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1 Introduction

1.1 Let G be a connected semisimple algebraic group defined and split over the field I,
with p elements, and k be the algebraic closure of F,. Assume further that G is almost
simple and simply connected. Moreover, let G(IF;) be the finite Chevalley group consisting
of F,-rational points of G where ¢ = p" for a non-negative integer r. Let G, denote the
rth Frobenius kernel of G. For any rational G-module V, let V() denote the rational G-
module obtained by ! twists by the Frobenius endomorphism. In 1977, Cline, Parshall, Scott
and van der Kallen [CPSK] proved an important stability result which relates the rational
cohomology of G' with the cohomology of the finite group G(F,). More precisely, they show
that for any fixed non-negative integer n, if V is a finite dimensional rational G-module,
then H™(G, VW) = H(G(F,), VW) = H"(G(F,),V) for sufficiently large r and I. In other
words, the restriction map H"(G,V®) — H"(G(F,),V") is an isomorphism for large r
and /.

The purpose of this paper is to give explicit formulas for the extensions between simple
modules of finite Chevalley groups. A complete explanation for the notation to follow can
be found in Section 1.2. It is well-known that the simple G-modules are indexed in a
natural way by the set of dominant weights X (7")4. For each A € X (T)4, let L(\) be the
corresponding simple module. Let X,.(T") be the set of p"-restricted weights in X (7). For
X € X, (T), L(\) remains simple upon restriction to G(F,) and G,. In fact a complete set
of simple modules for G(IF;) and G, are obtained in this way.

We will now describe the main results in this paper. In Section 2, Theorem 2.2 gives a
formula relating extensions between simple G(IF,)-modules and extensions over G. The for-
mula holds for arbitrary primes but involves a certain truncated induced module G(k). The
module G (k) was introduced in previous work of the authors [BNP1] that relates extensions
between Mod(G(F,)), Mod(G), and Mod(G,.) via spectral sequences. Here Mod(G(Fy)) de-
notes the category of kG(IF,)-modules, Mod(G) denotes the category of rational G-modules,
and Mod(G,) denotes the category of rational G,-modules.

In general the structure of G(k) is rather mysterious. However, for p > 3(h — 1), where h
is the Coxeter number associated with the root system for G, the module G(k) is semisimple
and this leads to a more computationally useful Ext!-formula given in Theorem 2.5.
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For p > 3(h—1) and \, p € X,.(T),

Exté e,y (LN, L(1) = @) Extg (L) @ L)), L) © L(v))
vell
where I' = {v € X(T)4|(v,ay) < h—1}.

We have recently applied this formula to obtain rather explicit information about the
cohomologies for finite Chevalley groups and their relationship to the cohomologies of the
ambient algebraic groups and their Frobenius kernels in [BNP2].

In this paper, the main application of this formula is to answer long standing questions
involving the existence of self-extensions of simple modules for finite Chevalley groups.
In 1985, J.E. Humphreys [Hum] speculated about the existence of such self-extensions for
G(F,). In particular, he showed that for » = 1 and for the root system of type Cs, there is
an interesting family of self-extensions. Theorem 3.4 says that there are no self-extensions
for simple G(F;)-modules for r > 2 and p > 3(h — 1). That is, ExtIG(Fq)(L(/\), L(\)) =0 for
all A € X,.(T) with r > 2 and p > 3(h — 1).

The determination of self-extensions is much more subtle in the r = 1 case. The
bulk of Section 4 is devoted to proving Theorem 4.2 which says that for A\ € X;(T),
Exté(FP)(L(/\),L(/\)) = 0 with a few exceptions on A when the root system is of type A
or C,. Our results provide answers to many of the questions raised in Humphreys’ paper.
In fact, our proofs clearly demonstrate how his family of self-extensions naturally arises.
The methods used in this paper are based on ideas of H.H. Andersen [Andl], who earlier
proved that self-extensions occur for simple GG,-modules only if p = 2 and the underlying
root system is of type A; or C,.

Recent work by Tiep and Zalesskii [TZ, Proposition 1.4] provides an important appli-
cation of self-extensions. Specifically, they have shown that certain simple modular repre-
sentations can be lifted to characteristic zero only if they admit self-extensions. Moreover,
they found a new class of simple modules for groups of type C, with n > 2 that admit
self-extensions. These examples of self-extensions were discovered independently in [P3]. It
remains an open problem to completely classify all simple modules that admit self-extensions
(even for large primes).

In the final section of the paper, the self-extensions results are used to obtain criteria for
the semisimplicity of finite-dimensional G(F,)-modules.

1.2 Notation: Throughout this paper G is a connected semisimple algebraic group defined
and split over the finite field IF,, with p elements. Assume further that G is almost simple
and simply connected. The results in this paper have immediate generalizations to the
semisimple case. The field £ is the algebraic closure of [F, and G' will be considered as
an algebraic group scheme over k. Let ® be a root system associated to G with respect
to a maximal split torus 7. Moreover, let ®* (resp. ®7) be positive (resp. negative)
roots and A be a base consisting of simple roots. Let B be a Borel subgroup containing T'
corresponding to the negative roots and U be the unipotent radical of B.

