EXTENSIONS FOR FROBENIUS KERNELS

CHRISTOPHER P. BENDEL, DANIEL K. NAKANO, AND CORNELIUS PILLEN

1 Introduction

1.1 Let G be a simple algebraic group over an algebraically closed field k of characteristic
p > 0. For r > 1, let G, be the rth Frobenius kernel of G. It is well-known that the
representations for G; are equivalent to the restricted representations for Lie G. Historically,
the cohomology for Frobenius kernels has been best understood for large primes. Friedlander
and Parshall [FP] first computed the cohomology ring H®*(G1, k) for p > 3(h — 1) where h is
the Coxeter number of the underlying root system. They proved that the cohomology ring
can be identified with the coordinate algebra of the nullcone. Andersen and Jantzen [AJ]
later verified this fact for p > h. Furthermore, they generalized this calculation by looking
at H*(G1, H°()\)) where H°(\) = ind§\ for p > h. Their results had some restrictions
on the type of root system involved. Kumar, Lauritzen and Thomsen [KLT] removed the
restrictions on the root systems through the use of Frobenius splittings.

The cohomology ring H*(G1, k) modulo nilpotents can be identified in general with the
coordinate algebra of the restricted nullcone Ny = {z € Lie(G) | zP! = 0}. For good
primes Nakano, Parshall and Vella [NPV] proved that this variety is irreducible and can
be identified with the closure of some Richardson orbit. Recently, Carlson, Lin, Nakano
and Parshall [CLNP] have given an explicit description of Nj. These recent results provide
some indication that one can systematically study extensions of Frobenius kernels for small
primes by using general formulas which exhibit generic behavior for large primes.

1.2 This paper will first focus on the first extension groups (i.e. Ext!) in the category
of Gy-modules for arbitrary primes. The authors have shown that such computations are
highly desirable because they can be used to provide vital information about extensions in
the category of modules for the finite Chevalley group G(F,-) (see [BNP1, BNP2, BNP3]).

The paper is outlined as follows. In [Jan2], Jantzen provides extensive computations of the
first cohomology groups of the first Frobenius kernel G; of G. In particular, he studies both
HY(Gy1, L()\)) and HY(G1, H°(\)) where L()) is the simple G-module with highest weight
A. The goal in the first part of the paper is to extend these results to higher Frobenius
kernels G,.. In Section 2, we recall Jantzen’s computations of Hl(Bl, A) and then use those
results to compute H' (B, \). In Section 3 the B,-cohomology results are used to compute
HY(G,, H°()\)). In particular, we determine all fundamental dominant weights w for which
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HY(G,, H'(w)) is non-zero. In Section 4, we present some results on the cohomology of
simple modules.

In Section 5 we make use of the earlier computations (in Section 3) to prove a general
formula for extensions between two simple G,-modules for arbitrary primes (see Theorem
5.3). More specifically, we can relate extensions (i.e. Ext¢ ) between simple G-modules
with the extensions between certain G-modules. In particular for m =1 and A\, u € X,.(T),
we construct the following isomorphism (as vector spaces)

(1.2.1) Extg, (L( = (P Ext (L), I(v)" @ L(w) @ Lv)",

veTh

where I (v) is the injective hull of L(v) in the bounded category Cp. Here 7, = {v €
X(T)+ : (v,ap) < h} and Cy, is the full subcategory of all G-modules whose composition
factors L(A) have highest weights in 7. For p > h, we can apply the explicit description of
H*(G1, H°()\)) given in [KLT], to provide sharper results on the necessary bounds for our
truncated categories. From this formula above, we can deduce that for p > 2h — 1,

(1.2.2) Extg, (L( ~ (P Ext{ (L), L) @ L(w) @ Lv)™.

veTy,

The preceding formulas significantly improve earlier results by the authors [BNP1] and
Andersen [Andl, Prop. 5.5].

1.3 Notation: Throughout this paper let G be a simple simply connected algebraic group
scheme defined and split over the finite field ), with p elements. The field k is the algebraic
closure of F,,. For r > 1, let G be the rth Frobenius kernel of G. The basic definitions and
notation can be found in [Janl].

Let T be a maximal split torus and ® be the root system associated to (G,T"). Moreover,
let @ (resp. ®7) be positive (resp. negative) roots and A be a base consisting of simple
roots. For a given root system of rank n, the simple roots will be denoted by a1, as, ..., ay.
Let a¥ = 2a/{a, @) be the coroot corresponding to o € ®. In this case, the fundamental
weights (basis dual to oY, a3, ..., @) will be denoted by wi, wa, ..., w,. We use the same
ordering of roots as given in [Jan2] (following Bourbaki). In particular, for type B,
denotes the unique short simple root and for type C),, o, denotes the unique long simple
root. For a generic simple root «, w, will denote the corresponding fundamental weight.
Let B be a Borel subgroup containing 7' corresponding to the negative roots and U be the
unipotent radical of B.

Let E be the Euclidean space associated with ®, and the inner product on E will be
denoted by (, ). Moreover, let X(T') be the integral weight lattice obtained from ®. The
set X (T) has a partial ordering defined as follows: if A\, u € X(7T') then A\ > p if and only
if A —p e caNa. Set ag to be the highest short root. Moreover, let p be the half sum
of positive roots and wy denote the long element of the Weyl group. The Coxeter number
associated to @ is h = (p,ay) + 1. The set of dominant integral weights is defined by

X(T)y ={0e X(T): 0<(\aY) forall a € A},
and the set of p"-restricted weights is
X (T)={Ae X(T): 0<(\,a")<p" forall a € A}.
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The simple modules for G are indexed by the set X (7")+ and denoted by L(A), A € X(T)4+
with L()\) = socg H°(\) where H%(\) = ind% X\. A complete set of non-isomorphic simple
G,-modules are easily obtained by taking {L(\) : X € X, (T)}. For A € X(T), we will
often use the notation k) := A to be the one-dimensional B-module obtained by taking the
one-dimensional T-module A and extending it to U-trivially.

2 B,-cohomology

2.1 This section is concerned with computing B,-cohomology. Specifically, we compute
HY(B,,\) for all A\ € X(T). For an arbitrary A\ € X (T), we may write A = Ao + p" A1 for a
unique weight A\ € X, (7). Furthermore,

H'(B,,A) = H'(By, Ao + p"\1) 2 H'(B,, Ao) @ p" A1
Hence, it suffices to compute the cohomology for weights A € X,.(T).

2.2 Special cohomology modules: We define certain cohomology modules which will
be used throughout the rest of the paper. Jantzen’s computations of the cohomology groups
HY(By, )\) in [Jan2] begins with a computation of H' (U1, k) as a B-module. In most cases,
Hl(Ul, k) decomposes as a direct sum of simple modules but not in all cases. In particular,
certain indecomposable modules arise when the prime is small. This leads to the presence of
certain indecomposable B-modules in the identification of H'(By, \). We list these module
here with our notation.

e Type B,, n > 3, p = 2: Let Mp, denote the 2-dimensional indecomposable B-
module from [Jan2] having a filtration with factors k,,, on the top and ky, ,—w
on the bottom.

n

e Type Cp, n > 2, p = 2: Let M¢, denote the n-dimensional indecomposable B-
module from [Jan2] having a filtration with factors ku,, kwy—w;, Kws—wss -- -, and
kw, —w,_, from top to bottom.

e Type Fy, p = 2: Let MF, denote the 3-dimensional indecomposable B-module from
[Jan2] having a filtration with factors ky,,, kws—w,, and k,,—u, from top to bottom.

o Type G, p = 2,3: Let Mg, denote the 2-dimensional indecomposable B-module
from [Jan2] having a filtration with factors k,,, on the top and k,,,_,, on the bottom.
Note that there are properly two modules here, one for each prime. As the prime
will be clear in context, we abusively use the same notation for both.

2.3 For a simple root «, whether or not the weight pw, — a is p-restricted affects the
Bj-cohomology. For higher 7, the question becomes whether p"w, — pia is p"-restricted for
0 < i < r—1. More generally, if w is a weight and p"w — p'a is p"-restricted, one would like
to know what conditions w must satisfy. It is not hard to see that in fact w is usually w,
and in general is uniquely determined by p, r, o, and 1.

Lemma . Let A € X,.(T). If A\ = p"w — p'a € X,(T) for some w € X(T), a € A, and
0<i<r—1, then w =w, EXCEPT in the following cases:
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(a) p=2,i=r—1, and the root system is of type By, (n > 3) with « = a,—1. Then
W= Wn_1— Wn-

(b) p=2, i =r—1, and the root system is of type C, (n > 2) with « = «,,. Then
W= wWp — Wp_1-

(¢c) p=2,i=r—1, and the root system is of type Fy with « = ag. Then w = wy — ws.

(d)p=2or3,i=r-—1, and the root system is of type Go with a« = ag. Then
W =wy —Wwi.

