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ABSTRACT. In [BNP5] the authors relate the extensions between two simple
modules for a finite group of Lie type Go(Fq) (where ¢ = p”) to certain exten-
sions for the corresponding reductive group and its Frobenius kernels. Several
of these results require the characteristic p of the underlying field to be suf-
ficiently large (p > 3(h — 1), with h being the Coxeter number of the root
system). In this paper we will generalize these results to all primes p assuming
instead lower bounds on the prime powers p” (approximately of the order of
h?).

1. Introduction

1.1. Let G be a connected reductive algebraic group scheme defined over F,
and let F' : G — G be the Frobenius map. Let G, be the r-th Frobenius kernel
which is the scheme theoretic kernel of F" (F composed with itself r times) and
let G(F,) be the fixed points under F". We will assume that k is an algebraically
closed field of characteristic p > 0. The finite groups G(F,) are called the finite
Chevalley groups. There has been much effort in the last thirty years aimed at
understanding the interrelationships between the representation theory of these
three algebraic objects. For a comprehesive treatment of this subject we refer the
reader to Humphreys’ book [Hum2].

In a series of papers [BNP1, BNP2, BNP3, BNP5] the authors investigated the
deep connections between the cohomology theories of G, G, and G(F,). The philos-
ophy behind our approach involved using certain truncated categories of rational
G-modules which approximate the categories of G, and G(F,)-modules. These
truncated categories are highest weight categories and contain enough projective
modules so one can directly compare these categories to the categories of G, and
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G(F,)-modules through the use of Grothendieck spectral sequences. In the con-
struction of these spectral sequences, we study certain families of finite dimen-
sional submodules of the infinite dimensional induced module indg(Fq)(N ) where
N € mod(kG(F,)). These modules can be described as the maximal submodules of
indg(Fq)(N ) whose highest weights are contained in specified finite saturated sets
of weights. An important example occurs when we let N be the trivial module.
For large primes (p > 3(h — 1)) and truncation at approximately twice the Stein-
berg weight, it was shown that this module (when N 2 k) is completely reducible
([BNP1, BNP5]). This fact led to explicit formulas describing extensions of simple
modules over G(F,) via extensions of modules for G [BNP2, BNP3, BNP5]. As an
application, we were able to use our formulation to answer many of the questions
posed in Humphreys’ 1985 article on self-extensions [Hum1].

In this paper, we will use the same setup as in [BNP5] and consider the more
general family of finite groups of Lie type. We denote these groups by G,(F,)
where o is the corresponding automorphism of G. For small primes these truncated
induction functors are no longer semisimple. Our goal is to study the resulting
modules for small primes p, but large prime powers p".

The precise definitions and some basic properties of these truncated categories
and associated functors are given in Section 2. Then some useful cohomology facts
will be noted in Section 3. Section 4 is devoted to demonstrating that under suitable
conditions on p" these truncated induced modules admit a filtration with sections
of the form H(—wqop) @ HO(u)™) (Theorem 4.7).

In Section 5, we apply this filtration to make some cohomological computations.
For example, the existence of this filtration allows us to show that for » > 2 and
sufficiently large ¢ = p” the finite group G,(F,;) does not allow self-extensions
between simple modules (Theorem 5.4). Tiep and Zalesskii [TZ, Prop. 1.4] have
shown that the existence of self-extensions are an important factor in the ability to
lift irreducible representations from characteristic p to characteristic zero.

Finally, in Section 5.6, it is shown that for all primes but » > 3 and ¢ sufficiently
large the group of extensions between two simple G, (F,)-modules is isomorphic to
the G-extensions between a suitable pair of ¢-restricted simple G-modules. Roughly
speaking one can say that EXtéo(Fq) for pairs of simple G, (F,)-modules mirrors the

theory of Exté between g¢-restricted simple modules, provided that » > 3 and q is
at least of the order of the Coxeter number squared. No restriction on the prime is
necessary.

1.2. Notation. Let G be a connected simply connected almost simple alge-
braic group defined and split over the finite field F,, with p elements and k be the
algebraic closure of F,. We will also consider G as an algebraic group scheme over
F,.

Let ® be a root system associated to the pair (G, T) where T is a maximal split
torus. Moreover, let ®* (resp. ) be the positive (resp. negative) roots and A be
a base consisting of simple roots.

Let X(T) be the integral weight lattice obtained from ® contained in the Eu-
clidean space E with the inner product denoted by (, ). The set X (T") has a partial
ordering given by A > p if and only if A —p € > .\ Na for A\, u € X(T). The
set of dominant integral weights is denoted by X (T)+ and the set of p"-restricted
weights by X,.(T).
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Let W be the Weyl group. The group W acts on X (7T') via the “dot action”
given by w - A = w(\ + p) — p where p is the half sum of the positive roots. Let
a¥ = 2a/{a,a) be the coroot corresponding to o € ®. The longest element in W
is wy and the Coxeter number for ® is h = (p, ) + 1 where g is the maximal
short root.

Let B be a Borel subgroup containing 7' corresponding to the negative roots.
For A\ € X(T), set H°(\) = ind%\. The simple G-module corresponding to A is
denoted by L(\) and the Weyl module is V(). The injective hull of L(X) as a G-
module will be denoted I()). For more details about the definitions and properties
of these objects we refer the reader to [Janl].

Let F': G — G be the Frobenius map and F” the composition of the Frobenius
map with itself r-times. Now suppose that ¢ is an automorphism of the Dynkin
diagram of ®. The automorphism o can be extended to the weight lattice X (T')
and under this extension o permutes the fundamental weights and preserves the
inner product ( , ) as well as the partial order on X (7T'). Moreover, o(ag) = ap.
The graph automorphism o also induces an automorphism on G which will also be
denoted by o. The automorphism o commutes with F' and is compatible with the
action of o on X (T'). Set G,(F,) as the group of fixed points of F" oo = oo FT",
where ¢ = p”. The groups G, (F,) can be either (i) untwisted (Chevalley) groups,
(1) Steinberg groups, or (iii) Suzuki-Ree groups. For more information about these
groups see [Car] [GLS]. For simplicity we will exclude the Suzuki-Ree groups from
our discussion. With some exceptions for the Ree groups of type Fj, the extensions
for these groups are known due to [Sinl, Sin2, Sin3].

Thoughout this paper, for v € X (T'), set U = —wgov.

2. Induction and Truncation.
2.1. Induction. For a finite dimensional G, (F,)-module M and a finite di-
mensional G,-module N, we define
G(M) = indg_ (s, (M) and H(N) = indg (N).
In particular for the trivial module k we set G(k) = indgg(mq)(k‘) and H(k) =
indgr(k). If M and N are G-modules, the tensor identity implies
G(M) =M ®indg_ (k) and H(N) = N @ indg, (k).
Our first result shows that G(k) (resp. H(k)) is injective upon restriction to G,
(resp. G (Fy)).
PROPOSITION .
(i) H(k) is injective as a G, (F,)-module.
(ii) G(k) is injective as a G,.-module.
Proor. (i) It is well-known that
HE) = KIG/G = MG = (D) (1))t
veX(T)4+

as a G-module where I(v) is the injective hull of the simple module L(v). Moreover,
I(v) = I(v)") as a G, (F,)-module and is injective since G/G, (F,) is affine.