The Euclidean space associated with ® will be denoted by E and the inner product on
E will be denoted by ( , ). Let X(T') be the integral weight lattice obtained from ®. The
set X (7T') has a partial ordering defined as follows. If A\, u € X (7T') then A > p if and only
if \—p €Y caNa. Let o = 2a/(e, ) be the coroot corresponding to a € ® and «
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denote the coroot with g being the highest short root. Moreover, let p be the half sum
of positive roots and wy denote the long element of the Weyl group. The Coxeter number
associated to @ is h = (p,ay) + 1. The set of dominant integral weights is defined by

X(T): ={Ae X(T): 0<(\aY) forall « € A}.
Furthermore, the set of p"-restricted weights is
X (T)={Ae X(T): 0<(\,a")<p" forall a € A}.

For any A € X(T), let HI(\) = R/ ind4\ for j > 0. The simple modules for G are
labelled by the set X (T)+ and denoted by L(\), A € X(T); with L()\) = socg H°(\). A
complete set of non-isomorphic simple G,-modules and simple G(F,)-modules are obtained
by taking {L(A): A € X,.(T)}.

For a vector space V' over k, the dual space will be denoted V* = Hom(V, k). Note that
for a dominant weight A, L(A\)* = L(—woA). The Weyl module V(A) is the dual module
of H°(—wo)). Let H denote either G, G(F,), or G, and M, N,Q be finite-dimensional
H-modules. In numerous places in the paper, we will use the fact that Extl; (M, N ® Q) =
Extl, (M @ Q*, N) for all i > 0 (cf. [Janl, I 4.4]). In conjunction with this isomorphism, we
will also use the facts that (M*)* = M and (\, o) = (—woA, o) for A € X (7).

1.3 Acknowledgments: The first author and the third author thank the Department of
Mathematics and Statistics at Utah State University for its hospitality during the prepa-
ration of this paper. The third author would like to thank the Mathematics Department
of the University of Oregon where the author spent his sabbatical while parts of this paper
were written. The authors would also like to acknowledge the referee for several useful
suggestions.

2 General Ext!'-formula

In this section we give two formulas for Ext! between simple G(F;)-modules in terms of
Ext! between G-modules. The first, Theorem 2.2, holds for any prime p. The second and
more useful formula, Theorem 2.5, holds for p > 3(h — 1). It is this second formula that
will be exploited in Sections 3 and 4 to analyze self-extensions.

2.1 We briefly review the techniques developed in [BNP1]. Let C be the full subcategory
of Mod(G) with objects having composition factors whose highest weight lies in = where

r={AeX(T);: A+p,af) < 2p"(h—1)}.

Notice that the category C differs slightly from Jantzen’s p”-bounded category where it
is assumed that (A, o) < 2p"(h — 1) [Janl, p. 360]. Let F¢ be the truncation functor
from Mod(G) to Mod(C) which takes M € Mod(G) to the largest submodule of M in C.
Note that this functor takes finite-dimensional modules to finite-dimensional modules. Let
G =Fco indg(Fq) and R/G be the higher right derived functors of G. For M € C and

N € Mod(G(F,)) there exists a first quadrant spectral sequence [BNP1, Thm. 4.4a]

Ey? = Bxty(M, RIG(N)) = Extgg (M, N). (2.1.1)
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By analyzing this spectral sequence the following result [BNP1, Cor. 5.3i] was obtained
which relates extensions of simple modules for G(F,) with extensions in Mod(G).

(2.1.2) If p > 2(h — 1) and \, u € X,(T) then Ext};(Fq)(L(A), L(w)) = Exts (LX), G(L(w))).

Interestingly enough, one can improve this result for all primes by imposing a condition on
the highest weights of the simple modules [BNP1, Thm. 5.5a].

(2.1.3) If X, € X, (T) with 1 % X then Exth \(L(N), L(1)) & Extl(L(X), G(L(p)))-

2.2 The result below is an improved version of statement (2.1.3) because the image G(k)
is much easier to describe than G(L(u)) for p arbitrary. Indeed, for p > 3(h—1), the module
G(k) was shown in [BNP1, Thm. 7.4] to be semisimple.

Theorem . Let \,u € X, (T). Then Exté,(Fq)(L()\), L(p)) = Extg(L(N), L(p) @ G(k)).

Proof. Since Exth(]Fq)(L()\), L(p)) = Exté(Fq)(L(—wou), L(—woA)) we may assume, without
loss of generality, that (u, ) < (A, ). Furthermore, we may assume that (u,qo) =
(X, o) implies p # A. Clearly it follows now for p # X that u # A.

According to [P1, Lem. 1.4] we have the following statement. Let A € X, (T') and let
N be a G(F;)-module that contains only simple composition factors whose p"-restricted
highest weights « satisfy v < (p" — 1)p + woA where wq is the long element in the Weyl
group. Let St, = L((p" — 1)p) be the Steinberg module for G, (see [Janl, p. 225]). Then
the G(F,)-head of St, ® N contains only simple modules L(o) whose highest weights o are
p"-restricted and satisfy o > A.