Proof. By definition of X, (T'), we must have 0 < (\,3Y) < p" — 1 for all simple roots [.
Write w = ) 5. A ngwp for integers ng. First, we have

A oY) =p (w, o) — pila,aV) = p'ng — 2p.
Hence n, = 1. If the underlying root system is of type A, we are done. Now, let 5 # « be
another simple root. Then we have
(A BY) =p"(w, ") = p'{e. 8Y) = p'ng — p'{a, BY).
Now (a,3Y) = 0,—1,—2, or —3. Hence ng must be zero unless p = 2 or 3, i = r — 1,

and (a, 3Y) = —2 or —3. Checking the various root systems one obtains the above list of
“exceptional” cases. O

2.4 Jantzen computed the cohomology groups H!(By, \) in [Jan2, §3] for all A € X(T).
For the reader’s convenience, we recall these results. For small primes, the answer depends
on the type of the root system and involves certain indecomposable B-modules which are
identified in Section 2.2. Note that there is a “generic” answer for p > 3.

Theorem (A). Letp >3 and A € X1(T'). Then

kt(‘,la) if A =pws —a fora e A

0 else.

HY(By, \) %{

Theorem (B). Let p=3 and A € X;(T).
(a) Assume that the underlying root system of G is not of type As or Gy. Then
M) ey _
Hl(Bl,)\)%{kw“ if A\ =pwq —a forae A
0 else.
(b) Assume that the underlying root system of G is of type As. Then

1 1 .
Hl(B17A)g{k£}1)@kSJ2) Zf)\:CUl+w2:3w1_a1:3wQ_a2

else.

(¢) Assume that the underlying root system of G is of type Gy. Then

]{:5}11) ifA=w; +ws =3w; —ay

Hl(Bh)\) = Mé}; ’if)\:wg :3((4}2 —wl) — Q9
0 else.
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We remark that in this proposition, one sees two phenomena which lead to a non-generic
answer. When pw; — a; = pw; — a; for distinct 7, j, there is a “doubling” of the cohomology
(in the sense of a direct sum of modules). The second phenomenon involves the question
of whether the weight pw; — a; is p-restricted. Notice that in type G2 when p = 3, the
weight 3ws — arg = 3ws is not, p-restricted. And it gets “replaced” by the p-restricted weight
3(w2 — w1) — ag. Furthermore, the cohomology involves a non-simple indecomposable B-
module. We refer the reader to Lemma 2.3 which considers the question of whether pw; —a;
is p-restricted and note that one sees the same phenomena for p = 2.

Theorem (C). Let p=2 and X € X;(T).

(a) Assume that the underlying root system of G is of type A, with n # 3, Eg, E7, or
FEs. Then

k&) if A =pws —a fora € A
0 else.

HY(By, \) g{

(b) Assume that the underlying root system of G is of type As. Then
]ﬁgl) D kb(ul; if A=wy =2w1 —ay = 2wz — a3
Hl(Bla /\) = kSQ) if/\ = w1 + w3 = 2w2 — (9

0 else.

(c) Assume that the underlying root system of G is of type Bs. Then
/{5;11) D kib(ul; ifA=ws =2w1 — a1 =2w3 — a3
Hl(Bh/\) = Mgg) z'f/\:wl :2((,02—0.)3) — Q2
0 else.

(d) Assume that the underlying root system of G is of type By. Then

kl(ull)@Mgﬁ ?;f)\:cL)QZQLdl—Oél :2(603—&14)—0(3

H'(By, ) 2 k) if A =2w; — aj for j € {2,4}
0 else.

(e) Assume that the underlying root system of G is of type By, n > 5. Then

l-co(}]) if A =2wj —aj forje{1,2,...,n—2,n}
H! (Bla A) = Mélg Zf)\ = Wnp—2 = 2(Wn—l - Wn) —OQp—1

0 else.

(f) Assume that the underlying root system of G is of type Cp,, n > 2. Then

ké,lj) if A\ =2wj —aj forje{1,2,...,n—1}
HY (BL,A) =M if A =0=2(w, — wn1) — an,
0 else.
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(g) Assume that the underlying root system of G is of type Dy. Then

kfull) &b kS}Q ® k&) if A=w9s =2w] — a1 =2w3 —az = 2wy — a4
H!(By,\) = { k) if A =w + wg = 2ws — az

0 else.

(h) Assume that the underlying root system of G is of type Dy, n > 5. Then

k&lj) if A =2wj — oy forje{1,2,...,n—2}
H! (Blv A) = kgjln),l @ k&ln) ifA=wp_2 =2wp_1 —ap_1 = 2wy, —
0 else.

(i) Assume that the underlying root system of G is of type Fy. Then

H'(Bi,\) = k) if A =2w; —ay for j € {1,3,4}
Ml(é) if)\:w1:2(WQ—W3)—Oé2

0 else.

(j) Assume that the underlying root system of G is of type Go. Then

k&ll) Zf A= Wy = 2&11 — (X
Hl(Bh)\) = Mé}; z'f)\:wl = 2(&)2 —wl) — Q9
0 else.

Using these propositions, one can compute H(By, \) for all weights A by writing A =
Ao + pA1 and using HY(By, ) = HY(By, \o) @ pA1.

2.5 With the aid of the Lyndon-Hochschild-Serre spectral sequence, we now extend the
results of Section 2.4 for By to B, for all r. When p > 3, the answer fits a “generic” form
that does not depend on the root system. We consider this case first.

Theorem . Suppose p >3 and A € X, (T). Then

() . — 7 ot < i< p_
Hl(BT,)\)%{kw" ifA=p we —paforac A,0<i<r-—1

0 else.

Proof. We proceed by induction on r with the » = 1 case being Proposition 2.4(A). To
proceed inductively, consider the LHS spectral sequence

EY) = HY(B,/B,_1,H (B,_1,)\)) = H(B,, \)
and the corresponding five-term exact sequence

0 — El,O N El _ EO,l _ E2,0 _ E2.
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Write A = A\g + p"~!'A1. By induction, we have
E®' = Homp, /g, (k,H'(B,_1,)))
= HOHlBT/BT_1 (k H! ( r—1, )\0) ®pr71)\1)

Q{HomBT/B (k:k:g;”@k:( )) if \o=p""lwe —plaforac A0<i<r—2
o else

12

{HomBl(k‘, Kpoir )Y if N =" lw, — plafora € A0 < i <1 —2
0 else

1

{(k:c(ul))(”_l)) if \g = p""lwy — pla as above and wy, + A1 = pw for w € X(T)

0 else

~ {kzo(_,r) if A =p" Hwa + A1) —pla=pw—paforwe X(T),acA0<i<r—2
1o else .

Since A € X, (T'), applying Lemma 2.3, we get

01~ {/@ga) if A=p'wy—plaforacA0<i<r—2
o else.

On the other hand, we have
EYY = HY(B,/B,_1,Hompg, ,(k,)\))
N { YB,/B, 1, k07) i A= p' LN for X € X(T)
0

else

12

HY(By, kx)"=D if A = p"= 1\ for N € X(T)
0 else.

Note that since A € X,.(T'), the weight X must lie in X1(7"). And so by induction (or simply
Proposition 2.4(A)), we have

10 & {(l{:&))(Tl) if \ = p"~1)\ as above and \ = pw, — o for a € A

0 else

~ ku(fa) if A=p'wy—p " laforacA
o else.

If E%! =0, then E' = E'9 and the above computations confirm the claim. On the other
hand, if E%! # 0, we must have A\ = p"w, — p'a for some a € A and 0 < i < r — 2. This
implies that A is not divisible by p"~! and so Homp,_,(k,\) = 0. Hence E'* = 0 = E20
and then E' = E%! and the result follows. 0O
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2.6 For p = 3, one has to deal with the fact that H!(By, \) may not be of the form kful)
(when it is not zero). However, the same basic inductive argument still works.
Theorem . Let p=3 and X € X, (T).

(a) Assume that the underlying root system of G is not of type As or Gy. Then

(r) ; — 7 i < g <gpr—
HI(BT,)\)%{]CW"‘ fA=pwe—paforac A0<i<r-—1

0 else.

(b) Assume that the underlying root system of G is of type As. Then

r—1a2

K @ k) if A =p N wi +we) =plwr — 97 e = prws — p
HY(B,, \) = kff; if A =p'wj —plaj forj € {1,2},0 <i<r—2

0 else.
(c) Assume that the underlying root system of G is of type Ga. Then

r—1

/%(fl ifA=p "Hw +w2) =pw —p oy

H'(B,, \) & M) A= p ey = p (W —wi) — Py
" KS)  ifA=prwj—pag forje{1,2},0<i<r -2

0 else.

Proof. The proof for part (a) is identical to the proof of Theorem 2.5. For part (b), we
follow the same inductive argument. Let A = Ag + p"~'A1. In this case, we get

Homp, /p, , (k, (K5, @ ko) @ k) i do = p (w1 + )
0L & Homp /g, _, (K, kffj_l) ® kg\z_l)) if Ao = p"2wj — playj for j € {1,2},
0<i<r—-3
0 else
Homp, (k, kw1, @ kapar)" ™D if Ao = p" 2 (w1 + wo)
= < Homp, (k, kwj+>\1)(r_1) if Ao = p"2w;j — play for j € {1,2},0<i<r—3
0 else

Note that Homp, (k, ky,+x; @ kw,+,) is at most one-dimensional since it is not possible to
have both wy + A1 = pw and we + A\; = pw’ for weights w,w’ € X(T'). Hence, we have

KD i A\ = P2 (w1 +we) and wj + A\ = pw for j € {1,2},w € X(T)
EO = Qg ir ) = p"2w; — play and w; + A\ = pw for j € {1,2},0<i <r —3,w e X(T)
0 else.
Since p wi 4 ws) = plwr — p 201 = pilwy — p"2ae, the non-vanishing conditions
above can be combined. The requirement is that A = A\g+p" "'\ = pr_le —ploy +p N =
P Hwj+ A1) —plaj = prw—pia; for j =1or2,0 <i<r—2andsomew € X(T). Applying
Lemma 2.3, w must be w;. Hence we get

r—2(

01 o {kg;) if A\ =p'wj —plaj for j € {1,2},0 <i<r—2
o else.
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Next we compute E10. Again, we get
210 o HY(By, kx)=D  if X=p" 1V for N € X(T)
10 else.

