trivial time changes is closely related to the
problem of cocycle rigidity.

Problem 3. Is any smooth R-valued cocycle over an action satisfying as-
sumptions of Main Theorem (1) (or (2)) cohomologous to a constant cocycle?
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The answer may depend on the regularity of cohomology. In particular, it
is more likely to be positive if the cohomology in question is only measurable,
rather than smooth.

Problem 4. Are there R* actions satisfying assumptions of Main Theorem
(2) which do not appear from time changes of suspensions of ZF actions
satisfying assumptions of Main Theorem (1)?

Notice that on the torus for an action with Cartan homotopy data the
unique “large” invariant measure, ie. the measure which projects to Lebesgue
measure for the linear Cartan action under the semi-conjugacy (see[19])
changes continuously in weak™ topology. Thus there is not only global but
also local rigidity for such a measure. While global rigidity is problematic
in the setting of Main Theorem, the local version is plausible.

Conjecture 3. Given a C? action o with an invariant measure ju satisfying
assumptions of the Main Theorem (1) or (2), any action &' close to o in C?
topology has an ergodic invariant measure i’ satisfying the same assump-
tions. One can chose p' in such a way that when o converges to o in C?
topology, 1’ converges to u in weak™ topology.

Furthermore, in the ZF case Lyapunov exponents of 1’ are equal to those

of .

8.2. High rank and low dimension. As explained in [19, Section 4] many
examples of manifolds with actions satisfying assumptions of Main Theorem
(1) can be obtained by starting from the torus and applying two procedures:

e blowing up points and glueing in copies of the projective space
RP(k), and
e cutting pairs of holes and attaching handles S* x D!.

Conjecture 4. An action satisfying assumptions of Main Theorem (1) ex-
ists on any compact manifold of dimension three or higher.

The sphere S looks as a good open test case.

Definition. [12] An ergodic invariant measure of a Z* action with non-
vanishing Lyapunov exponents is called strongly hyperbolic if intersection of
all Lyapunov hyperplanes is the origin.

Obviously the rank of a strongly hyperbolic action does not exceed the
dimension of the manifold. Furthermore, any ergodic measure for a strongly
hyperbolic action of ZF on a k-dimensional manifold is atomic and is sup-
ported by a single closed orbit, [12, Proposition 1.3]. Thus the maximal
rank for a strongly hyperbolic action on a manifold M with a non-atomic
ergodic measure, in particular measure with positive entropy, is dim M — 1,
exactly the case considered in the present paper.

Let us consider the lowest dimension compatible with the higher rank
assumption, namely strongly hyperbolic Z? actions on three-dimensional
manifolds. Lyapunov hyperplanes are lines in this case and the general



NONUNIFORM MEASURE RIGIDITY 33

position condition is equivalent to three Lyapunov lines being different. In
this case our theorem applies and any ergodic invariant measure either has
zero entropy for all elements of Z? or is absolutely continuous.

Let us consider other possible configurations of Lyapunov lines:

(1) Two Lyapunov exponents proportional with negative proportionality
coefficient; two Lyapunov lines.

(2) Two Lyapunov exponents proportional with positive proportionality
coefficient; two Lyapunov lines.

(3) All three Lyapunov exponents proportional; one Lyapunov line.

(1) First notice that such a measure cannot be absolutely continuous. For
an absolutely continuous invariant measure sum of the Lyapunov exponents
is identically equal to zero. But in this case two exponents are zero along
the common kernel of two proportional exponents while the third one is not
zero there.

Now we construct an example of an action with a singular positive en-
tropy measure of this type. Consider the following action on T3: Cartesian
product of the action generated by a diffeomorphism f of S' with one con-
tracting fixed point p with positive eigenvalue § < 1 and one expanding
fixed point, with the action generated by a hyperbolic automorphism F' of
T? with an eigenvalue p > 1. The measure p = d, X Arz is invariant under
the Cartesian product and is not absolutely continuous. Lyapunov expo-
nents are xlog 3, ylogp and —ylog p, the entropy is h,(f™F™) = |n|log p.