We set M = St, ® L((p" — 1)p + wo) and use the preceding fact to obtain:

koif A=
Homae, (M & L=, F) = Homaye, (4, () = { 5 52 ="
Either case yields an isomorphism
Homgr,)(L(A) @ L(—wop), k) = Homgr,) (M @ L(—wop), k). (2.2.1)

From [Janl, II 10.15] one has Homg (M, L(\)) = k. We define the G-module R via the
following short exact sequence of G-modules

0— R — St ® L((p" — 1)p + wo) ® L(—wop) — L(\) ® L(—wop) — 0.
(2.2.2)

Note that this is a short exact sequence in the category C because (u, o) < (A, o) and

woop = —oy implies that St, ® L((p" — 1)p + wo) ® L(—wop) is in C. By using the fact

that the Steinberg module is projective over G(F,) we obtain the following exact sequence:

0 — Homg,) (L(A) ® L(—wop), k) — Homg(r,)(Str @ L((p" — 1)p + woX) ® L(—wop), k)
—  Homg,) (R, k) — Extg, (L) @ L(—wop), k) — 0.
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It follows from this exact sequence and the isomorphism in (2.2.1) that

Homg(g,) (R, k) 2 Extg e, ) (L(A) @ L(—wop), k) = Extge, ) (LA, L))

(2.2.3)
We next use the isomorphism in (2.2.3) to show that there is an embedding
Extlg, ) (LN, L)) — Exth(LOV, L(n) @ G(k)).
First, it follows from (2.2.1) and adjointness that
Homg(L(N\) ® L(—wo),G(k)) = Homg(M & L(—wo),G(k)). (2.2.4)

From the short exact sequence (2.2.2), one also obtains the following long exact sequence:
0 — Homg(L(A) ® L(—wop),G(k)) — Home(Str @ L((p" — 1)p + woA) ® L(—wop), G(k))

— Homg(R, G(k)) — Bxth(L(\) © L(—wop), G(k))

— Extg(Str ® L((p" — Dp+ wod) @ L(—wop),G(k)) — -
From this sequence and (2.2.4), we get an injective map

Homg (R, G(k)) — Extg(L(A) ® L(—wop), G(k)).
But, R € C so by adjointness we have
Homgr,)(R, k) = Homg(R, G(k)) — Extg(L(A) @ L(—wop), G(k)).
It follows from the isomorphism in (2.2.3) that there exists an injective map
Extg,) (L(A) @ L(—wop), k) — Extg(L(A) ® L(—wop), G(k))-

On the other hand, the five term exact sequence of the spectral sequence in (2.1.1) [Janl, I
4.1] shows that

dim Ext&;(L(X) ® L(—wop), G(k)) = dim By < dim E' = dim Extg, ) (L(A) ® L(—wop), k)
so the preceding map is an isomorphism. Therefore, one obtains the desired isomorphism
Extle (LN, L(i) = Extl (L) ® L(~wop), k)
Ext5(L(\) ® L(—wop), (k)

Ext (LN, L) © G(k)).

1

1

|

In Theorem 2.5, we will use the decomposition of G(k) from [BNP1] to further iden-
tify Ext};(Fq)(L(/\),L(u)). We first present some technical results which will simplify this
identification.

2.3 For rational G-modules M and N, Homg, (M, N) has a G-module structure. The
following lemma gives some conditions under which the G-structure on Homg, (L(\), L(1) ®
L(v)) is in fact trivial. This fact will be used in later arguments on extensions.

Lemma . Let p > 2(h — 1) and M be a finite-dimensional rational G-module in Jantzen’s
p"-bounded category [Janl, p. 360].
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(a) If the G-socle of M contains only p"-restricted highest weights, then socg M =
socg, M.
(b) If N\, u,v € X, (T) with (v,a) < p" then
Hom, (L(\), L(1) @ L()) & Homg (L(\), L() © L(v).
Proof. (a) By assumption, socg M = @;L(0;) for some o; which are p"-restricted. Since
p > 2(h — 1), by [Janl, II 11.11], the injective hull (and projective cover) Q. (o;) of each
L(o;) over G, admits a unique G-module structure. Further, each Q,(0;) is injective in
the p"-bounded category (cf. [Janl, IT 11.11]). Hence, there is an embedding of G-modules
M — @;Q.(0;) which is an isomorphism on G-socles. Recall that socg Q(0;) = L(o;) =
soca, (Qr(0;)) and hence one obtains the assertion via
socg, M C @;socq, Qr(0;) = ®;socg Qr(0;) = socg M C socg, M.

(b) It was shown in [BK, Theorem B] that the G-socle of L(1) ® L(v) contains only simple
modules with p"-restricted highest weights. The assertion follows immediately from part
(a) because L(u) ® L(v) is p"-bounded. O

2.4 The following proposition is a generalization of Lemma 5.1 and Proposition 5.5 in
[And1]. It will be used to simplify the formula in Theorem 2.5.

Proposition . Assume p > 2(h —1), \,u € X, (T), and v1,v5 € X(T)4 satisfy (vi,a) <
2(h—1), fori=1,2. Then the following hold:
(a) Bxt(LN@L)", L)@ Lve) = Home,, (L(m)"), Extl,
(b) If p¢ is a weight of Exté; (L(A), L(p) ® L(v2)) then (€, a0> <
Extg, (L(N), L(p) ® L(v)) is semisimple.
(¢) If Extg(L(N) @ L(v1)™), L(p) ® L(va)) # 0, then (v1,a) < h — 1.