And by induction,

EL0 o {kffl) D k‘b(ug) if A= prfl(wl + wg) =p'w — prilal =p"wy — p’”*lag
1o else.

As in Theorem 2.5, HY(B,, \) may be identified with either E%* or E®! and the claim
follows.
For part (c), we proceed analogously. With A = X\g + p" 1)\, we get
I‘IOIIIBT/BT71 (k?, k&q_l) &® k‘g\z_l)) lf )\O = pr_lwl — pr_20£1
Homp, /5, _, (k, Mg, V@ kD) if Mo = p/ 2wz = p'wa — w1) — p' 20z

EU,l o~ ‘
HomBr/Br_l(k, kg;_Q) ® kg\rl_Q)) if \g = pr_le —play for j € {1,2},0<i<r—3
\0 else
(ku(f) if \g = p""lwy —p"2a; and wy + A\ = pw for w € X(T)
kg) if \g = p" 2wy = p" Hws —wi) — p" 20y and we — wy + A\ = pw for w € X(T)

1

e Ao = p " lw; — plaj for j € {1,2},0 < i <r—3and we + A\ = pw for w € X(7T)

0 else.

The condition in the second case above arises because the module Mg, ® k), is a two-
dimensional indecomposable module with bottom factor being ku,—w, ® kx;, = kuwy—w;+A;-

Applying Lemma 2.3, we further get
KS) A = prer — p 2
0L o k&’;) if A= p'ws — p" 2
kf}f if \=p'w; —plaj for j € {1,2},0<i<r—3

0 else

o~

KS) i A =plw; —plag for j € {1,2},0 <i<r -2
0 else.

Next we compute E10. Again, we get

210 o JH Brky) 070X = pr Y for X € X(T)
—]o else.

And by induction,

r—1

/{J(T) a

o if \=p" Hw +we) =pw—p
EY = M) ifa=p s = pi(ws —wi) — Py
0 else.

As before, HY(B,, \) may be identified with either E*? or E%! and the claim follows.



10 CHRISTOPHER P. BENDEL, DANIEL K. NAKANO, AND CORNELIUS PILLEN

2.7 For p = 2, the computation of H!(B,, \) involves even more special cases. As for p = 3,
one must deal with the presence of direct sums and non-simple indecomposable modules.
The arguments are similar to those for p = 3 and left to the interested reader.

Theorem . Let p=2 and X € X, (T).

(a) Assume that the underlying root system of G is of type A, with n # 3, Eg, E7, or
FEg. Then

0 else.

a5 e sz

(b) Assume that the underlying root system of G is of type As. Then

KD @ k) if A = prtwy = prwy — "o = prws — p Lo
H'(B,,\) & k%; A =p"" o +ws) = plwn —plag

Kisa if A =p we —pla fora € A0 <i<r—2

0 else.

(c) Assume that the underlying root system of G is of type Bs. Then

KD @ k) if A =prlwy = plwy — prlon = pTws — p"lag

Hl(Br, )\) =~ Mgi) Zf)\ = p’r‘_lwl :' pT(CUQ — u}3) —pr_laz
k’b(ffz Zf)\:prwa_pzaforaeA’OgiSr_2
0 else.

(d) Assume that the underlying root system of G is of type By. Then

kc(uz) ® Mg;) if A =p "lwy =plwi —p"lag = p (ws —wa) — p"Lag

(r) ) A N e .

HY(B,, \) = k‘(j) if A =p'w; P aj for j € {2,4}
koo fA=pwoe —paforac A0<i<r—2
0 else.

(e) Assume that the underlying root system of G is of type By, n > 5. Then
ku(];) if A =p'wj —p taj forj€{1,2,...,n—2,n}

" k"g;) if A =p'ws —pla fora € A,0<i<r—2

0 else.

(f) Assume that the underlying root system of G is of type Cy,, n > 2. Then

kg;) if A =p'wj —p " taj forje{1,2,...,n—1}

(r) ) —0=n" _ o1
HY(B,,\) = ]‘{g ifA=0=p"(wn —wn1) =p"lan
koo  ifA=pwa—plaforacA0<i<r—2

0 else.
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(g) Assume that the underlying root system of G is of type Dy. Then

KD ekl @ kl)  if A= p ey = prun —p" e = prws — prlag = pws —p
(5,0 = {4 Fr=p o tu) = s = e

ko, fA=pwe—paforacA0<i<r—2

0 else.

(h) Assume that the underlying root system of G is of type Dy, n > 5. Then

kfu:) if A\ =p'wj —p " taj forje{1,2,...,n—2}
kg)_l © ka(uz Zf A= pr_lwn—Q =p wp_1— pr_lan—l =p'wn — pr_lan

HY(B,,\) = " :
( ) k{f;) fA=pwe —paforac A0<i<r—2

0 else.
(i) Assume that the underlying root system of G is of type Fy. Then
kf};) if A =pwj — pr_laj for 5 €{1,3,4}
My ifA=p o = (ws —ws) — Py
kg) if A =p we —pla fora e A,0<i<r—2
0 else.

H'(B,, \) =

(j) Assume that the underlying root system of G is of type Go. Then

(K5 ifA=p e =prw —p
H'(B,,\) = M) if A =p ey = p(ws —w1) — p ey
" k) if A\ =pwe —plaforacA0<i<r—2

[e"

\ 0 else.

2.8 With the computations of HI(BT, A) for all A € X,.(T) above, one can readily compute
HY(B,, \) for arbitrary A\ € X(T). First, we make the following observation.

Corollary . Let A € X(T). Then HY(B,,\) # 0 if and only if \ = p"w — p'a for some
weXT),ael, and 0 <1i<r—1. Moreover, if A\ € X,(T), then the weight w is the
weight determined by p, v, o, and i in Lemma 2.5.

Proof. Given A € X(T), we first show that A must have the desired form. Write A =
Ao + p" A1 for (unique) Ao € X,.(T) and \; € X(T). Then HY(B,,\) = HY(B,, o) ® p"\1
and the answer depends on \g. From Theorems 2.5 through 2.7, H'(B,, \g) # 0 if and only
if A\g = p"w’ — p'a for some a € A where ' is the weight (corresponding to p, r, a, and 1)
determined in Lemma 2.3. Thus A = \g +p" A1 = p'w’ —pla+p"A1 = p" (W' + A1) — p'a has
the form p"w — p'a.

Conversely, given any weight A = p"w — p‘a, one can always express w as w = w' +
A1 for the required weight o’ and some weight \; € X (7). And since non-vanishing is
independent of Ay, H'(B,, \) will be non-zero for all such . Finally, the “moreover” part
follows immediately from Lemma 2.3. O

r—

1

Qy
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Given A = p"w — p'a, to compute HY(B,, \), write A = (p"w’ — p'a) +p" A1 for the specific
weight o’ (from Lemma 2.3) and some weight \; € X (7). In terms of the given weight w,
A = w — . Thus we get

HY(B,,\) 2 HY(B,, \) ® k:g\rl) = HY(B,,p"w —p'a) ® kg\? ~ HYB,,p"w —p'a) ® kfﬁw/
and one simply substitutes the answers from Theorem 2.5 through 2.7. For example, in the
generic case, w' = w, and HY(B,, p'w, — plar) = kg;) so that HY(B,,p"w — p'a) = kﬁg ®

kffzwa = kg). For completeness, we include the answers here omitting the straightforward
details in the non-generic cases.

Theorem (A). Letp >3 and A € X(T). Then

k‘g) if A\=p'w—paforwc X(T),acA0<i<r—1

0 else.

HY(B,,\) = {

Theorem (B). Let p=3 and A € X(T).
(a) Assume that the underlying root system of G is not of type As or Gy. Then

HY(B,, \) = {kff) if A\ =p'w—paforwc X(T),acA0<i<r—1
0 else.
(b) Assume that the underlying root system of G is of type As. Then
KD @ kglw_wj ifA=p'w—p la; forwe X(T),j,l€{1,2},j#¢
Hl(Brv)\) = k‘g) if A\ =p'w—paforwe X(T),acA0<i<r—2
0 else.

(c) Assume that the underlying root system of G is of type Go. Then

ku(]") ifA=p'w—p oy forwe X(T)
HY(B,,\) = Mgz) ® kg—)kwl—w ifA=p'w— p"’_lag forw e X(T)

) if A\ =p'w—pa; forwe X(T),je{l,2},0<i<r-2

0 else.