(ii) As a G, (F4)-module, the Steinberg module St,. is both projective and injec-
tive. Furthermore, St, = St{" as G, (Fy)-modules. The functor G sends injective
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Gy (F,)-modules to injective G-modules. Therefore, from the tensor identity we
obtain the following sequence of isomorphisms of injective G-modules:

G(St,) = G(St") = St @ G(k).

Restriction from G-modules to G,-modules sends injectives to injectives (because
G /G, is affine) and the r-th Frobenius twist of St,., viewed as a module for G,., is
a direct sum of trivial modules. Hence, as G,-modules, G(St,) = G(k)4™ St and
the assertion follows.

O

2.2. Saturated sets of weights. For any finite set of weights # C X (7T') 1
we define G- (M) (resp. Hr(N)) to be the maximal G-submodule of G(M) (resp.
H(N)) having composition factors with highest weights in 7. The following three
sets of weights will play an important role in the upcoming results:

P={AeX(T), | (\ay) <2(h-1))
Q={\e X(T); | (\ay) <27 (h— 1))
A={AeX(T)+ | (N ag) <3(" —1(h -1}
Our goal is to understand the structure of the module Gq (k) for arbitrary (especially
small) primes p and large p”. We begin by constructing an ascending chain of
submodules for Go(k). Fix an order A1, Ag, A3, ..., A, of the elements in T' such
that ¢ < j whenever (p" — woo)\; < (p" — woo)A;. Notice that i < j whenever
Ai < Aj. Clearly A1 = 0. Then we define subsets of I' as follows, for i =1,2,...,n,
set
FZ:{)\]EF|jSZ} andI‘0:@.

Let 70,71 € I'. Then (y1,a¢) < 2(h—1)—1Land (yo+p"v1, aq) < 2p"(h—1)—p"+
2(h—1). If p > 2(h — 1), then v +p" 1 € Q. For the remainder of this section we
assume that p” > 2(h — 1). We define subsets of Q:

D ={veX(T)+|v<(p" —woo)v for some v € T;}.

The subsets I'; and ; together with their W-conjugates are saturated, I'g = Qg = 0,
and I’y = ©Q; = {0}. We have the following series of inclusions

(2.2.1) k= Ga,(k) € Ga, (k) C Ga,(k) € --- C Ga, (k) C Ga(k).
Later we will show that Gg, (k) = Ga(k) for sufficiently large p”.

REMARK . In [BNP2, BNP5] the notation G(k) is used for a truncated submod-
ule of indgﬂ(mq)(k). Here G(k) will always denote the infinite-dimensional module

indgﬂ(mq)(k) itself. Any finite-dimensional truncated submodule will be denoted by
Gr(k) with 7 being the corresponding finite set of weights.

2.3. Injectives and projectives in the truncated categories. Let 7 be
a finite set of dominant weights such that m together with its W-conjugates is
saturated. Let Mod(7) denote the full subcategory of Mod(G) with objects having
composition factors whose highest weights lie in 7. Such a truncated category
has both injective and projective modules. For a weight A\ € 7, we denote the
injective hull and the projective cover of the simple module L(\) by I:(A\) and Py (),
respectively. The module I;()\) can be described as the maximal G-submodule of
the injective hull T(A) of L(\) in Mod(G) whose composition factors have weights
in 7. In particular, the module I () is finite dimensional and has a good filtration.
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Moreover, for any v € 7, the multiplicity of the factor H°(7) in a good filtration
of I:(\), denoted by [I:(\) : H°(v)]g, equals the multiplicity of the the simple
module L()\) as a composition factor in H°(v), denoted by [H°(v) : L(7)]g. For a
general treatment of truncated categories we refer to [Donl, Don2] or [Janl, IT.A].

Next consider the automorphism o on G and G,(F;). One obtains for G-
modules M and N

(2.3.1) Ext’,(M, N) & Exti,(M° ,N° ) for i > 0.

The Frobenius morphism F” is also an automorphism on G, (F,) with F"oo = goF"
being the identity. Hence
(2.3.2)

—1

Extl, ¢, (M, N) & Extly ) (M? ,N° ) 2 Extly (M, NM) for i > 0.
Moreover, from [Jan2, 1.3] one concludes for A € X(T')* that
L()\)"—1 = L(oA) as a G-module,
and
L) 2 L(oA) =2 LA™ as a G, (F,)-module.
It follows that
-1
(2.3.3) Pr(N)? = P,r)(o)) and [Py (r) (o)) : L(oy)]g = [Pr(A) : L(y)]a-
Also
(2.3.4) Pe(N)M) 2 PL(A\)7 " 22 P,y (o)) as a Gy (Fy)-module.
Finally, note that the projective module P, () is isomorphic to the dual module of
I_wo(ﬂ)(—’LUo/\).

3. Cohomological Facts

In this section, we record several cohomological results which will be used a
number of times later in the paper.

3.1. The following gives a condition under which homomorphisms over G, may
be identified with those over G.

PROPOSITION . Assume \,u € X,.(T) and M is a finite dimensional rational
G-module such that all its weights v satisfy (v,ay) < p". Then

Home, (L(X), L(n) ® M) = Homg (L(X), L(u) ® M).

Proor. Without loss of generality (by dualizing if necessary), we may assume
that (u, o) < (N, o). All G-composition factors of Home, (L(X), L(p) @ M) are
G,-trivial so must be of the form L(7)("). For such a factor, A + p"v is a weight of
L(pu) ® M and hence

<)‘+pr77a(¥> < <M+V’O‘g> < <)"O‘(\)/>+<V’ag>

for a weight v of M. Hence, p"(v,ay) < (v,ay) < p" and so we must have v = 0.
Therefore Home, (L(A), L(p) ® M) has a trivial G-structure and the claim follows
since

Homg (L(N), L(p) ® M) = Homg ¢, (k, Homg, (L(A), L(p) ® M)).
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3.2. Ext! for modules with small highest weights. Here we give an upper
bound on the size of of the weights of a G-module M to insure that H'(G,., M) =
HY (G, M).

LEMMA . Assume that the root system ® of G is not of type Ay. Let M be
a finite dimensional rational G-module whose highest weights X satisfy (A, o) <

P —1).
(a) If p# 2 or ® is not of type C,,, then H'(G,., M) = H" (G, M).
(b) If p=2, ® is of type C,,, and k is not a composition factor of M, then
HY(G,, M) =H' (G, M).
(¢) If p=2, ® is of type C,,, and k is a composition factor of M, then
H' (G, M) = H (G, M) ® (& L(w1))"), where | > 0 and w; denotes the
first fundamental weight of .
PRrROOF. Consider the Lyndon-Hochschild-Serre (LHS) spectral sequence
EY = HY(G/G,,H (G, M) = H (G, M).
If M has a composition factor of the form L(v)("), the assumption that (p™y, ay) <
p" implies that v = 0. Hence, Homg, (k, M) = Homg(k, M). Therefore,
EyY =HY(G/G,,Homg, (k, M)) = H(G/G,, k) @ Homg(k, M) = 0
and so
HY(G,M) = E' =2 E' = Homg,q, (k, H'(G,, M)).
Thus the isomorphisms in parts (a) and (b) hold if the highest weight of H*(G,., M)
is zero. Since the weight wy is not contained in the root lattice, part (c) follows if
the highest weights of H'(G,., M) are zero or w;.