Proof. (a) The Lyndon-Hochschild-Serre spectral sequence for G, < G yields
By = Bxtly g (k, Bxt, (L)L), L(p)@L(vs))) = Extg? (L)L), L(w) @ L(1)).

From Lemma 2.3b and the fact that Homg, (L(\), L(p) ® L(v2)) is a trivial G-module, we
have an isomorphism

Ext(z/q, (L(v1)"), Homg, (L(X), L(n) ® L(v2))) 2 Extg(L(1), k) © Homa(L(A), L(1) ® L(vs)).

Any weight v that is linked to the zero weight has to satisfy (v1, ay) >2(p—h+1) [Jan2,

4.1]. The size of p forces Exty(L(v1),k) = 0 for i > 0. Hence, from the five term exact
sequence and the fact that E," = Eg,o = 0, there is an isomorphism

Extg(L(N®L(n) ", L(n)@L(1p)) = E' = By'' = Homgq, (L)), Extg, (L(N), L(1)@L(12))).

(b) By [Janl, IT 10.15] there is an embedding of G-modules L(p) < St, @ L((p" — 1)p +
wop). Therefore, we can define a G-module M via the exact sequence

0— L(p) ® L(ve) — St, @ L((p" — 1)p + wou) @ L(va) — M — 0.
Consider the associated long exact sequence
. = Homg, (L(X), Str & L((p" — 1)p + wops) @ L(v)) — Home, (L(A), M)

(A ) L(p)@L(v2))-

(L
h—1. In particular,
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— Bt (L), L) © L) — Bxth, (L(N), St © L7 — 1)p+ wop) © L(va)) — -+
Using the injectivity of St, @ L((p" — 1)p + wop) @ L(v2) we obtain a surjection

Homg, (L(\), M) — Extg, (L(N), L(p) @ L(vs)).

Now assume that p"¢ is a weight of the G-module Exta (L(N\), L(p) ® L(v2)). Then it is
also a weight of the G-module Homg, (L(\), M) and A + p"¢{ must be a weight of M. The
highest weight of each St, ® L((p" —1)p +wop) @ L(v2) is 2(p" — 1)p+ wop + v2. We obtain
A+p"€ <2(p" —1)p+ wop + v or
p'E<2(p" —1)p— N+ wop + veo. (2.4.1)
On the other hand, L(p) ® L(r2) has a filtration of simple modules with not necessarily
p"-restricted highest weights v = vy + p"y1 with v < p + vo. From [And2, Lem. 2.3] we
obtain the following: for any v and any highest weight p"¢ of Extér (L), L(y0)®L(71)")) =
ExtéT(L()\), L(70)) ® L(71)") there exists a simple root o with p"¢ < —wg 4+ v9 + p"y1 +
P la < —woA+ i+ ve +p" Lo For any weight p"¢ of Ext, (L(A), L(1) ® L(vz)) we obtain
the inequality
P& < —woA + 4o +p Lo (2.4.2)
Adding equations (2.4.1) and (2.4.2) yields
207 < 2(p" — 1)p — X — woX + p + wop + 200 + p' " ta.
Taking the inner product with ag and dividing both sides by 2 yields p" (£, o) < p"(h —
1)+ (h—1) +p 1 As long as p > h we have (¢,a) < (h—1). Since p > 2(h — 1) the
highest weights of all composition factors of Extér(L()\), L(p) ® L(2))=Y lie inside the

closure of the lowest alcove. Hence, it is semisimple by the Linkage Principle.
(c) This follows immediately from parts (a) and (b). 0

2.5 In [BNP1, Thm. 7.4] it was shown that G(k) is semisimple for p > 3(h—1). Moreover,
an explicit description of the module was given. In general the structure of G(k) can be quite
complicated and is not necessarily semisimple. Using Theorem 2.2 and the description of
G(k) for p > 3(h—1), we obtain the following Ext!-formula between simple G(F,)-modules.

Theorem . Forp >3(h—1) and A\, u € X,(T),

Extge,) (L), L(w) 2 @ Exti (L) © L), Lip) © L(v)),
vel

where ' = {v € X(T)+|(v,a) < h}.
Proof. According to [BNP1, Thm. 7.4], if p > 3(h — 1), the module G(k) is semisimple and
Gh)= P Lv-wpv)= P L) Ll—ww)",

velap 1 velgp 1
where I'y,—1 = {v € X(T)+|(v, ) < 2h—1}. Hence, from Theorem 2.2, Exté(Fq)(L()\), L(p))
may be identified in terms of a direct sum of G-extensions of the form

Extg(L(N), L(1) @ L(v) @ L(—wor)™) = Exti (L) @ L)), L) ® L(v)).
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Therefore, by Proposition 2.4c,
Exté g,y (L), L) = €@ Extg(L() © L), Lp) © L(v))

velay 1

P Exth(LO) @ L), L) © L)),
vell

I

|

If either A or p are (h — 1)-deep inside an alcove, i.e. have distance at least h — 1 from
any alcove wall, the formula in part (a) of the Theorem immediately implies Theorem 3.2
in [And2] with significantly weaker deepness conditions (see also [BNP1, Thm. 7.6]). It
explains the observations by Andersen and Ye in [Y] that Andersen’s formula seemed to
work for weights much closer to the alcove wall than predicted. It is also interesting to note
that our Ext!-formula has similarities to Jantzen’s [Jan3] and Chastkofsky’s [Cha] formula
for decomposing projective indecomposable G,-modules as modules over G(F,):

[@r(A) : Un(p)] =Y [L(p) ® L(v) : L(A) ® L(») V¢
vel
Here U, (p) denotes the projective cover of L(u) as a kG(FF4)-module.