Theorem (C). Let p=2 and A € X(T)).
(a) Assume that the underlying root system of G is of type A, with n # 3, Eg, E7, or

FEs. Then
(M) ey — T, i <i<p_
Hl(BT,)\)% ko ifA=p'w—-paforwe X(T),aeA0<i<r-—1
0 else.
(b) Assume that the underlying root system of G is of type As. Then
K @kl o, ifA=pw—p Tl forwe X(T),j.0 €{1,3},j £
1 ~ kff) if A\ =p'w—p" " lag for we X(T)
H (BT7)\) = (r) . ) -
» ifA=p'w—paforweX(T),acA0<i<r—2

0 else.
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(¢) Assume that the underlying root system of G is of type Bs. Then

%@@Qﬁwﬂﬁ if A =p'w—p la; forwe X(T),j,0 € {1,3},j # ¢
HY(B,,\) = Mé? ® /ﬁ(:lwgfwz ifA=p'w —p"’*lag forw e X(T)

K ifA=pw—paforweX(T),acN0<i<r—2

0 else.

(d) Assume that the underlying root system of G is of type By. Then

KD @ (M,(;;) ® k:fflwl) if A\ =p'w—p " tay forwe X(T)
kirlwl+w4_w3 & (Mg;) ® kfdr_i)_w4_w3) if A\ =p'w—p " taz forwe X(T)
H! (B, \) k) ifA=p'w—p " la; forwe X(T),j € {2,4}
" ku(f) if A\ =p'w—pla forw € X(T),a € A,
0<i<r—2
0 else.

(e) Assume that the underlying root system of G is of type By, n > 5. Then

(kg) ifA=pw—p " la; forwe X(T),j€{1,2,....,n—2,n}
HY (B, \) = Mgn) ® kffj‘wn_wnfl fA=p'w—ptag forwe X(T)

kg) if A\ =p'w—paforwecX(T),acA0<i<r—2

0 else.

(f) Assume that the underlying root system of G is of type Cy, n > 2. Then

ku(f) ifA=pw—p " la; forwe X(T),je€{l,2,...,n—1}
H'(B,,\) = M @KL, ., ifA=pw—play forwe X(T)
" k) ifA=pw—paforweX(T),acA0<i<r—2
0 else.

(g) Assume that the underlying root system of G is of type Dy. Then

KD @ /cfflw,wj ® kfﬁwrwj if A\ =p'w—p " la; forwe X(T),j,¢,s € {1,3,4},
J#FL]F s LFs
HY(B,,\) = Igg) if A\ =p'w—p " tag for we X(T)
ku(f) if A\ =p'w—paforwe X(T),acA0<i<r—2
0 else.

(h) Assume that the underlying root system of G is of type Dy, n > 5. Then

k:u(f) ifA=p'w—p " la; forwe X(T),je{l,2,...,n—2}
H'(B,, \) = KD @kl A=pw—play forwe X(T),j,L € {n—Ln}j#!
/-cg) if A =p'w—paforwec X(T),acA0<i<r—2

0 else.




14 CHRISTOPHER P. BENDEL, DANIEL K. NAKANO, AND CORNELIUS PILLEN

(i) Assume that the underlying root system of G is of type Fy. Then

k) if A\ =p'w—p " la; forwe X(T),j€{1,3,4}
HY(B,, \) = M](;Z) ® kileg_wQ fA=pw —pf_lozg forw e X(T)
(E)r) ifA=p'w—paforweX(T),aecA0<i<r—2
0 else.

(j) Assume that the underlying root system of G is of type Go. Then

o if X =p'w—p " lay forwe X(T)
HY(B,, )) 2 MgQ) ® kglwl_w ifA=p'w— p’l“*lag forw e X(T)
kff) ifA=p'w—paforweX(T),acA0<i<r—2
0 else.

We have chosen to present the results for A € X,.(7) first and then those for general
A € X(T). If one prefers, this can be done in the opposite order: one can inductively obtain
the results for arbitrary A and then use Lemma 2.3 to deduce the results in Sections 2.5
through 2.7 for p"-restricted weights.

3 (Gr-cohomology of induced modules

3.1 According to Kempf’s vanishing theorem, H(\) = ind% X is zero unless A € X (7).
For dominant weights A, the preceding computations of B,-cohomology can now be used to
compute H'(G,, H°(\)) thanks to the isomorphism

HY(G,, HOOV) ") = ind§(H' (B,, 1))

(cf. [Janl, 11.12.2]). Indeed, in the “generic” case, we simply have ind%(H'(B,, \)(-")) =
indg(kw) = H%w). In general, for p"-restricted weights, the computations follow readily
from Theorems 2.5 through 2.7. However, some work is required when the B,-cohomology
involves a non-simple indecomposable module. For p > 3(h — 1), the following theorem (in
conjunction with Lemma 2.3) is stated on p. 392 of [And2].

Theorem (A). Letp >3 and A € X,.(T). Then

H%wo)™  if A= p'we —pla forac A0<i<r—1
0 else.

HY (G, H'(\)) = {

Theorem (B). Let p=3 and X € X,.(T).
(a) Assume that the underlying root system of G is not of type As or Gy. Then

Hwo)™ if A =p'we —pla fora€ A,0<i<r—1

0 else.

H! (G, HO(N) = {



EXTENSIONS FOR FROBENIUS KERNELS 15
(b) Assume that the underlying root system of G is of type As. Then

HO(w))™ @ HOw)™  if A =p" w1 +wa) =p'wy —p"lag = p'wy — p" Lo
Hl(Gr,HO(A)) = Ho(wj)(r) if A =p'w; —piaj forje{1,2},0<i<r-—2

0 else.
(¢) Assume that the underlying root system of G is of type Gy. Then

HO(w)™ if A =p'wr —p" Loy
HOwi)™if A =plwy = pl(we —w1) — p' Lo
HOwj)™  if X =p'w; —play for j € {1,2},0<i<r—2

0 else.

H'(G,, H'(\)) =

Proof. There is one case where the computation involves inducing a non-simple indecom-
posable B-module. That is in part (c) when A\ = p"~lws and H(B,, \) = Mg). However,

2

Jantzen shows in [Jan2, Prop. 5.2] that ind§(Mg,) = H°(w;) which gives the claim. O

Theorem (C). Let p=2 and X € X,(T).

(a) Assume that the underlying root system is of type A, with n # 3, Eg, E7, or Es.
Then

H%wo)™  if A= p'wa —pla forac A0<i<r—1
0 else.

H! (G, HO(N) = {

(b) Assume that the underlying root system of G is of type As. Then

HO(w1)" @ HO(w3)™) if A=p"lwy = p'wy — p'lag = prws — p"laz

HY(G,, HO(\) HO(ws)t) if A =p" " H(wi +ws) = plws —p" e
" HO(wq)™ fA=p we—plaforac A0<i<r—2
0 else.

(c) Assume that the underlying root system of G is of type Bs. Then

HO(w1)™ @ HO(w3)™  if A =p"twy = pTwy —p"lag = plws — p"laz

o ) HO(w3)™ ifA=p "l =p (w2 —w3) —p"ay
HI(GT’HO(A)) = 0 (r) ; T i :
H"(wq) PA=p wy —paforac AJ0<i<r—2
0 else.

(d) Assume that the underlying root system of G is of type By. Then

HO(w1)" @ HOY(wy)™ if A=p " lws =p'wi — p" g = p" (w3 —ws) —p"lag
HY(G,, HO(V)) = HOw;) fA=pwj—p ey for j=2,4
™ - Ho(wa)('f“) if A =p'we —pla forae AL0O<i<r—2

0 else.
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(e) Assume that the underlying root system of G is of type B, n > 5. Then

HOw)™  if A =pw;j —p oy forj€{1,2,...,n—2,n}

H'(G,, H'(\)) =

0 else.

Ho(wn)(’") ifA=p lwy_o = P (Wnet1 — wn) — p
HO%wa)™  if A= pwe — pla fora € A0 <i<r—2

—1
"o

(f) Assume that the underlying root system of G is of type Cy,, n > 2. Then

HO(Wj)(T) if A =p'w; —p " taj forje{1,2,...,n—1}

HY(G,, HO()) =

0 else.

Ho(w)™) if A=0=p"(wp — wp1) —p" Lo,
HO(Wa)(T) if A =p wa —pla forac A,0<i<r—2

(g) Assume that the underlying root system is of type Dy. Then

HY(G,, HO(N)) 2= ¢ HO(wp)!")
HO (Wa)(T)
0

\

HO(w)™) @ HO(w3)") @ HO(wy)™)

fAx=p lwy =pw —p ey =

=pwg —p'rag = plws —p oy

if A =p" N w; +w3) =pws —p e

if A =p'we —pla fora e A0<i<r—2

else.

(h) Assume that the underlying root system of G is of type Dy, n > 5. Then

HO(w;)")

HO(wn_l)(r) D HO(wn)(r)
HO(wa)(r)

0

H' (G, H'(\)) =

if A\ =p'wj —p taj forje{1,2,....,n—2}
fA=p lwpo=p"wa1—p
if A\ =pwa —pla forae A,0<i<r—2

r—1 rflan

ap—1=p'wy—p

(i) Assume that the underlying root system of G is of type Fy. Then

HO(w))") if X =p'w; — p"tay for j € {1,3,4}

H'(G,, H'()\)) =

HO%wg)™  if A =pr~lwy
HO%wo)™  if A =p'wa — pla fora € A,0<i<r—2
0 else.