(2) There are four Weyl chambers and in one of those all three Lyapunov
exponents are negative; hence by [12, Proposition 1.3] any ergodic invariant
measure is atomic. Notice that this includes the case of a multiple exponent.

(3) On the Lyapunov line all three Lyapunov exponents vanish; hence the
action is not strongly hyperbolic.

Thus we obtain the following necessary and sufficient condition for a con-
figuration of Lyapunov lines.

Corollary 8.1. A strongly hyperbolic ergodic invariant measure for a 7>
action on a three-dimensional compact manifold with positive entropy for
some element is absolutely continuous if and only if Lyapunov lines for three
exponents are different.

There is an open question related to the case (1). In our examples both
Lyapunov lines are rational. One can modify this example to make the
“single” Lyapunov line (the kernel of a single exponent) irrational. It is
conceivable, although not very likely, that situation when the “double” line,
i.e. the kernel of two exponents, or both lines, are irrational may be different.

Problem 5. Construct an example of a smooth Z? action on a compact
three-dimensional manifold with a singular ergodic invariant measure with
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positive entropy with respect to some element of the action, such that two
Lyapunov exponents are negatively proportional and their common kernel
is an irrational line.

8.3. Low rank and high dimension. Essentially all known rigidity re-
sults for algebraic actions (hyperbolic or partially hyperbolic), including
cocycle, measurable, and local differentiable rigidity, assume only some sort
of “genuine higher (> 2) rank” assumption, see e.g. [21, 15, 3] and refer-
ences thereof. By contrast, global rigidity for Anosov actions on a torus [30]
and nonuniform measure rigidity on a torus [7, 19], as well as results of this
paper, deal with maximal rank actions. Notice, however, that global rigid-
ity results for Anosov actions on an arbitrary manifold satisfying stronger
dynamical assumptions only require rank > 3 [10] or rank > 2 [8, 9]

We expect that global measure rigidity results, both on the torus and in
the general setting similar to those of the present paper, hold at a greater
generality although we do not see a realistic approach for the most general
“genuine higher rank” situation even on the torus. There is still an inter-
mediate class which is compatible with the lowest admissible rank (i.e rank
two) on manifolds of arbitrary dimension. We already mentioned it in the
remark in Section 6.4.

Definition. An ergodic invariant measure for a Z* action is called totally
non-symplectic (TNS) if for any two Lyapunov exponents there exists an
element of Z* for which both those exponents are negative.

Equivalently all Lyapunov exponents are non-zero and there are no pro-
portional exponents with negative coefficient of proportionality®.

The TNS condition is the most general one for the “m-partition trick” to
work. It also greatly helps in the geometric treatment of cocycle rigidity,
see e.g. [18]. It has a nice property that it is inherited by a restriction of
the action to a subgroup of rank > 2 if it is in general position. While it is
possible that our result generalizes to the TNS measures, i.e. assuming only
existence of some elements with positive entropy, we prefer to be more con-
servative and formulate a conjecture under a stronger entropy assumption.

Conjecture 5. Let u be an ergodic invariant totally non-symplectic measure
for a smooth action « of ZF, k > 2. Assume that every element other than
identity has positive entropy. Then p is absolutely continuous.

A serious difficulty even in TNS case may appear in the presence of multi-
ple exponents. Recall that even for linear actions multiple eigenvalues lead
to Jordan blocks so that when the eigenvalue has absolute value one the
action is not isometric. More generally, positively proportional eigenvalues
also lead to complications. Thus a more tractable case would be that with
simple Lyapunov exponents and no proportional ones. In this case the Lya-
punov distributions are one-dimensional and coincide with coarse Lyapunov

5The latter is exactly what happens for symplectic actions; hence the name.
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ones. For the suspension every Lyapunov exponent satisfies assumptions of
Theorem 4.1. This is a nonuniform counterpart of Cartan actions in the
sense of [10].

Conjecture 6. Let u be an ergodic invariant measure for a smooth action «

of Z*,

k > 2, such that all Lyapunov exponents are simple and all Lyapunov

hyperplanes different. Assume that some element of the action has positive
entropy. Then p is absolutely continuous.
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