3 Extensions for r > 2

3.1 In this section, we strengthen Theorem 2.5 in the case that r > 2 (see Theorem 3.2)
and use this to show the vanishing of self-extensions in Section 3.4. Throughout this section
we use the following notation. Any o € X,(T') may be expressed as 0 = o9 + o1p+ -+ +
or_1p" " where 0; € X1(T) for 0 <i <r—1. Forr > 2,set ¢ = og+01p+---+0,_2p" 2 s0
that 0 = & + 0,_1p"~!. The following technical result will be used in the proof of Theorem
3.2.

Proposition . Let p > 2(h— 1), \,p € X,.(T), and vi,v2 € X(T)4. If r > 2, v1 # 0, and
o €T, then

HomG/Gr—l (L()‘T—l)(r_l) ® L(Vl)(r)a EthGr_1 (L(/):)v L(ﬁ) ® L(VQ)) ® L(MT—I)(T_D) =0.
Proof. Using duality as discussed in the last pa@graph of Section 1.2, we obtain
Homgq,, (L(Ar—1)""Y @ L(v1) ", Bxtg, (L), L() @ L(2)) ® L)) =
Homgq, , (L(—wopr—1)" "1 @ L(1)"), Extg, _ (L(A), L(R) © L(v2)) ® L(=woA—1)" ),
and hence may assume that (u,—1,ay) < (M_1, o).

By Proposition 2.4b, any highest weight £ of Extg,  (L(A), L(7))®L(12)) satisfies (¢, ag) <
p"~1(h —1). Any highest weight 7 of Ext};Pl (L(/)\\), L(i) ® L(v2)) @ L{pr—1)" =Y therefore
satisfies (9, o) < p" " ((ir—1, ) +h—1). By Steinberg’s Tensor Product Theorem, the G-
module L(\,_1)" Y ®L(v1)") may be identified with the simple module L(p™ '\, _1+p"v1).
Hence, the desired Hom-group is clearly zero unless

(" Aot + 0" af) < P (e o) +h - 1),

Using the assumptions (-1, ) < (Ar—1,ay) and 11 # 0, one obtains p" < p"(v1,qy) <
O

p"~1(h —1). Hence, with p > 2(h — 1), one obtains a contradiction.
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3.2 The theorem below shows that Theorem 2.5 can be significantly strengthened for
r > 2. In particular, extensions of simple G(F,) modules are determined by G-extensions of
the same simple modules, the socle of extensions of simple G1-modules, and decomposition
of tensor products of simple G-modules.

Theorem . Forp>3(h—1),r>2, and \,u € X,(T),

Extg ) (L(A), L(p)) 2 Extg(L(N), L(p) ® R (3.2.1)
where
R= P Home(L(v),Ext, (L(A—1), L(tr—1)) ) ® Home (LX), L(7) @ L(v)).
vel'—{0} (3.2.2)

Proof. Without loss of generality we may assume that (i, o) < (A, o) because
Extgy,) (LN, L(1)) = Extgs, ) (L(—wop), L(—wo)).
From Theorem 2.5, the remainder term R may be identified as
R= @ Exth(LO)® L), L) @ Lv)).
vel'—{0}
We proceed to identify Exts(L(A\) @ L(v)™), L(u) ® L(v)) for v in T — {0}. We begin by
applying the Lyndon-Hochschild-Serre spectral sequence for G,_1 < G:
By = Bxthg  (LOw-)" V@ L), Bxt}, (L), L(E) © L) @ L(g—1)" V)
= BxtY(LO) @ L), L(w) © L(v).
We have E' = ExtL(L(\) ® L(v)"), L(p) ® L(v)). By Proposition 3.1, it follows that
Eg’l = 0 and hence E! = Ezl’0 (from the beginning of the corresponding five term exact

sequence 0 — E21’0 — B! — Eg’l — ES’O — E?). Therefore, with Lemma 2.3b, we have the
following isomorphisms:

E' = Extlg (L)Y @ L), Homg, , (L(N), L(R) @ L(v)) ® L(pe—1)")
~ ExtL(LO_1)® L)Y, L(p—1)) ® Homg(L(N), L(R) ® L(v)).

Applying Proposition 2.4a to ExtL(L(A\—1) ® L)), L(py—1)), for any v € T' — {0}, we
then have

B 2 Bxt(L(Ar—1) ® L)Y, L(py,—1)) ® Homg (L), L(7) ® L(v))
= Homgyc, (L(v) M), Ext, (L(Ar—1), L(ptr—1))) ® Homg(L(N), L(7i) © L(v))
= Homg(L(v), Exty, (L(Ar—1), L(pr—1)) ) @ Homg(L(N), L(7) © L(v)).