P (w2 — w3) — P Lo

(j) Assume that the underlying root system of G is of type Go. Then

H%w)" if A =p " lwy =p'wi —p
Ho(wl)(r) if A =p " "lw = p (w2 —w1) — P Lag
HO(wo)")  if A=p'we —pla forac A0 <i<r—2
0 else.

HY(G,, H'(\)) =

r—lal
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Proof. As in the previous proposition, the only difficulty arises in computing the induced
module for the non-simple indecomposable modules. From [Jan2, 5.1, 5.2], we have

ind4(Mg,) = H%w,),
indG(Me,) = Hw),
indg(MF4) = HO(W4)3
ind%(Mg,) = H%w).

3.2 From Corollary 2.8 and Theorem 2.5, one immediately gets the following. Parts (a)
and (b) lower the condition on p found in [And2, p. 392].

Corollary . Suppose A € X (T)+.

(a) HY(G,, H°(\)) # 0 if and only if A\ = p"w — p'a for some w € X(T), o € A, and
0<e<r—1.

(b) If p> 3 and A = p'w — p'a, then HY(G,, HO(\)) = HO(w)").

(¢) If A € X, (T), then the weight w is the weight determined by p, v, o, and i in
Lemma 2.3.

As done in Section 3.1 for p"-restricted weights, one can use Theorems 2.8(A-C) to
compute HY(G,, H(\)) in terms of induced modules for all A\ € X(T),. As most cases
simply involve inducing simple B-modules, for brevity, we do not include these results.
However, some of the answers involve a module of the form indg(M x, ® ks). Specifically,
the computation of H'(G,., H’()\)) for the following dominant weights X\ involves inducing
the given module:

e p =23, type Go, A =p'w — p"Lag: Mg, ® kutw—ws

e p=2,type By, n >3, A=p'w—p""ay_1: MB, @ kutw,—w,_ 1
e p=2, type By, A\=p'w —p"toq: Mp, ® ky—uw,

e p= 2a type Cna n > 27 A=p'w _pr_lan: MC’n ® kw+wn_17wn

o p=2, type Fy, A\=p" — p" Lag: Mp, @ kutwy—uw,

e p=2type Go, A\=p'w — T_lagz Mea, @ kytw; —ws

b

3.3 The following homological algebra fact will allow us to identify a filtration of the
modules listed in Section 2.2 by H(«y)s. This strategy is based on the proof of [Jan2, Prop.
5.1].

Lemma . Let M be a finite-dimensional B-module with a filtration (from top to bottom)
by koys Koy, -5 ko, . Assume further that R indg(aj) =0 foralli>1 and all j. Then
R'ind% (M) = 0 for alli > 1 and ind% (M) has a filtration by factors (from top to bottom,):

Ho(al),HO(ag), .. ,Ho(an)

where any weights o; that are not dominant are omitted.
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Proof. We argue by induction on n and are trivially done if n = 1. For n > 1, there is a
short exact sequence
0—=ksyy =M —=N—0

for some module N. Associated to such a short exact sequence is a long exact sequence
0 — ind%(oy) — ind4(M) — ind%(N) — R'ind%(o1) — R'ind%(M) — R'ind§(N) — ...

By the hypothesis and induction, R?ind%(oy) = 0 = R'ind%(N) for all i > 1. Hence
Riind% (M) = 0 for all s > 1 and there is a short exact sequence

0 — ind%(oy) — ind4(M) — ind%(N) — 0.

Of course, ind%(o1) = 0 if o} is not dominant. And by induction ind%(N) has a filtration
by H'(02), H%(o3), ..., H%(oy,) for those o; which are dominant. Therefore, we get the
desired filtration of M. 0O

3.4 Given a B-module M and a weight ¢ of M, we note that there are two easy conditions
under which R?ind%(c) = 0 for all i > 1. First, this holds if o is dominant (cf. [Jan1, I1.4.5]).
Secondly, if (o, a") = —1 for some simple root a, then R’ ind% (o) = 0 for all i > 0 by [Janl,
11.5.4(a)]. (Of course, for the latter o, H’(o) = 0 and will not appear in the answer.) For
the modules of interest to us, we will see that all weights satisfy one of these two conditions.

Proposition (A). Suppose that p = 2 or 3 and the underlying root system of G is of
type Go. Let w € X(T) be such that p'w — p"tag lies in X(T)y. Then (w,a)) > —1 and
(w,a8) > 1. Furthermore,
(a) if (w,a)) > 0, then indG (Mg, @ kutw —w,) has a filtration with factors HO(w +
2wy — wa) on the top and H(w) on the bottom.
(b) Whereas, if (w,a)) = —1, then indG (Mg, ® kutw—w,) = HO(w + 2wi — wy).

Proof. Let w = miwy + maowo for integers my, mo. In order for the weight p"w — P lag =

(p'm1 + 3p" " Hwi + (p"ma — 2p" " ws to be dominant, it is necessary that (w,ay) =
m1 > —1 and (w,a2v> = mg > 1 as claimed. Now, consider the B-module M = Mg, ®
Kw+w; —wy- This is a two-dimensional indecomposable B-module with a filtration having fac-
t0TS Ky +wtwi—ws = Kw+2w;—w, O the top and kyy—w; +wtw;—wy = K on the bottom. From
the conditions on w, the weight w + 2w; — wo will be dominant but w will be dominant only
if my > 0. On the other hand, if m; = (w,a)) = —1, we are in the case of [Janl, IL.5.4(a)]
mentioned above and have R’ ind%(w) = 0 for all 7. And so the claims follow from Lemma
3.3. O

Proposition (B). Suppose p = 2.

(a) Assume the underlying root system of G is of type B, with n > 3. Let w € X(T)
be such that p'w — p" Loy, 1 lies in X(T)y. Then (w,af) >0 for 1 <j <n-—2,
(w,a)_1) > 1, and (w, ) > —1. Further

() if (w,aY) > 0, then nd%(Mp, @ kuiw,—w,_,) has a filtration with factors
H°(w + 2w, — wp_1) on the top and H(w) on the bottom.

(i) Whereas, if (w,a)) = —1, then ind%(Mp, ® kutw,—w,_,) = H(w + 2w, —
wn_l).
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(b) Assume that the underlying root system of G is of type By. Let w € X(T) be such
that p"w —p" "ty lies in X (T)y. Then (w,ay) > 1 and (w,af) >0 for j =2,3,4.
Further

() if (w, ) > 1, then indG(Mp, ® ky_w,) has a filtration with factors H(w +
wy — wy) on the top and HO(w + w3 — w1 — wy) on the bottom.
(i) Whereas, if (w, ) =0, then ind%(Mp, ® ky—w,) = HO(w 4+ wy — wy).

(c) Assume that the underlying root system of G is of type Cp, n > 2. Let w € X(T)
be such that p'w — p" Loy, lies in X (T)4. Then (W,af) >0 for 1 <j<n-2,
(wya) 1) > =1, and (w, ;) > 1. Furthermore, the module M¢, @ kytw, 1 —w, has

a filtration by factors (from top to bottom):

Ho(w 4w +wp—1 — wn),HO(w +wy — w1+ Wwp—1 —wnp),

Ho(w +ws—wy+wp—1— Wn),-- .,Ho(w +wp—92 — Wp-3+Wp—1— wn),
Ho(w +twWno1 —Wp2+wnp_1 —Wwy) = Ho(w + 2wp—1 — wWp—2 — Wp),
Ho(w +wp — Wno1 +Whpo1 —Wwy) = Ho(w)

with not necessarily all factors present. Specifically,
o Hw+wy +wy_ 1 — wy) is always present.
e Form>3and1 <j<n-—2, Ho(w + w1 — wj + wnp—1 — wy) is present if
(w,a) > 1 and not present if (w,a)/) = 0.

o HO%w) is present if (w,a 1) >0 and is not present if (w,a) ) = —1.

(d) Assume that the underlying root system of G is of type Fy. Let w € X(T) be such
that p'w — p"tag lies in X(T)4. Then (w,af) >0, (w,ay) > 1, (w,ay) > —1,
and {w, ) > 0. Further Mp, ® kytws—w, has a filtration by factors (from top to
bottom):

H(w + w3 + wy — wa), H(w + 2w3 — wa — wy), H(w)

with not necessarily all factors present. Specifically,
o H%w + w3 + wy — wo) is always present.
o HO(w+2w3 —wa —wy) is present if (w,ay) > 1 and not present if (w, o)) = 0.
o HOw) is present if (w,ay) > 0 and not present if (w,ay) = —1.

Proof. As in the preceding proof, we simply compute the conditions on w and then apply
Lemma 3.3. For part (a), write w = > ; m;w;. In order for

2w — 2" a1 = 2"mywr + 2 mows + - - + 2" My —3wn_3 + (2"mp—2 + 2T_1)wn_2
+ (2"mp—1 — 2N wp—1 + (2"my + 27wy,

to be dominant, we must have m; > 0 for 1 < i <n-—2, my,_1 > 1, and m, > —1 as
claimed. The module Mp, ® ky+w,—w, , has a filtration with k2., —w, , on the top and
k., on the bottom. From above, the weight w + 2w,, — w,_1 is necessarily dominant. If
my, > 0, then w is also dominant. Alternatively, we must have (w, ) = m, = —1. In
either case, the filtrations follow from Lemma 3.3.