By induction on a composition series for M it now suffices to prove the assertion
for a simple module L(\). If A = 0, then it follows from [And1] that

H (G ) = L(w)"  if p =2 and ® is of type C,,
0 else.
For X\ # 0 define the quotient ) via the short exact sequence
0— L\ — H\) —Q—0
and consider a portion of the associated long exact sequence
Homg, (k, L(\)) — Homg, (k, H*(\)) — Homg, (k, Q)

— HY(G,,L(\) — HY(G,, H’())).
The size of A forces all composition factors of @ and H°()) to be p"-restricted. This
implies that all Homg, in the above sequence can be replaced by Homg giving

Homg (k, L()\)) — Homg(k, H°()\)) — Homg(k, Q)

— HYG,,L(\)) — HYG,, H'(\)).
The first map is an isomorphism and Homg (k, Q) = H' (G, L()\)) by [Jan1, 11.2.14].
It is therefore sufficient to show that H'(G,, HO(\)) = 0. It follows from [BNP4,
3.2] that H'(G,, H°(\)) = 0 unless A = p"v — p'a with v € X(T), a € A, and
0 < ¢ < r. Since A is dominant and not zero, we have (v, a?{) > 1. For all root

systems other than A; and Cy, one has (a,ay) < 1. Hence, (\,ay) < p" — p" 1
implies H'(G,., H'(\)) = 0. If ® is of type Cy, the above argument fails in the



EXTENSIONS FOR FINITE GROUPS OF LIE TYPE II 7
case A = p"v — p"~la with a being the long simple root. However this case is not
of interest because A being dominant forces (v, o) > 2 and (p"v — p" o, o) >

2p" —2p" > prli(p—1). O

REMARK . Direct computation shows that the Proposition also holds for type
A; and p = 2. For type A; and odd primes, one obtains H*(G,., M) = H*(G, M)
for all finite dimensional G-modules with highest weights A satisfying (A, o) <
P p - 2).

3.3. Vanishing of certain Exté-groups. It is well-known that a finite-
dimensional G-module admits a good filtration if and only if Exté, (V (1), M) = 0 for
all p € X(T)4. Our goal in Section 4 is to show that certain modules have filtrations
with factors of the form HO(fig) ® H(u1)™ where pug, 11 € T. In order to establish
these results, we need the following proposition. Here we set fl = —woo(I).

PROPOSITION . Let p"_l(p —1) > 4h — 6 and vo,71, to, 1 € I';. Assume that
the root system ® of G is not of type A1. If p = 2 and @ is of type C,,, then we
assume in addition that v —y1 and po — p1 are contained in the root lattice. Then
the following hold:

(i) Extg(V(fo) ® V(i)™ H (o) @ HO (1)) = 0.
(it) Exte(L(Ho) @ L), Is, (o) @ Ir, (11)™)) = 0.
(i) Exte(Pp, (7o) © Pr, (1)), L(Fo) © L(m)™)) = 0.
PROOF. We apply the LHS spectral sequence
(33.1) EyY = Extgg, (V(um)", Exty (V(io), H(Fo)) @ H' (1))
(3.3.2) = Extg (V(fo) @ V(i) ", H'Go) @ H'(31) ).
All weights involved are p" restricted. Therefore,
Homg, (V(fio), H’ (J0)) 2= Home (V (fio), H’ (30))

is either the trivial module or zero. It follows from [Janl, 11.4.13] that the Eé’o—term
vanishes.

For any composition factor L(\) of V(fig)* @ H°(Fp), we have (\, oy ) < 2(h —
1) —1+42(h — 1) — 1 = 4h — 6. Hence, by Lemma 3.2, Ext, (V(fo), H°(J0)) =
Extg (V(fo), H°(Fo)) unless p = 2, ® is of type C,, and k is a composition factor
of V(fio)* ® H°(Hp). If we exclude this case, it follows from [Janl, 11.4.13] that the
EJ'-term also vanishes.

If p =2, ® is of type C,,, and k is a composition factor of V (fip)* @ H°(7p) then
Lo —woYo 18 in the root lattice. Therefore, 1 —woy1 = (woyo—woy1)~+ (o —woyo) —
(1o — p11) is also in the root lattice. From Lemma 3.2, Extg (V(fio), H°(5p)) =
Extg(V(fio), H°(70)) @ (@1 L(w1)™). By [Janl, 11.4.13], the first summand vanishes
and so

By = @ Homgyq, (V ()", Liwn) ™ @ HO(3)™).

Furthermore, this vanishes because
Homg,q, (V (1), Liw) " @ HO (1))
= Homg (L(—wowr ), H (—wop;) ® H' (1))

and all weights of HO(—wou1)™ ® H°(y;) are contained in the root lattice. The
assertion (i) follows. Statements (ii) and (iii) follow along the same lines. O
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REMARK . We assume that the conditions of Proposition 3.3 are satisfied and
have a closer look at (3.3.1). It follows from [Janl, I1.4.13] and Lemma 3.2 that
Ey® =0fori>0and Ey' =0 for i > 0. Hence E? = ES”. If yg = v = 1 = 0,
then EY? = Homg q, (V(11)", Extg, (k, k)). The group ExtZ; (k, k) does not vanish
[BNP6] and for appropriate choices of j; neither does the E?-term. We conclude
that neither

Exte; (V (7o) @ V(1) HO(Fo) © HO(71)")
nor
Ext (L (7o) ® L(m)'", Ig, (Fo) @ Ir, (11))

vanish in general.

3.4. Important submodules for injectives. It follows from the Remark
in Section 3.3 that I (Yo) ® Ir, (71)(") is not injective for the full subcategory of
modules whose composition factors are of the form L(7y + p"v1) with vy, vy € T;.
Perhaps this is not surprising since the set of weights {Vp + p"v1 | vo,v1 € T}
together with its W-conjugates is in general not saturated. However, under the
conditions of Proposition 3.3, the module Iz (50) ® Ir, (71)™ can be characterized
as the maximal submodule of I(7y 4+ p"v1) whose composition factors are of the
form L(Uy + p"v1) with vy, v1 € T';. This will be shown in the following lemma.

Assume that p” > 2(h — 1) and 79,71 € T. Then all composition factors of
Ir(59) have p"-restricted highest weight. Therefore, soce, (Ir(70)) = L(70) and
soca, (Ir(30) @ Ir(71)™) 2 L(3p) @ It (y1)™). Tt follows from [Janl, I1.3.16(2)] that

socg (Ir(Fo) ® Ir(71)")) 22 L(q0) ® soca(Ir(11)™) 2 L(Fo + p"n).

Therefore,

(3.4.1) Ir(Fo)®Ir(m)") = I(Fo+p"m), and Po(Fo+p 1) — Pr(Fo)®Pr (7).