The theorem now follows from Theorem 2.5. 0O

3.3 It was shown in [CPSK, Thm. 7.4] and in [And2, Prop 2.7] that the restriction map in
cohomology res : Ext (L(A), L(p)) — Exté(Fq)(L()\), L(p)) is an injective map . In [And2,
Rem. 2.10(iii)] Andersen observed that for fixed A and p and for sufficiently large r this
map is an isomorphism. Our formula in Theorem 3.2 captures this fact. For r large, and
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A, fixed, Ar—1 = pr—1 = 0, thus R = 0. Indeed, from Theorem 3.2, we deduce the following
sufficient conditions for extensions between simple G(F,)-modules to vanish.
Corollary . Letp>3(h—1), r>2, and \,u € X,.(T). If
(a) Ar—1 = ptr—1 or R
(b) there exists a root a such that (A — i, aV)| > h —1,
then Extgy g (L(A), L(1)) = Extg(L(A), L(p)).-

Proof. If Ay—1 = pir—1, then Extg (L(Ar—1), L(tr—1)) = 0 for p > 2 by [And1, Thm. 4.5].
Hence the remainder term R in Theorem 3.2 vanishes giving the claimed isomorphism.

In the second case, we embed Home(L(X), L(7)) ® L(v)) in Homeg(V (X), HO(71) ® HO(v)).
The module H(ji) ® H°(v) has a good filtration with factors H(fi + ) [Mat]. Moreover,
[{(v,a")] < (v,a) for any root o and (v, ) < h because v € I'. The assumption on h)
and i implies that H°(X) does not appear as a factor and by [Janl, II 4.16] one obtains
dim Homg (L(A), L(7i) ® L(v)) < dim Homg(V(X), HO(7)) ® H°(v)) = 0. Hence, R = 0 and
the result follows. 0O

3.4 Self-extensions A particular consequence of Corollary 3.3 is that self-extensions do
not exist for simple G(IF;)-modules when r > 2 and p > 3(h — 1).

Theorem . Forp>3(h—1), r>2, and A € X,(T), Extgg ) (L(A), L(A)) = 0.

Proof. Since it is well known that Ext}(L()\), L(\)) = 0 (cf. [Janl, II 2.12]), this follows
immediately from Corollary 3.3a. 0

4 Extensions for r =1

4.1 In this section, we consider extensions over G(F,). We begin with a modification
of Theorem 2.5. As in the case when r > 2 (Theorem 3.2), this formula reduces the
computation of these extension groups to computing extensions for the algebraic group G
and for the first Frobenius kernel G;. This formula will not be used in the remainder of the
paper.

Theorem . Let p > 3(h—1) and A\, p € X1(T'). Then

Exte e,y (L), L(p)) 2 Extg(L(A), L(p) ® R (4.1.1)
where
R= P Homg(L(v),Extg, (L(N), L(p) @ L)) D). (4.1.2)
vel'—{0}

Proof. By Theorem 2.5, the remainder term R may be identified as
R= P Extg(L(N) @ L)W, L(p) ® L(v)).
ver—{o}
By Proposition 2.4a, we have
Ext&(L(A) @ L(v)V, L(\) ® L(v)) = Home(L(v), Exty, (L(N), L(p) @ L(v)) D).
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|

4.2 The remainder of this section is devoted to analyzing self-extensions in the case r = 1.
The analysis is considerably more subtle since self-extensions are known to exist for groups
of type Ay and C,, [Hum]|, [TZ, Remark 3.18], [P3]. The goal is to prove the following
theorem, which states that self-extensions of simple modules can exist only in type A; and
C,, for specific weights.

Theorem . Letp > 3(h—1) and A\ € X1(T). If either

(a) G does not have underlying root system of type Ay or C, or
(b) (\, ) # p_TH, where o, is the unique long simple root and c is odd with 0 <
|C‘ S h — 1;
then Exté(]Fp)(L()\), L(\)) =0.

The analysis requires a sequence of technical results. The strategy employed here is
similar to that used by Andersen [Andl] to study self-extensions over G,. Note that we
refer to Jantzen’s presentation of this work in [Janl] rather than the original source.

To begin, according to Theorem 2.5, for p > 3(h — 1) and A € X (7)),

Extée,) (LY, L) = @ Extg (L) © L)V, L(A) @ L(v)).
vell

Suppose Exté,(Fp)(L()\),L()\)) # 0. Since Exts(L(\), L(\)) = 0 (cf. [Janl, 1T 2.12]), there

exists v € T' — {0} such that Exts(L(\) @ L(v)M), L(\) @ L(v)) # 0.

The next step is to reduce the problem to one over the Borel subgroup B C G and
its first Frobenius kernel B;. Indeed, it follows from Lemma 4.5 that if Ext}(L(\) ®
L)Y, L(\) @ L(v)) # 0 for some v, then there exists a weight ¢ of L(v) such that
Homp, p, (po, Exti, (V(A), A ® L(v)) # 0. The results in Sections 4.3 and 4.4 are technical
results used to obtain Lemma 4.5.