For part (b), let w = Z?:l mjw;. In order for the weight 2"w — 2" 1oy = 2"w — 27wy +
2"1wy to be dominant, we must have m; > 1 and m; > 0 for i = 2,3,4 as claimed. The
module Mp, ® k,—_,, has a filtration with k,4.,—o, on the top and kyyus—w,—w, on the
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bottom. The weight w + wy — wy is dominant. However, the weight w 4+ w3 — w1 — wy
will be dominant only if my = (w,ay) > 1. Alternatively, when my = 0, we’ll have
(w+ w3 — w1 — wy, oy = —1 which suffices.

For part (c), let w =" ; mw;. In order for the weight 2"w — o, = 2w+ 2"w, 1 —
2"wy, to be dominant, we must have m; >0 for 1 <i<n -2, m,_1 > —1, and m, > 1 as
claimed. The module M¢, ® ki, ,—w, has a filtration with factors (from top to bottom):

k‘w+wn_17wm kw+w27m+wn_1fwm kw+w37w2+wn_17wna R kw+wn—27wn—3+wn_17wm
kw+wn71—wn,2+wn,1—wn = kw+2wn,1—wn72—wn7 k‘w—l—wn—wn,l—i—wnfl—wn = kw-
The weight w 4+ w,_1 — wy is always dominant. On the other hand, the remaining weights
need not be. Indeed, for 1 < j < n — 2, the weight 0; = w + wj11 —wWj + wWp—1 — wy is
dominant if and only if m; = (w,a)) > 1. Moreover, if m; = 0, then (oj,a)) = —1 as
needed. Similarly, the weight w is dominant if and only if (w, a,,—1) > 0. Alternatively, we
have (w, a—1) = —1.

For part (d), let w = Z?Zl mjw;. In order for the weight 2"w — 2" tag = 27w + 2" 1wy —
2"wy + 2"w3 to be dominant, we must have m; > 0, mo > 1, mg > —1, and my > 0 as
claimed. The module Mg, ® kytws—w, has a filtration by factors (from top to bottom):
Ewtws+wi—wss Fut+2ws—ws—ws> kw- The weight w + w3 4+ w4 — wo is dominant. But the weight
0 = w+ 2w3 — wy — wy is dominant only if my > 1 whereas if my = 0, then (0,ay) = —1.
Lastly, if m3 > 0, then w is dominant. Alternatively, we have (w, ay) = —1. 0O

3.5 In this section, we apply our results to provide a complete determination of when
HY (G, H%(wp)) (or equivalently H' (B, ws)) is non-zero for a fundamental dominant weight
wg. For a given fundamental weight wg, by Corollary 3.2, H'(G,, H(wgs)) # 0 if and only
if wg =p'w — p‘a for some simple root o and 0 < i < r — 1 where w is the corresponding
weight from Lemma 2.3. Suppose wg = p"w — p‘a. Then

1= (wg,8Y) =p'(w, 8Y) —p'(c, 8Y).

Observe that the right hand side is divisible by p unless ¢ = 0. This reduces the assumption
to wg = p"w — a. By checking Lemma 2.3, notice that we always have (w,a") = 1. So

<wg,av) = pr<w,av> — <a,av) =p" -2

As the left hand side equals 0 or 1, we must have r = 1 and p = 2 or 3. Therefore, we have
the following result.

Proposition (A). Ifr>1 orp> 3, then
HY(By,wp) = 0 = H'(Gy, H'(wp))
for all fundamental dominant weights wg.

The reader will have already observed that there are fundamental weights wg of the form
pw — « when p = 2 or 3. We proceed to precisely identify these.

Case 1: Assume first that the weight w equals w,. That is, we lie in the generic case. So,
we are assuming wg = pw, — «. Then we have

(3.5.1) (wg, ") = plwa,a’) — (a,a’) =p —2.



EXTENSIONS FOR FROBENIUS KERNELS 21

The left hand side equals 1 if § = « and 0 if § # «.

Case 1.1: Suppose (3 = a. Then the left hand side of (3.5.1) is 1 and we must have p = 3.
In type Aq, one does indeed have w, = 3w, — @. On the other hand, in any other type,
we cannot have w, = 3w, — « for there exists a simple root o # a with (a,0") # 0 while

(Wa, V) = 0.

Case 1.2: Suppose 3 # «. Then the left hand side of (3.5.1) is zero and we must have
p=2. So wg = 2w, — . In other words a = 2w, — wg. One can readily identify all simple
roots which have this form:

o Type A, n > 2: a1 = 2w — w2 SO Wy = 2w — Q1 Qp = 2Wp — Wnp—1 SO W1 =

2w, — oy,
e Type B, n > 3: a1 = 2w; — w2 80 Wy = 2w — 15 Qyy = 2Wp — Wp—1 SO Wnp—1 =
2w, — oy,

o Type Cp, n>2: a1 =2w1 — wo S0 Wy = 2w — Q1

e Type Dy, n > 4: a1 = 2w; —wy 80 Wy = 2w — @1} Qp—1 = 2Wp—1 — Wp—9 and
Oy, = 2Wn — Wp—9 SO Wp—2 = 2Wp—1 — Qp—1 = 2wy, — O,

e Type F,, n = 6,7,8 a1 = 2w; — w3 S0 w3 = 2w| — ag; ag = 2wy — W4 SO
w4 = 2wo — a; iy = 2Wp — Wp—1 SO Wp—1 = 2wy — Qi

e Type Fj: o = 2w; — w9 SO wo = 2wy — 15 g = 2wy — W3 SO W3 = 2w4 — Oy

e Type Go: a1 = 2w — w9 SO wo = 2w1 — a1

Case 2: Suppose that wg = pw — a and w from Lemma 2.3 has non-generic form. For the
list of “exceptional” weights w, we simply check whether pw — « is a fundamental weight:

Type By, n >3, p=2: 2(wp—1 — Wn) — Qp—1 = Wp—2

Type Cpyn > 2, p=2: 2(wp, —wp—1) — &, = 0 (not fundamental)
Type Fy, p =2: 2(wy —w3) — @y = w

Type G2, p=2: 2(ws —w1) — g = wy

Type G2, p=3: 3(ws —w1) — 2 = wo

Thus we have all the fundamental dominant weights with non-vanishing cohomology.
Proposition (B). Let p=2 or 3 and wg is a fundamental dominant weight. Then
H'(B1,wp) = 0 = H'(G1, H'(wg))

EXCEPT for the following weights:
(a) Assume p = 2.

o Type Ax: HY(G1,wy) = H(wp) M, HY (G, ws) = HO(wp)M

o Type Az: HY(G1,w2) = HO(w))M @ Ho(w3)(1)

® Type An, n Z 4: Hl(Gl,WQ) = Ho(wl)(l (Gl,wn 1) (wn) 1)

o Type Bs: HY(G1,w1) = HO(w3)WM, HY(G1,ws) = Ho(wl) ) @ HO(w3)M

o Type By: HY(G1,wo) = HO(wy)™M @HO(W4)( ), HY(G1, wg) >~ HO(wy)M

® Type Bn, n Z 5: Hl(Gl,WQ) = Ho(wl) 1) Hl(Gl Wn— 2) (wn)( (Gl,wn,l)
HO(wn)(l)

Type Cp, n > 2: HY(Gy,ws) = HO(wy)M)
o Type Dy: HY(G1,ws) = H(w))M @ HO(ws)M) @ HO(wy)™

12
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o Type D,, n > 5: HY(Gy,w2) = HOw1)V, HY(G1,wn—2) =2 H(w,—1)V @
HO(wn)(l)}

e Type E,, n = 6,7,8: Hl(Gl,wg) & Ho(wl)(l), Hl(Gl,w4) &~ Ho(wg)(l),
HY(G1,wn_1) = HO(w,)M

o Type Fy: HYG1,wi) =2 HOwy)W, HY(G,we) =2 HO(w))W, HY(G,ws) =
HO(W4)(1)

L] Type GQ.‘ Hl(Gl,wl) = Ho(wl)(l), Hl(Gl,WQ) = Ho(wl)(l)

(b) Assume p = 3.
o Type Aq: Hl(Gl,wl) =] Ho(wl)(l)
o Type Go: HY(Gy,wa) = HO(wy)M)

4 Simple G,-modules

4.1 The computation of the cohomology groups H!(G,, L(\)) for A € X(T)4 is not as
straightforward. Following [Jan2, 4.2, 4.3], consider the short exact sequence

0— L(\) — H°(\) — H°(\)/L(\) — 0
and the long exact sequence in cohomology
0= L)% — BN — (H°()/L() ™
— HY(Gy, L(N)) — HY(Gp, HO(N)) — HY (G, HO(N) /LX) — -

If \,pu € X,.(T) then Homg, (L(), H°()\)) is zero if A # p and k otherwise. It follows that
if A € X,(T) and X # 0 then H°(\)%" = 0, and otherwise it is k. Consequently, for any
A € X, (T), there is an exact sequence

0 — (H°(W)/L(N)™ — HY(Gy, L(N)) — HY Gy, HO(N)) — HY(G,, HY(N)/L(N).
The following is now immediate.
Proposition . If\ € X,.(T) and H'(G,, H°(X)) = 0, then H*(G,, L(\)) = (H°(\) /L()\))G’".
4.2 By combining the previous results with Corollary 3.2, we obtain an identification of
HY(G,, L()\)) for most weights (up to an understanding of the module H°()\)).