LEMMA . Assume that the root system ® of G is not of type Ay. Let p"~1(p —
1) > 4h—6 and let M be a finite dimensional rational G-module whose composition
factors are of the form L(3o+ p"y1) with vo,v1 € Ts. If p =2 and ® is of type C,p,
we assume in addition that vo — 1 ts contained in the root lattice. Then

[M: L(Ao+p™1)le = dimHomea(M, Iz (5o) ® Ir,(11)")
= dim HOIHG(F)f1 (%) & Pth (’71)(”7 M)

PRrROOF. The second equality follows easily by using duality. We will proceed to
prove the first equality. Clearly, [M : L(79+p"71)]¢ = dim Homg (M, I(Fo+p"71))-
It suffices to prove that

dim Homg (M, I (5o + p1)) = dim Homg (M, I, (3o) © Ir, (1))
Clearly, for p = 2 and ® of type C, both Hom-groups vanish unless vy — 1 is
contained in the root lattice. We use induction on the number of composition
factors of M. The module I (%) ® Ir, (71)) is a submodule of I(Jp + p"v1)
(by (3.4.1)) and their socles are simple. The assertion holds therefore for simple
modules. Next assume that L(Dg + p"vq) is a simple quotient of M. This implies
for the case p = 2 and ® of type C,, that vy — v1 is in the root lattice. Define S via
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the exact sequence 0 — S — M — L(Dy + p"v1) — 0. One obtains the long exact
sequences
0 — Homg(L(vo +p"11),I(50 +p"m)) — Homa (M, I(Fo +p"71))
—  Homg (8, 1(%0 +p"n)) — Extg(L(T +p"v1), I(Fo +p"11))
and
0 — Homg (L(Vo + p"11), I5, (F0) ® Ir, (11)™) — Homg(M, Iz (%) ® Ir, (71)™)
— Homg (S, I, (Fo) ® Ir, (1) ™)) — Extg (L(Do + p"w1), Iy, (o) © Ir, (1)),
Obviously, Extg(L(Dy + p"v), I(Jo + p"v1)) = 0. Moreover, Proposition 3.3 shows
that Extg (L(Dy + p'v), Iz, (30) @ Ir,(11)) = 0. From the induction hypotheses
one concludes that
dim Homg (L(Zo+p"v), I(Jo+p 1)) = dim Home (L(Zo+p"v), Iy, (o) @ Ir, (11))
and
dim Homg (S, I(Fo + p"v1)) = dim Home (S, I (50) ® Ir, (71)™).
Hence, dim Home (M, I(Yo+p"71)) = dim Homeg (M, I5 (50)®Ir, (1)) as claimed.
O

4. A Filtration of Gg(k)

The tensor identity says that G(St,) = St, ®G (k). Once we pass to truncated
categories, such an identity no longer holds in general. However, for p” > 4(h—1) we
will show that G (St,) = St, ®Gqa (k) (Proposition 4.4). Furthermore, a complete
description of the module G (St,) will be given (Theorem 4.3). This will allow us
to determine the character of Go(k). The ultimate goal of this section is to study
the filtration of Gq (k) given in (2.2.1) in order to identify the factors and show
that Gq, (k) = Ga(k) for sufficiently large p” (Theorem 4.7).

4.1. Composition factors of G (k). Since —wy and o permute the funda-
mental weights, any weight v € X(T); can be expressed uniquely in the form
v = —wooy +p" 11 = o+ p'71 with v9 € X,-(T) and 1 € X(T')4. One can now
use the methods in [BNP5, Prop. 2.5] to prove the following result.

PROPOSITION . If L(Fo+p"71) is a composition factor of Go(k) then vo,v1 € T.

4.2. The following results will help us relate Go (k) to Ga(St,) and understand
gA(Str)'
PROPOSITION (A). Let p" > 4(h — 1) and vp,11 €T

(a) St, ®L(v9) ® L(v1)") € Mod(A);
(b) St ®L(1rg) ® Ir(11)™ € Mod(A);
(c) St, ®Ga(k) is a submodule of Ga(St,).

PROOF. (a) From vy € T one concludes that (v1,a) < 2(h—1)— 1. Therefore,
(P =Vp+ro+pv,ay) < (" =1)(h=1)+2(h=1)+p"2(h—1) -
3" —1)(h—1)+4(h—1)—
37— 1)(h — 1).

IN
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Part (b) follows immediately from above. Proposition 4.1 and part (a) imply that
St ® Ga(k) € Mod(A). Part (¢) now follows from St, ® Go(k) C (St, ® G(k))a =
gA(Str)~ O
PROPOSITION (B). Letp” > 4(h — 1) and vo,v; € T'. Then
(a) St, @L(vo) @ Ir (1)) is an injective module in Mod(A).
(b) socq(St, ®L(v) @ It (1)) = socg (St ®L(vo)) @ L(vy)™)
Proor. (a) Let v = v 4+ p"1 be a weight in A. It suffices to show that

Extg (L(7), St ® L(vo) @ Ir(v1)() = 0 for all such ~. Consider the LHS spectral
sequence

By’ = Extly e, (L(m)"), Extl (L(0), St ® L(v0)) ® Ir(11)™)

= Extg? (L(70) ® L(m)™,St, ® L(vg) @ Ir(11)!").
All E%J-terms with j > 0 vanish because St, is injective as a G,-module. Thus

E'=Ey° = Extgq (L(1)", Homg, (L(y0), Str @ L)) ® Ir(11)")
Extéyq, (L(11)"), Ir (1)) @ Home (L (%), Str ® L(10))-

The last isomorphism is a consequence of Proposition 3.1. For Homg(L(7p), St ®
L(1p)) to be non-zero, it is necessary that (yo — woro, o) > (p" — 1)(h — 1). This
forces (yo,ag) > (p" —1)(h—1) —2(h — 1) and

(P" = D(h—1) = 2(h = 1) +p"(n,a0) < (v,a0) <3(p" —1)(h —1).
One concludes that p™(y1, o) < 2p"(h — 1) and 7, € . Hence, by the injectivity
of Ir(v1), Exté/Gr(L(vl)(”, Ir(v1)")) vanishes.

(b) Let v = 70 + p"v1 be a weight in A. From Proposition 3.1, one concludes
that

I

Home (L(7), Sty ® L(vo) @ Ir(11)™)
= Homg,q, (L(71)", Homg, (L(70), St © L(1o)) @ Ir (1))
= Homg,q, (L(n)", Ir (1)) ® Homg(L(%), St, @ L(v)).
The assertion follows. O

4.3. We can now provide a description of G (St,.) for p” sufficiently large.

THEOREM . Let p" > 4(h —1). Then
Ga(St,) = EP St, ®L(D) @ In(v) ™.
vel

ProOOF. Both modules are injective in Mod(A). (The left-side since St, is
injective over G(F,) and the right-side by Proposition 4.2(B) part (a).) It suffices
therefore to show that both modules have the same G-socle. Let v =~y + p"71 be
a weight in A.

dim Homg (L(7),Ga(St,)) = dim Homg(L(v0) @ L(1)"", St @ G(k))
= dim Homgr,)(L(70) ® L(071),St,) (by adjointness)
= [L(’}/o) ® L(O”yl) : Str]G(]Fq)

- Z [L(70) ® L(oy1) ® L(op) = St ® L(M)(T)]G,
neX(T)*
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where the last equality follows from [Jan2, Satz 1.5]. The above expression is zero
unless

(4.3.1) (o +71,08) = (" = 1)(h = 1)+ (p" = {p, ag).