The final major step is to determine when the above Hom-group can be non-zero. That
reduces to the question of when Extp (V(A), A ® L(v)) is non-zero. In Theorem 4.9, it is
shown that this is non-zero only for specific weights A when the underlying root system of
G is of type Ay or C,. Sections 4.6-4.8 contain more technical results needed for the proof
of Theorem 4.9. Our main theorem then follows from Corollary 4.9.

The reader will note that the results presented below are somewhat more general than
needed to obtain the above self-extension result. In particular, rather than a single weight
v as above, possibly distinct weights v and v are used throughout this section. One source
of motivation for this is the possible application of these results to twisted Chevalley groups
which the authors plan to investigate in the future.

4.3 The following embeddings involving induced modules H%(\) = ind% A and Weyl mod-
ules V/(\) & H(—wo))* will be used in Lemma 4.5.

Lemma . Let A € X1(T), vi,va € X(T)4 with v1 # 0 and (v2, ) < p. For M €
{L(N\),V(X\)}, there exist the following embeddings

(a) Exty(M @ V()W L\ @ HO (1)) — Ext5(M @ V()M HO(\) @ H(1));
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(b) ExtG (L) @ V()W L(\) ® HO(1v2)) — ExtL(V(A) @ V(v)M, HON) @ HO(1)).
Proof. (a) Consider the short exact sequence
0— L(\) @ H1p) — H'\) @ H(1g) — Q — 0
and the corresponding long exact sequence

.- = Homg(M @ V (1), Q) — Ext5(M @ V()M LX) @ HO(1))
— Extg(M @ V()M H'(\) @ HO(12)) — -+

It suffices to show that Homg(M @ V(v1)M,Q) = 0. Since the G-head of M ® V()M
is L(\) ® L(r1)™) and therefore simple, M @ V(1)) is a quotient of V(X + pr1). Hence,
if there exists a non-zero homomorphism M ® V(1)) — @, then there exists a non-zero
homomorphism V(A +pri) — Q. So A+ pr; is a weight of Q. Hence A+ pry < A+ v, which
would imply that 0 # p(v1, o) < (v2,qf) < p, which is impossible. (b) This part follows
by using the duality H°(\)* = V(—wg)) and applying part (a) twice. O

4.4 Let B be a Borel subgroup of G and B; be the first Frobenius kernel of B. The
following technical result is used in several places.

Lemma . Let A € X1(T),v € X(T)+ with (v, o) < p, and v € X(T)+ with A+~ dominant
and {v,a") < p for any root a. Then the following hold:

(a,) Homp, (V(A+7),\) = { g Zs’ye.: ’

(b) As a B-module, Homp, (V()\), A ® H°(v)) is a direct sum of trivial modules.
Proof. (a) Suppose that Homp, (V(A +7),A) # 0. Then there exists o € X(T') such that
Homp, g, (po, Homp, (V(A+7),)) # 0. But,

Homp,p, (po, Homp, (V(A +7),A)) = Homp,p, (k, Hompg, (V (A +7),A — po))
= Homp(V(A+7),A —po).

As a B-module, V(A + v) has a unique one-dimensional quotient with weight A 4+ ~. Hence
A+7v=X—po, soy=—po. The size of v forces ¢ = 0 and v = 0.

(b) By duality Homp, (V(\), A\® H°(v)) = Homp, (V(\) ® V(—wor), A). By [Mat] V(A) ®
V(—wor) has a Weyl filtration with factors V/(A++). Any B-composition factor of Homp, (V(\)®
V(—wov), A) has to appear in some Homp, (V (A + ), A). The condition on v implies that
« satisfies the hypotheses. By part (a) the only composition factors of Homp, (V (A +7), A)
are trivial modules. Since there are no self-extensions of the trivial module as a B-module,
the assertion follows.

|

4.5 The following lemma will allow us to reduce the problem to one for B- and Bj-
cohomology.
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Lemma . Let A € X1(T) and v1,v2 € X(T)+ with v1 # 0 and (v, o)) < p. Suppose that
Exts (L) @ V(v) W, L\ @ HO(vg)) # 0. Then there exists a weight o of V(v1) such that

Homp, g, (po, Ext, (V(A), A ® H (1)) # 0.
Proof. By Lemma 4.3b, it follows that

Extg(V(\) @ V()W HO(\) @ H (1)) # 0.
By Frobenius reciprocity, we obtain

Exthb(V(A) @ V()M A @ H(1n)) # 0.
Consider the Lyndon-Hochschild-Serre spectral sequence for By < B:
By = Extly g (V(n) W, Ext, (V(A),A@ HO(n))) = Exty? (V) @ V()M A @ HO (1))
and the five-term exact Sequence
0 — Extp g V()" Homp, (V
—  Hompg,pg, (V(v v)M ExtB (V

Lemma 4.4b shows that Hompg, (V/(\), A\®@ H%(12))) is a direct sum of trivial B-modules. So
for 7 > 1 we have

B3 = Extlyp, (V (1)), Homp, (V(A), A @ H'(1,)))
= P Bxctly s, (V)W k)
= (P Ext(V (1), k)

& @ Exts(V (1), k) by Frobenius reciprocity.