Corollary . Suppose A € X,.(T). If \ # p'w — p'a fora € A, and 0 < i < r — 1 where w
is determined by p, r, o, and i from Lemma 2.3, then

HY(G,, L(\)) 2 (HO(A)/L(N) " .

We remark that it is still an open problem in terms of what happens to HY(G,, L()\))
when HY(G,, H°(\)) # 0.

5 Ext'-formula between simple modules
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5.1 Let k[G] be the coordinate algebra of G. For each v € X(T')4, let I(v) be the injective
hull of the simple G-module L(v). As a G-module

(511) k[G] o~ @ I(V)dimk L(ll).
Z/EX(T)+
Here I(v)3™ L) = @7 [(v) where m = dimy, L(v). Therefore,
indg, k = K[G/G,) = kG = @) (1)),
Z/GX(T)+

Now let A\, u € X,(T'). By Frobenius reciprocity and the preceding isomorphism, we have
for m > 0,

Ext¢ (L(A), L))

Ext(L(\), L(i) ® indg, k)

@ Eth(L(A), L(M) X I(V)(T))dimk L(v)
veX(T)+

~ B ExtGLO),Lp) @ I) ") e Lr)".

12

Note that the last isomorphism is in general only an isomorphism of vector spaces.

5.2 Letms={veX(T)+: (v,af) < s} and Cs be the full subcategory of all G-modules
whose composition factors L(v) have highest weights lying in ms. For L(v) in Cs, let Is(v)
be the injective hull of L(v) in the category C;. We remark that Cs is a highest weight
category as defined in [CPS]. The category Cs is equivalent to the module category for
a finite-dimensional quasi-hereditary algebra. Moreover, the injective module I4(v) is a
finite-dimensional G-module.

Proposition . Let A, u € X,.(T') and p be an arbitrary prime. Then Ext¢; (L(N), L(p))=")
is a G-module in Cy(,y,) where

1 ifm=20

s(m)=<h ifm=1

(m—-1)2h—-3)+3 ifm>1
Proof. For m = 0 the statement is clear. The proof for the case m = 1 is inspired from the
ideas in [And2, Lem. 2.3]. Set \* = —wpA. Consider the short exact sequence

0— L(\)® L(p) — H'(\) @ H(u) — N — 0.

Since \, i € X,(T), we have Homg, (L()\), L(p)) = Homg, (V(X\), H(1)). Therefore, from
the short exact sequence above and the associated long exact sequence in cohomology, we
obtain the following exact sequence

0 — NG — Bxtl, (L(\), (k) — HY(G,, HOO\) @ HO(u).
We first show that if v is a weight of Ext¢, (L(X), L(1))") then
(5.2.1) P, af) < (O + poad) + 37
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All the weights of N are less than \* + p so (5.2.1) is true for the weights of (N¢")(="). Con-
sequently it suffices to prove that (5.2.1) holds for all weights of H*(G,., HO(\*)@ H®(1))(=").
Let L(o) = L(0g) ® L(01)™ be a composition factor of HO(A\*) ® HO(u) where o¢ € X,.(T).
Then

HY(G,, L(0)) = HY(G,, L(00)) ® L(o1)".
Consider the short exact sequence

0 — L(og) — H%(09) — Q — 0.

As above, this exact sequence induces an exact sequence of the form

0— QY — HYG,, L(oy)) — HY(G,, H’(0y)).

Let u be a weight of HY(G,, H(0())(="). Then one can directly verify using Theorem
3.1(A-C) that

(5.2.2) P (pag) < {00, aq) +3p"".

Indeed, in the generic case, H'(G,, H(0p)) is non-zero only when ¢ = p'w, — pa for a
simple root a with ¢ < 7 in which case H' (G, H%(00))"") = H(w,). Since p'w, = oo+p'a,
(5.2.2) readily holds. For p > 3 only the generic case occurs. For p = 2,3, verification of
the non-generic cases is left to the interested reader. Since every weight of QC" is less than
p" o, it follows that (5.2.1) holds for all weights of H (G, L(cg))=").

If v is a weight of HY(G,, HO(\*) @ HO(u))="), then p'v < p'u + p"oy where L(og) ®
L(01)) is a composition factor of HO(A*)® H(u)) and p is a weight of HY (G, L (c))=").
Using (5.2.2), it follows that

P (v, o)

< P o) +p (o1, aq)
< (o0,a9) + 3" +p' (01, ag)
< (N Hpoy)+3p!
This verifies (5.2.1).
Consider the short exact sequence of G-modules

0— L(p) — St, ® L(i) = R—0

where i = (p" — 1)p — p*. By applying the long exact sequence in cohomology along with
the projectivity of St, over G, we see that for m > 2

(5.2.3) Extg (L(A), L(p)) = ExtZ ' (L(A), R).

In fact, equation (5.2.3) also holds for m = 1. Since Ext; (L(A), L(p)) = Exté, (L(n), L(N)),
we may assume without loss of generality that A ¥ p. Then Homg, (L(N), St, ® L(ji)) is
trivial unless A = p in which case it is k. Hence the first map in the long exact sequence
Homg, (L(N), L(p)) — Homg, (L(X), St, ® L(f1)) is an isomorphism and (5.2.3) also holds
for m = 1.
The highest weight of R is less than 2(p"—1)p—p*. Thus, any weight v of Extg; (L()), L))" =

Homg, (L(\), R)") must satisfy
prv<2(p" —1)p—p— A
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Applying the inner product with a we get
(5.2.4) Plva) <207~ (b — 1)~ (0" + A ).
Observe that for any weight &, (¢*, o) = (£, ). Thus combining (5.2.1) and (5.2.4)
together yields
20" (v, o) < 200" = 1)(h —1) +3p" 1.

This implies that

3
(v, o) S(h—1)+%<h.

as required.
Next, we argue the case m = 2. By (5.2.3) we have

Bxtd, (L), L)) = Bt (L), B,
Let L(o) = L(0g) ® L(01)™ be a composition factor of R. Then p"oy < 2(p" —1)p— p* — o
and one obtains

p{on,ag) < 2(p" = 1)(h — 1) — (u" + 00, ag).
It follows from (5.2.1) that any weight of v of Extg, (L(X), L(00))("") satisfies

(v, af) < (N + 00, a9) +3p"
Thus any weight v of
Extg;, (L(A), L(0)) 7" 2 Extg;, (L(A), L(00)) ™" @ L(o1)
satisfies
(5.2.5) pr(vay) < (N +00,a8) +3p" L F2(p" — 1)(h — 1) — (u* + 00, ag)).
As noted above, (*,ay) = (£, ) for any weight £. Further, we have assumed with-
out loss of generality that (A, o) < (u,ay). Thus (5.2.5) yields that any weight v of
Exté, (L(N), R)"") satisfies
Pl al) <371+ 2 — 1)(h—1)
which implies
(v, o) < 2h.

Finally, we apply (5.2.3) to the case m > 2. The highest weight of R is less than 2(p"—1)p.
Thus, any weight o = 0¢ + p"o1 of R must satisfy (o, ) < 2(p" —1)(h — 1), which implies
that (o1, af) <2(h—1)—1=2h—3.

Let L(o) be a composition factor of R and m > 1. Then, as G-modules,

ExtZ(L(A), L(0)) 2 Ext% ' (L()), L(0g)) ® L(o1)™.

Inductively we conclude that any weight v of Ext#y (L(A), L(p)) ") = Ext”Glfl(L(A), R)(=")
must satisfy
(v,a) < s(m —1)+2h — 3.

|

5.3 The previous proposition can be refined in the case when p > h by using the work in
[KLT].
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Proposition . Let A\, € X,.(T) and p > h. Then Ext¢; (L()\), L(1))=") is a G-module in
Cs(m) where
1 ifm=0
s(m)=<h ifm=1
2(h—=1)4+mk ifm>1,
where k = 3/2 if G is of type G2 and k = 1 otherwise.

Proof. We will first prove the following.

Step 1: Let 0 € X(T);, p > h and m > 0, then any weight pv of H™(G1, H(0))
satisfies

plv.ay) < (o,a8) + plm + L)r,
where k = 3/2 if G is of type G2 and k = 1 otherwise.

We use [KLT, Thm. 8] which says that
ind$ (Sm=1w)/2yx @ \YDif m = I(w) mod 2

IV%GhH%w.o+pm)g{
0 else.

Here u = Lie U. The weights of the ith symmetric powers Siu* are just sums of 4 positive
roots. Therefore any weight v of S*u* satisfies

(v,a) <i-max{(3,ay) | B € ®T} < 2inr.