Moreover,

3(p"=1)(h=1) > (yo+p 71, 00) = (P" = 1)(h=1)+(p" = 1) {1, ag )+ (" = 1) {71, g )-

The last inequality implies that (vi, ) < 2(h — 1). Hence, any weight v that
appears in the socle of G5 (St,) has v; contained in I

It follows now from (4.3.1) that 2(h — 1) > (p" — 1)(u,ay). Together with
p" > 4(h —1) this forces p = 0. One concludes that, if L(7) is a composition factor
of GA(St,.), then dim Homg (L(), Ga(St,)) = [L(70) ® L(ov1) : Sty]a-

Using Proposition 3.1 and the fact that St, is injective as a G,-module, one
observes that

dim Homg (L(y0) ® L(o71) : St) [L(v0) ® L(oy1) : Strle
[L(70) ® L(om) : Strla,
= dimHomg, (L(v) ® L(oy1) = Sty)

dim Homg (L(7) ® L(071) : St..).

IAIA

Therefore,

dim Homg (L(7), Ga(St,)) = dim Homg(L(70), Str ® L(—woov1))
— dim Homg(L(10), Str ® L(31))

and

soca(Ga(Str) = @D Homg(L(v0), Sty ® L(F1)) ® L(v0) ® L(71)™

Y EX(T), 11 €T

= @ soca(Sty @ L(71)) ® L))

1€l

=~ (D soce(Str @ L(D) © In(v)™)

vell

by Proposition 4.2(B) part (b). O

4.4. A “tensor identity” and the character of Go(k).

PROPOSITION . Let p" > 4(h —1). Then

Ga(Sty) = St, ®Ga(k) and chGa(k) =Y ch(H(X) @ HO(\)).

el

PrOOF. From Proposition 4.2(A), we know that St, ®Gq (k) C Ga(St,). We
will show here that equality holds. From Theorem 4.3, we know that the formal
character of Go(k) is a summand of ch(P, . L(V) ® Ir(v)(") and, by Proposition
4.1, all composition factors of Go (k) are of the form L(5p)® L(y1)™) with 7o,y € T
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Note that since o(ag) = ap and —wg(ag) = ag, o(T') =T = —w(I"). We have
[Ga(k) : L(3o +p"n)la
= dim Homg (Po(%0 + "), gsz( )
> dim Homg (Pr () ® Pr(71)™") (k‘)) (by 3.4.1)
= dim Homg_ () (Pr(70) ® Pr (’yl) k) (by adjointness)
= dim Homg, (r,)(Pr(70) ® Pr(om), k) (by 2.3.4)
= dim Homeg (Pr(%0) ® Pr(om), k)  (by [CPSvdK, Thm. 7.4])
= dim Homg(Pr(cv1),Ir(o70))  (by duality)
= dim Homg(Pr(71), Ir(70))  (by 2.3.3)
= [Ir(70) : L(m)]
= [(L(F) ® Ir (7)) : L(F0) © L(m) e
= @L ® Ir(v)
ver
It follows that G (St,) = St, ® Ga(k). Finally,
h(@LE) @ Ir()?) = > ch(L@) @ Ir(v)™)

vel vel

= 2D @) HOW)eh(L(@) & H'V) ™)

vel' el

= SR : L)) ch(L(D) @ HOA) ™)

el vel

= > ch(H' N @ H (M),

el

1la

v (r) L(yo+p"1)le

O

We immediately get the following where 7 is the ordering on X (T) as given in
[Jan1, IL.6.4].

COROLLARY . Let p" > 4(h —1). If L(Fp + p"71) is a composition factor of
Ga(k), then there exists A € T' such that yo T A and y1 T A.

REMARK . An easy computation shows for p” > 4(h — 1) that Hq(k) =
@Vex(T)Jr(Ip(y)(r))dimL(”) and Ha(St,) = St ® Ha(k). One concludes from The-
orem 4.3 and Proposition 4.4 that

dim Ha (St,) = dim G5 (St,) and dim He (k) = dim Go (k).

5. Good p"-filtrations and Donkin’s conjecture. Let M be a finite
dimensional G-module. We say that M has a good p"-filtration if and only if there
exists a sequence of submodules 0 = My C My C My C --- C My = M such that
M;/Miyy = L(p?) @ HO(u})™ where p; = p + p'ul € X(T)4 with p € X,(T)
for all 7.

The definition for the case when r = 1 was first introduced by Donkin in
1990 (i.e. the notion of a good p-filtration). Donkin conjectured that if M is a
finite dimensional rational G-module, then M has a good p-filtration if and only if
M ® Sty has a good filtration. Andersen [And2, Cor. 2.8] proved one direction of
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a generalization of this conjecture for large primes (p > 2(h — 1)), namely, given
a finite-dimensional rational G-module M with a good p"-filtration then M ® St,.
has a good filtration. In the same paper, it is also shown that the other direction
holds for G = SLy (k).

Since St, is injective over G,(F,) and A is saturated, Ga(St,) has a good
filtration. For p” > 4(h — 1), from Proposition 4.4, it follows that St, ® Go(k) has
a good filtration. The validity of the generalized version of Donkin’s conjecture
would imply that Go(k) has a good p"-filtration. One can see some indication
of this in Proposition 4.4. Indeed, this provides the motivation for formulating
and proving Theorem 4.7 which demonstrates in the case when M = Gq(k) and
p"L(p — 1) > 4h — 6 that the generalized version of Donkin’s conjecture holds.

4.6. The G-socle of Gg, (k). We now determine the socle of each Gg, (k) for
p" sufficiently large.

PROPOSITION . Let p" > 2(h — 1) and v, 11 € X,.(T). Then

k  ifvg=v1 and vy €Ty,

HOmG(V(/V\Q) ® V(l/l)(r)a ng(k)) = {0 else.

PROOF. Set N = V() ® V(v1)™. Then
Homg (N, Go, (k) € Homa (N, indg_x,) (k)
= Homg, (r,)(N, k) (by adjointness)
= Homg, r,)(V (%) ® V(o11), k)
= Homg, (r,)(V (ov1), H(ovy))
= Homg(V (ovy), H(ovp)) (since p” > 2(h — 1))

- k if Vg =11
)0 else.

If vy = vy, then a non-trival homomorphism will exist precisely if (p" — woo)vy =
o + p"v1 € Q;. That occurs if and only if vy = 11 € T;. 0O

COROLLARY . Let p" > 2(h —1). Then

socg Ga, (k) = @ Lw+pv).

vel';

PROOF. Any simple G-module L(V + p"v) in the socle of G, (k) gives rise to a
non-trivial homomorphism from V() ® V(1)) to Gg, (k). The result now follows
from the proposition. O

REMARK . From Proposition 4.4, Corollary 4.6 (for p” > 4) and our earlier
results in [BNP2] (for p = 3) we conclude the following:

(4.6.1) If G is of type Ay and p" > 2, then Go(k) 2 k@ L(p" + 1).
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4.7. Filtrations of Gq,(k) and G (k). In this section, we show that Go(k)
admits a natural filtration.

THEOREM . Let p"~Y(p—1) > 4h — 6. Then Go(k) has a filtration
0 = Gq, (k) C Ga, (k) C Ga,(k) C--- CGq, (k) =Ga(k)

with factors Go,(k)/Ga,_, (k) = HO(Xj) ® HO(\;)("), each \; € T appearing evactly
once.

PRrOOF. The submodules Gq, (k) were defined in (2.2.1). Using induction on
i, we will show that Go,(k)/Ga, ,(k) = H°(\;) ® H(\;)™). For i = 1 one has
Q; =T = {0} and Go, (k) = k= H°(0) ® H°(0)("). Assume i > 1. By Proposition
4.1 and Corollary 4.4, all composition factors of Gq, (k) C Ga(k) are of the form
L(Do+p 1) with vy, 1 € T and vy —v4 in the root lattice. We first show inductively
on ¢ that in fact v, 1 € T';. Note that this clearly holds for ¢ = 0.