Now let 0 = w - 0+ pA\ where w € W and A € X(T)+.

If I(w) = 0 then o = pA and it follows that any weight pv of H™(G1, H%(0)) satisfies
plv,a) < (o, af) + pmk.

If [(w) > 0 then pA < o + 2p and it follows that any weight v of H™(G1, H’(c)) satisfies
plv,a) < {o,a) +2(h—1) +p(m — 1)k < (o,a) + p(m + 1)k. This completes the proof
of Step 1.

Consider the short exact sequence

0— L(o) = H%(0) = Q — 0,
which induces exact sequences of the form
H" ™ (G1,Q) — H™(G1, L(0)) — H™(G1, H'(0)).

Any highest weight of @ is strictly less than ¢ and by using induction on m we get the
following.

Step 2: For 0 € X(T')4, p> h and m > 0, any weight pv of H™(G1, L(0)) satisfies

pv,ag) < {0, aq) +p(m + L.
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Next we will use induction on 7 to show

Step 3: For 0 € X(T')4, p > h and m > 1, any weight p"v of H™(G,, L(0)) satisfies
P (v,ag) < (o, aq) +p'(m+ 1)k

For r = 1 the statement was proved in Step 2. Assume that » > 1. We will use the
Lyndon-Hochschild-Serre spectral sequence

By = H (G, /Gr1,H (Gr1, L(0))) = H (G, L(0)).

The differentials in the spectral sequence are G-equivariant. Moreover, the cohomology is
a subquotient of E;] where i 4+ j = m. Therefore, any composition factor of H"(G,, L(0))
must be a composition factor of some H'(G,/G,_1,H(G,_1, L(0))) with i + j = m. It
is sufficient to show that any weight p"v of H/(G,/G,_1, H(G,_1, L(0))) with i +j = m
satisfies p" (v, o) < (o,a) + p"(m + 1)k.

We first discuss the case j = 0. Homg, _, (k, L(0)) has a composition series with simple
modules L(7)"=1. Clearly the highest weights ~ of each factor satisfy
(5.3.1) Py ag) < (o,aq).
The composition factors of H" (G, /Gr_1,Homg, ,(k,L(c))) are subquotients of some
H™(G,/Gr—1, L(v)"~D). By Step 2 any weight pv of H™(G,/Gr_1, L()r—D)(=r+) =~
H™(G1, L(y)) satisfies

plv,a) < (v,08) + plm + 1k,

r—1

Multiplying the inequality with p"~" and using (5.3.1) yields
P {v,ag) <p Ty ag) + 0" (m+ 1)k < (o,a8) + 0" (m + 1)k
We conclude that any weight p"v of H™ (G, /Gr—1,Homg, ,(k, L(0))) satisfies
P (v,ag) < (o, a9) +p'(m+ 1)k

Next assume that j > 0. By the induction hypothesis we may assume that any weight
p 1ty of H/(G,_1, L(0)) satisfies

(5.3.2) Py ag) < osag) 07 + Dk

H/(G,_1, L(0)) has a composition series with simple factors L(v)"~1). The composition
factors of Hi(Gr/Gr_l,Hj(Grfl, L(0))) are subquotients of some HY(G,/Gy_1, L(7) V).
By Step 2 any weight pv of HY(G,./Gyr_1, L(v)"~D)("+D = H(Gy, L(y)) satisfies

plv,al) < (08} +pi + 1)r.

"~1 and using (5.3.2) yields

Multiplying the inequality with p
p{v,ag) < p v, ag) 0"+ DR < (oyag) "G+ DR+ p7 (i D
Now p"~1(j 4+ 1) < p"~'2j < p"j. Therefore
P (v, ) < (o,08) + 7 (G + i+ D = (0,a) +p(m + D)r.
We conclude that any weight p"v of H(G,./G,_1,H/(G,_1, L(0))) satisfies

P (v} < (0,08} +p(m + D)r.
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Finally, we now prove our claim concerning the size of the weights in Extg; (L(X), L(1)).
Notice that the statement for m < 1 follows from Proposition 5.2. We assume that m > 1.
One has the following sequence of isomorphisms

H™ (G, LOV) @ L(n) = Extf (L(N), L(1))
Ext?, (L (1), (V)
H™ (Gr, L(n") ® L(N))-

Without a loss of generality we may assume that (A, ) < (i, o).
Consider the short exact sequence of G-modules

0— L(\)®L(p) — LIN)®St, ® L(t) = R— 0

where i1 = (p" — 1)p — p*. By applying the long exact sequence in cohomology along with
the projectivity of St, over G, we see that

Ext# , (L(A), L(p)) = H™(G,, L(\*) @ L(p)) = H™" (G, R).

Notice that any composition factor L(o) of R satisfies (o, of) < 2(p" — 1)(h —1). It follows
that any highest weight p"v of H" (G, R) satisfies

p" (v, a(\)/> < (o, aé{) +p'mr <2(p" —1)(h — 1) + p"mk.

Il

, L
, L

12

I

Dividing by p" yields
(v,a) < 2(h — 1) + mk.
The assertion follows.
O

5.4 We can now prove the following formula which relates extensions between simple
modules in G, with certain G-modules. Note that the isomomorphism is in general only an
isomorphism of vector spaces not necessarily of G-modules.

Theorem . Let A\, € X,.(T), and p be an arbitrary prime. Then for m >0,
Extd (L), L) = @D Ext@ (L), Lmy (V)" © L(w) ® L),

VETs (m)
where
1 if m=0,
h ifm=1,
s(m)=q2(h—1)+m ifm>1, p>h and G is not of type G2,
2(h—1)+3/2m ifm>1 p>h and G is of type Ga,
(m—1)(2h —3)+3  otherwise.

Proof. Let N be a G-module. First consider the Lyndon-Hochschild-Serre spectral sequence:
Ey? = Extly g (k,Ext], (L(\), L(n) @ N™) = Ext? (L(\), L(p) @ N©).
For i > 0 and 0 < j < m, let us look at
By = Extlyq (k,Extl, (L(\), L(n) @ N©).
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When N = I(v) we have E;] = 0 for ¢ > 0 because N is an injective G/G,-module.
On the other hand, if N = I, (v) then E5” = 0 for i > 0 and 0 < j < m because

M) = (ExtéT(L()\),L(u))*)(_r) is a G-module in Cyy,) (by Propositions 5.2 and 5.3)
and N is injective in Cy(,y. It follows that if N = I(v) or Iy, (v) then Eg’m ~ g™,
Consequently, if v ¢ 7, then
Extg(L(A), L(p) @ I(1)")) = Homg(M 7, 1(v)) = 0
since the G-socle of I(v) is L(v) and M=) lies in Cs(m)- On the other hand, for v € 7y,
we have
Ext@(L(A), L(p) @ I(v)1")) = Homgyq, (M, 1(v)"")
>~ Homg g, (M, Iym(v)")
Extg (L(A), L(1) @ Ly (1)),
Note that the isomorphism between the first and second lines follows by Propositions 5.2

and 5.3. The statement of the theorem now follows by the isomorphisms given in Section
5.1. O

I

5.5 By specializing to the case when m = 1, we have the following corollary.

Corollary (A). Let \,pu € X, (T) and p be an arbitmry prime. Then
Extg, (L( =~ P Ext (L), I(v)" @ L(w) @ Lv)").
veETH
Corollary (A) takes on even a nicer formulation when p > 2(h —1).

Corollary (B). Let A, u € X,(T) and p > 2(h—1). Then Extg, (L(X), L(p)) is a semisim-
ple G-module and

Ext¢, (L( = P Extg (L), L) @ L) ® Lv)").
veTy
For higher cohomologies we get the following.

Corollary (C). Let \,p€ X, (T), m>2, andp > 3(h—1) +mk — 1, where kK = 3/2 if G
is of type Go and Kk = 1 otherwise. Then Ext$ (L(X), L(u)) is a semisimple G-module and

Extd (LA, L) = @ Extg (L), L) ® L(p) @ L),
VET 5 (m)

where s(m) = 2(h — 1) + mk.
The following proves both Corollaries (B) and (C).

Proof. For m = 1, set s(m) = h. Let Cz = {A € X(T) : 0 < (A +p,a) < p} denote
the closure of the “bottom alcove” under the action of the affine Weyl group. By the
Strong Linkage Principle, if 01,09 € C7, then Ext{,(L(o1), L(02)) = 0. Let v be such that
(v,ad) < s(m). If p> s(m) + (h — 2), then

(v+p,a) <sm)+h—1<p+1,
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which implies that v € C7z. Consequently, the category Cs(m) is semisimple and I, (v) =
L(v) for all v € Cy(;,y. The result now holds by Theorem 5.4. O

As noted, the isomorphism in Theorem 5.4 is only an isomorphism of vector spaces.
However, one obtains the composition factors of Ext¢; (L()), L(p)) via

(Bt (L(N), L() L)) = dim BxtZ (L), L ()" @ L(1).

For p > s(m) + (h — 2) the category Cy,) is semisimple. Therefore the isomorphism in
Corollaries (B) and (C) is actually an isomorphism of G-modules.

The preceding result improves results by the authors in [BNP1] and sharpens results by
Andersen [And1] who proved this for m =1 and p > 3(h — 1).
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