The Theorem holds for type A; by (4.6.1). For the remainder of the proof
we may therefore assume that G is not of type A;. We apply Proposition 3.3
to conclude that Extg(V (D) @ V(ul)(’"),HO(Xj) ® HO(\;)() = 0 for vo,v1,\; €
I'. The induction hypothesis implies that Extg(V (D) ® V(11)™),Ga, ,(k)) = 0.
Therefore the short exact sequence

0— Go, , (k) = Ga,(k) — Ga,(k)/Ga,_, (k) — 0
gives rise to the exact sequence

0 — Homg(V (%) @ V(1) Ga,_, (k) — Homg (V (%) ® V(1)1 Ga, (k))

— HomG(V(f/\O) ® V(Vl)(r)a ng (k)/ngfl (k)) — 0.

One concludes from Proposition 4.6 that

Home(V (%) ® V(1)) Ga, (k) /Ga,_, (k) =

k if Vg =1V = )\i,
0 else.

The module V(X;) ® V(X)) has simple G-head L(); 4+ p"A;) and one concludes
that the G-socle of Go, (k)/Gq,_, (k) is isomorphic to L(Xz +p" ;). Next we embed
Ga,(k)/Ga,_, (k) in the injective hull I(Xz + p"A;). The module I(Xl +p")\;) has a
good filtration with factors HY(vy) with (p” — woo)\; T 7. Here T is the ordering
on X(T) as given in [Janl, I1.6.4]. Clearly the only such ~ that is contained in €;
is (p" — wpo)Ai. One obtains an embedding Gq, (k)/Ga,_, (k) — H°((p" — woo)\;).
Therefore all weights v in Gq, (k)/Gaq,_, (k) satisfy v T (p" — woo) \;.

From above, the multiplicity [Gq, (k) : L(XZ +p"Ai)]c is one. We apply Lemma
3.4 and conclude that Gg, (k)/Gq,_, (k) also embeds in IF(XZ) ® Ir(A\i)). The mod-
ule Ia(A;) © Ir(A;)(™) has a filtration with modules of the form H(Fo) @ HO(y1)")
such that A; T v9,71. Each of these factors has simple socle with highest weight
o +p"y1 > (p" — woo)A;. The only such weight in ©; is (p" — weo)A;. It follows
that

(4.7.1) Ga.(k)/Ga, , (k) — HO(\;) @ HO(\)™).

From the induction hypothesis we conclude that all composition factors of
Gaq, (k) are of the form L(7y + p"v1) with vo,71 € ;.
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For the remainder of the proof we set P = Py (Y0) ® Pr, (71)™). The module
P has a filtration

with factors of the form V(D) ® V(v1)("). Consider the LHS spectral sequence:

Ey’ =Extgq, (V)" Extg, (V(20), V(o)) ® V(p1)")) =
Extd? (V (@) @ V(1) ", V(fio) © V(1) 7).

Note that E21’O = 0 unless vy < pg, and from Lemma 3.2, Eg’l = 0 unless v < p;.
Hence

Exts(V(90) @ V(i) W, V(i) @ V(p1)™) = 0 unless vy < po and vy < puy.

We can rearrange the above filtration such that, for a certain 1 <[ < m, P, €
Mod(2;) while the kernel S of the projection P — P, has all its factors V() ®
V(v1)") outside of Mod(£;). Observe that

Homeg (V (o) @ V (1), indgﬂ(&) k) = Homg, ) (V(0h) ® V()" k)
= Homg, ) (V(vo) ® V(ov1), k)
=~ Homg,r,)(V (%), H (1))
=~ Homg(V (o), H (1)) =0,

unless vg = 11 € T';. This implies that 7y + p"v1 = (p" — weo)v; € Q;. One
concludes that Homg (S, Go, (k)) — Homg (S, indga(Fq) k) = 0. From the two long

exact sequences for Homg(—, Gg, (k)) and Homg(—, indgaam k) associated to 0 —
S — P — P, — 0, this forces

(472) HOIHG(P, th (k)) = HOIH(;(B, ng (k))
(4.7.3) =~ Home (P, ind§ ) k) = Home (P, ind§_ g ) k).

Let L(Jo + p"71) be an arbitrary composition factor of Gg, (k). Recall from
above that 79,71 € I'; and vy — 71 is in the root lattice. The preceding observations
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allow us to argue as follows:

[Ga, (k) : L(o +p"11)]a
= dim Homg (P, Go, (k)) (by Lemma 3.4)
= dim Homg (P, ind§_ g, (k) (by 4.7.2-4.7.3)
= dim Homg_ () (P, k) (by adjointness)
= dim Homg,, (g, (P, (%0), I3, (1)) (by duality and 2.3.4)
= dim Home (Pg,(Y0), I, (71)) (by [CPSvdK, Thm 7.4])
= [Ir,(m) : L(v))le (by 2.3.3)
=Y (r,(n) : B W)l - [H(v) : L(%0)]c)

vel';

= Z ([H°(v) : L(m)]e - [H°(v) : L(70)]@) (see Section 2.3)
vel';

= > (H WY : L(n) Ve - [H®) : LFo)le)

vel';
=Y H' @)@ H' )" : LG +p'n)le-
vel';

For the last equality one makes use of the fact that all composition factors of H%(7)
are p"-restricted. One concludes that

chGo, (k) = Y ch(H°(@) ® H (1))
vel';
and
ch ng‘ (k)/gﬂi—l (k) = Ch(HO(/\ ) ® HO()‘ )(T))
The embedding (4.7.1) is therefore an isomorphism and the assertion follows. Fi-
nally, Proposition 4.4 implies that Go (k) = Gq, (k). O

5. G,(F,)-Extensions

In this section, we apply the filtration of Go(k) obtained in Theorem 4.7 to
make computations about extensions between simple G, (F,)-modules.

5.1. The following theorem involves a minor modification of results proved in
[BNP2, Thm. 2.2] and [BNP5, Thm. 2.3]. The proof can be easily adapted to our
situation.

THEOREM . Let A\, € X, (T). Then
Extg, (g, (L(N), L(1)) 2 Extg (L), L(1) ® Ga(k)).

5.2. Theorem 4.7 implies that G (k) has a filtration with factors of the form
HO®w )®H O(v)" for v € T'. In order to apply Theorem 5.1 and obtain information
about ExtG(Fq)(L()\), L(p)), we investigate the Ext-groups
Ext;(L(A), L(n) ® HO(7) @ H(n)")) = Extg(L(Y) @ V(~won) ™), L(p) @ H (1)

= ExtL (L) © V), L(p) & H(ov),

where v = —wgn. The following lemma says that for these groups to be non-zero,
we must in fact have v € T, = {v € X(T)" | (v, o) < h}.
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LEMMA . Let \,p € X.(T) and v € X(T)4+ with (v,ay) < p". Ifp = 2,
assume further that p* > 4. If Extg (L) @ V(1)) L(n) @ H(ov)) # 0, then
(v,af) < (h—1). (In the excluded cases for p =2, one can replace h — 1 by h.)

Proor. Consider the LHS spectral seqeuence
Ey? = Extg o (V)" Exty, (L(A), L(p) @ H(ov)))
= Exta /(L) @ V()" L(p) @ H(ov)).
Notice that, by Proposition 3.1,
Ey° = Extg g, (V(1)™), k) ® Homea(L(A), L(p) ® HO(ov)).
Hence, E,° = 0 by [Jan1, 11.4.13] and so
By = Ey' 2 Homgq, (V(v)"), Exta, (L(N), L(p) ® HO(0v))).

Let p’y be a weight of Extg (L(\), L(p) ® H(o(v))). It follows from the
argument in [BNP4, 5.2]) that

(5.2.1) P ) < (had) + (s ad) + (ov,al) + 37,

Consider the short exact sequence 0 — L(u) — St ® L((p" —1)p+wop) — R — 0.
Using the long exact sequence in cohomology and the fact that St,. is injective as a
G,-module one obtains a surjection

Homg, (L(\), R® H"(0(v)) — Extg, (L(A), L(p) @ H*(0(v))).
Hence, any weight p"y of Ext¢, (L(X), L(1) ® H%(o(v))) also satisfies
(522)  pimad) <27 - D(h—1) = K a) — (ad) + (v, al).
Adding equations (5.2.1) and (5.2.2) and dividing by two yields

(623)  Pad) < 0 - D01+ ovay) +op
(5.2.4) = (ov,ay)+ (" —Dh+1—p" (1 - 21) .

Replacing v by v results in

3
0 = Dal) < 6 - D= (1= ) < 0 = 1
and the assertion follows. O

5.3. We can now use Theorem 5.1 to show that Ext%;(]Fq)(L()\),L(M)) embeds
as a submodule of a certain direct sum of G-extensions. The conclusion is not
as strong as in [BNP2, 2.5,3.2] (where equality was shown to hold), however the
assumption on the prime is much less restrictive here. Moreover, this result is
sufficient to obtain several nice applications which will follow.

Let M be a G-module with a filtration 0 = My C My C My C --- C My = M.
Then one can argue inductively that for all N € Mod(G) and ¢ > 0

l
(5.3.1) dim Ext{; (N, M) <> dim Extf; (N, M; /M;_y).
i=1
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PROPOSITION . Let p"~'(p—1) > 4h —6, \,u € X,.(T), and T, =T, — {0}.
(a) Assume r > 1, then
Extg, (r,)(L(A), L(1)) < Extg(L(A), L(n) © R,
where

R = (P Extg(LN) @ V()™ L) @ H(ov)).
vel),
P Homgc, (V)" Extg, (L), L(p) @ H'(ov))).

(b) Assume r > 2 and let s = [5]. Assume further that p* > h. Set X = Ao + p° A1
and @ = po + pur with Ao, po € Xs(T) and A, 1 € Xo—s(T). Then we may
reidentify R as

P (Ext(L(A) @ V() "), L)) ® Homa (L(Ao), L(so) @ HO(ov)))

vely,

D Homa(V ()", Extg, _, (L(A), L(1n))) © Home (L(Ao), L(po) ® H'(0v))).

VEFZ

1%

PROOF. From Theorem 4.7, Go(k) has a filtration with factors of the form
H°(D)® H°(v)™) where each v € T appears exactly once. By Theorem 5.1, Lemma
5.2 (and the remarks), and (5.3.1), we have

dim Extle, ) (L(V, (1))

= dim Extg; (L(\), L(1) © Ga(k))

< Y dimExtg (L) @ V()™ L(p) @ H(o(v)))
vel'y,

= dim Extg(L(X), L(n))
+ ) dimExtg (L) @ V()" Lw) @ H(o(v))).

VEF}L_{O}
Since all modules involved are trivial as G-modules, the claimed embedding follows.
Consider the LHS spectral sequence
Ey! = EBxtgq, (V)" Extg, (L(N), L(p) © H(ov)))
= Exta /(L) @ V()" L(p) @ H(ov)).
As in the proof of Lemma 5.2, it follows that £, = 0 and hence E? 2 Ey'', which
gives part (a).

Now assume r > 2. Without loss of generality (by dualizing if necessary), we

may assume that (1, ) < (A, ). We use the LHS spectral sequence
Ey’ = Extgq, (L) @ V()" Extg (L(h), L(uo) ® H(0(v))) ® L(u1)®)

= Bxtg 7 (L(A) @ V()" L(p) ® H(0(v))).
It follows from (5.2.4) that any weight p*y of Extg_ (L(Xo), L(po) ® HO(o(v)))
satisfies p*(y,a) < (0 — Dh+1 -2 + (n,af) < p" = 2p° + 1+ (o) <
p" — 1+ (v,ay). On the other hand, if v # 0, the module L(A\;)® ® V()" has
simple head with weight p*\; + p"v. Comparison of weights forces E%1 = 0.
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Therefore, by Proposition 3.1,
ExtL (LN @ V()™ L) © HO (ov)) = Ey°
— Extlq (L(W)® © V() Home, (L(Ao), L(o) ® H*(0v)) ® L(1u)™)
~ Extlq. (LOW)® @ V)™, L(u) @) @ Homa(L(Ao), L(no) ® H'(ov))
~ Extb(L(\) © V(1) "), L))" @ Home (L(o), L) © H (1),

which gives the first reidentification.
To investigate Extg(L(A1) ® V(v)("=*), L(11)), consider the LHS spectral se-
quence

By’ = Extle, (V)" Bxtl, (L), L(m))
= ExtS7 (L) @ V() "™, L(m)).

As before, using Proposition 3.1 (with M = k), we see that EQl’O = 0 which gives
the result. 0

REMARK . Note that the condition on the prime given in part (b) is almost
always stronger than the initial assumption of the proposition. If r is odd and
greater than one, then the assumption that p® > h implies p"~!(p — 1) > 4h — 6.
Indeed, we have

4h—6<4h—64+(h—2 =h>—2<h*<(p*)2 =p" ' <p " tp—-1).

For r even, it is a bit more involved but straightforward exercise to show that the
condition p® > h implies p"~(p — 1) > 4h — 6 as long as p > 3. If p = 3, the
implication fails only when 7 = 2 and h = 3. If p = 2, the implication fails only
when h =2,3,4,5, or 6.

COROLLARY . Assume r > 2 and let s = [5]. Assume that p* > h and
p " Hp—1) > 4h — 6. Given A\, u € X,.(T), let A = X\o + p* 1 and ju = po + p°uy
with Ao, po € Xs(T) and A1, p1 € Xp—s(T). If either of the following conditions
hold:

(a) Extg, _, (L(A1), L(p1)) =0
(b) Homg(L()\o , L(po) ® H(ov)) =0,
then Extly e, (LY, L(1)) = Bxth(L(Y), L(1).

PROOF. If either condition holds, then it follows from part (b) of the proposi-
tion that the remainder term R is zero and hence ExtIG(Fq)(L()\), L(u)) embeds in
Extg (L(N), L(i)). On the other hand, from [CPSvdK], we know that the restriction
map Extg (L(N), L(p)) — Exté(Fq)(L()\), L(y)) is an embedding. Hence it must be
an isomorphism. O

/\\_/

5.4. Self-extensions for small primes. The following theorem improves on
[BNP2, Thm. 3.4] because it can be applied to primes which are smaller than
3(h — 1). First, we need an observation to deal with the special case of type C,
when p = 2.

LEMMA . Let p =2, ® be of type Cy,, and A € X,.(T). Then Extg; (L(N),L(N))
is either zero or isomorphic to N where N is a G-module whose weights are not
contained in the root lattice.
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PROOF. Extg (L(A), L(A)) embeds in Extg, (L(X), H°(A)). By [Janl, 11.12.8],
Extg (L(M), HO(\)) 2 ind§ (Extly (L(A),\)). Assume that Ext}; (L()),)\)) # 0. It
follows from [And1] (see also [Jan1, I1.12.1 - 12.5]) that the B-socle of Ext}; (L()),\)
is isomorphic to %an where «,, denotes the unique last simple root of ®. Hence,
the weights of Extg; (L()), L())) are not in the root lattice. O

THEOREM . Assume r > 2 and let s = [5]. Assume p* > h and p"~'(p—1) >
4h — 6. Then
Bxtg, s, (L), L(Y) = 0
for all X € X,.(T).

PROOF. Let A = A\g + p° A1 with A\g € X(T) and Ay € X, (T). If p # 2 or
® is not of type C,, since Extg,.__(L(A1), L(A1)) =0, it follows from Corollary 5.3
that Exte, ) (L(A), L(X)) = Extg(L(X), L(A)) = 0 as claimed.

If p=2and ® is of type C,, by Proposition 5.3, it suffices to show that for all
vely— {0}

Homg (V (v)"™%, Extg,  (L(M\), L(A1))) ® Homg(L(Xo), L(Ao) ® H%(ov)) = 0.
Homg (L(Ao), L(Xo) ® H°(ov))) # 0 implies that ov and hence v are contained in
the root lattice. On the other hand, Homg(V(V)("_s),Extéks(L(}\l), L(\)) #0
forces v to be outside the root lattice by the above lemma. O

5.5. Cohomology for small primes. The following shows that the first
G4 (F,)-cohomology with coefficients in a simple module can be described in terms
of the first G-cohomology with coefficients in a simple p”"-restricted module, pro-
vided r is sufficiently large. No condition on the prime is necessary.

THEOREM . Assume r > 2 and let s = [5]. Assume p*~'(p — 1) > h. Given
A€ X (T), let X = Ao+ p°A1 with Ao € Xs(T) and A\ € X,—(T). Define
A=0A1 +p""*Xg. Then

H'(G,L(\) if Ao € Ty — {0}

Hl(Ga(Fq)aL(A)) = {HI(G L()\)) else.

PROOF. Note that if p*~(p — 1) > h, then p* > h and p"*(p — 1) > 4h — 6
so the results in 5.3 may be applied. The Frobenius map is an automorphism on
G (F,) and L(\)("=%) = L()) as a G, (F,)-module. Therefore, H* (G, (F,), L()\)) =
HY (G, (F,), L(A) =) = HY (G, (F,), L())). Since

HY(G, L(\)) = H'(G,(F,), L(\)) and H'(G, L(X)) — H"(G,(F,), L(\)),
one concludes that H' (G, (F,), L(\)) = 0 implies H'(G, L(\)) = HY(G, L()\)) =

Assume that H'(G,L(\)) # 0. If Ay £ T — {0}, then Homg(k, L(\o )

H°ov)) = Homg(V (), L(X\g)) = 0, for all v € T}, — {0}. Corollary 5.3 (part
(b)) now implies that

H'(Go(Fy), L(A)) = H'(G, L(\).

If Ay € T, — {0}, then we apply Proposition 5.3 to Hl(GU(Fq), L(X)) Notice
that r —s > s and the same argument as in the proof of Proposition 5.3 yields that

H'(G,(F,), L(\) — H'(G,L()) @ R
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where
R= P Homa(V(»)™,H' (G, L(X))) @ Homg(k, L(ch) @ H(0v))).
vel', —{0}
It follows from Lemma 3.2 that H' (G, L(\o)) = H' (G, L()\o)). Hence,
Homg (V(v)*), H! (G, L(X)) = 0
for all v € T, — {0} and H'(G,(F,), L(X)) = H'(G, L(})), as claimed. o
5.6. Extensions between simple modules for small primes. The follow-

ing theorem generalizes [BNP5, Thm 3.2(a)] to arbitrary primes but large prime
powers.

THEOREM . Assume r > 3 and let s = [7;1], Assume p* > h. Given A\, €

X, (T) such that let X = Z:;Ol p'A; and p = Z:;Ol piu; with i, i € X1(T). Then
there exists an integer 0 < n < r such that

Exté, (r,) (L), (1)) = Extg(LOV), L(E)),

where

n—1 r—1
A= Zpia(/\i+r—n) + Zpi)\i—n € X'I"(T)v
1=0 i=n

n—1 r—1
po= sza(,uz?i»'rfn) + Zplui,n € X,.(T).
i=0 i=n

PROOF. Note that that p® > h implies p"~!(p — 1) > 4h — 6. Indeed, we have
4h—6<4h—6+(h—22=h*—2<h> < (p*)2 =p* <p" ' <p"p—1).

Thus the results in 5.3 and 5.4 may be applied. If A = p the claim follows from
Theorem 5.4. Assume X\ # p. Then there exists 0 < 1 < r with A\; #£ ;. If I < s we
set n =s—1 and for | > s we set n = + s — [. As before we note that L(\)") =

L)) and L(p)™ = L(ji) as Gg(Fq)—moduIEs. Therefore, EXtégv(Fq)(L()\),L(/J/)) =
Extl, e, (L) ™, L) ™) 2 Bxtl, s, (L, (7). Moveover A, = A # ju = i

Set N = YT phi, N o= i p TN and g = 3T p, =
> iZes1 P k. Then

}\V — )\/ +p5)\l +p8+1)\// and ﬁ: ,LL/ +PS,UZ +ps+1/14”.

Since s = [“7'] implies 7 — s — 1 > s, we can use the same arguments as in
5.3 to conclude that Exte g ) (L(A), L(n)) — Extg(L(A), L(11)) & R, where R is
isomorphic to
P Ext&( L)@V (1), L(p"))@Home (LN +p°Nr), L' +p° )@ H (0v)))

vely,

with I'), =T, — {0}. From Proposition 3.1, one obtains
Homeg (L(N + p*\), L(p' + p* ) @ H(0v)))
= Homg,q, (L(M)™), Homg, (L(X), L(y') @ H(ov)) ® L(m)')
~ Homg(L(N\), L(iu)) ® Homg (LX), L(y') @ H®(ov)).

Now A; # p; forces R = 0 and the assertion follows. O

¢
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As a corollary we can show that for sufficiently large r the dimension of G, (F,)-
extensions between simple modules is bounded by the dimension of G-extensions
between simple p"-restricted modules.

COROLLARY . Assume r > 3 and let s = [55=]. Assume p® > h. Then

1
2

max{dimy Exth, (L), (1) | A € X, (T)}

[And1]
[And2]

[BNP1]

[BNP2]
[BNP3]
[BNP4]
[BNPS]
[BNP6]
[Car]
[CPSvdK]

[Donl]
[Don2]

[GLS]
[Hum1]
[Hum2]
[Jan1]
[Jan2]
[Sin1]
[Sin2]
[Sin3]

(TZ]

= max{dimg Ext&(L(\), L(p)) | A, u € X(T)}.
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