(A A ® H (1)) — Extp(V(A) @ V()W A @ HO (1))
(

By [Janl, II 4.13], we have Eé’o =0 for ¢ > 1. Consequently,
0# B' 2= X' = Homp)p, (V(11) D, Exth, (V(A), A ® H(1))).

Therefore, there exists a weight o of V (v1) such that Homp g, (po, Ext}gl (V(N), \@H"(11))) #
0. .

4.6 To study groups of the form Hompg, p, (po, Ext}31 (M, \)), we will repeatedly make use
of the spectral sequence

E ExtB/B (po, ExtB (M, N) = ExtH_](M,)\ —po)

and its five-term exact sequence. The following result gives some conditions under which
the abutment in such a spectral sequence can be non-zero. In what follows, we also make
use of the Strong Linkage Principle [Janl, IT 6.13] and the refined order relation “ 1 ” on
weights as defined in [Janl, II 6.4].

Proposition . Let A € X1(T) and v € X(T) with A + v dominant and {(v,3") < p/3 for
any root (3. If there exists a weight o with Exth(V(\ + ), \ — po) # 0, then one of the
following holds:

(a) v =0 and o = p™a, where a denotes a simple root and m a non-negative integer,

N, A® H(1))) — ExtB/B (V(v1), Homp, (V(A\), A ® H%(1»))).
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(b) o is equal to a simple root c, (A + p,a”) > p —p/6, and the weight \ + v is the
image of \ after reflection across the (a, p)-wall.
(c) the underlying root system of G is of type Ay or C,, and

(i) o = S, where oy, is the unique long (last) simple root,
(i) (N, ) = p—g—c) where ¢ is an integer and 0 < |c| < p/3,
(iii) v= (5 = A+ p, ) .
Proof. 1t follows from Frobenius reciprocity and [Janl, II 4.13] that A — po & X(T')4+. In
particular, o # 0. Consider the spectral sequence [Janl, T 4.5]
Ey = ExtL(V(A +7), Rind§(\ — po)) = Extly7 (V(A +7), A — po)
and the associated five term exact sequence
0— E;’O — E'— Eg’l — E§70.
Since A — po ¢ X(T)4, H*(A — po) = 0, and so E21’0 =0= Eg’o. Hence we obtain the
isomorphism
Exth(V(A+19),A - po) = B' 2 Ep' = Homg(V(A +7), H (A — po)).

For this Hom-group to be non-zero, we must have H'(\ — po) # 0, and so we apply [Janl,
IT 5.4, 5.15] and obtain two possibilities.

Case 1: There exists a dominant weight n and a simple root o such that A — po = s4 -1
and (n,a") < p— 1. Moreover, H*(\ — po) = H%(n).

Since Homg(V (X + ), H°(n)) # 0 it follows that n = A + ~. Thus, the above equation
becomes A — po = 54 - (A + 7). Solving for po yields

po=—y+ A+7y+p,a)a (4.6.1)
Taking the inner product with o yields
plo,a¥) = —(v,a") + 2(A + v+ p,a"), (4.6.2)
which can be written as
plo,a’y = (A +p,a’) + (A +v+p,a”), (4.6.3)

Now A is restricted and (A +v + p, ") = (n+ p,a") < p. That forces (o, ") = 1. Next we
assume that « is not the unique long simple root in a root system of type A; or C,. Then

there exists a positive root 3 with (o, 8Y) = —1. We take the inner product of equation
(4.6.1) with 3¥ and obtain

plo,BY) = —(7.8") = (A+7+p,a"). (4.6.4)
Adding equation (4.6.4) twice to equation (4.6.2) yields

p+2p(o, BY) = —(v,a”) = 2{(y, 8"). (4.6.5)

The absolute value of the right side of the equation is less than p while the left hand side
is a non-zero multiple of p. We obtain a contradiction.

The root system is therefore of type A; or C, and « is the unique long simple root
which we denote by «a,,. Taking the inner product of (4.6.1) with any of the simple roots
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ay through a,_o yields p(o, o)) = —(7,)) and thus (o,a;) = 0. The inner product of
(4.6.1) with a,_; yields

p<Ua O‘;i—1> = _<’Y7a"\’i_1> - 2<)\+7+,0, Oé;{> (466)
Adding (4.6.6) to (4.6.2) yields

p<07 Oé;z/—1> +p= _<7¢ a7\’i—1> - <77O‘7\i>'

This forces (0,ay_,) = —1 and 0 = «a,/2. (Note that in type A; the latter conclusion
follows immediately from (o, a") = 1.) Now equation (4.6.1) can be re-written as
==L+ A+ p.ayan + (v, ar)an (4.6.7)

and (4.6.2) can be rewritten as
(vsam) =p = 2(A +p,a). (4.6.8)

Substituting equation (4.6.8) into equation (4.6.7), we get v = (5 — (A4 p, o)) a. If p is
odd and v is non-zero, then A+ is the reflection of A across the hyperplane (x+p, o)) = p/2.
Finally, conclusion (c)(ii) follows from the description of y by taking the inner product with

v
a,).

Case 2: There exists a dominant weight 1, a unique simple root o, and integers n > (
and 0 < a < p, such that

A—po=n—ap"a. (4.6.9)

~

Moreover, it follows that socg H' (A — po) = L(n), which implies by the Strong Linkage
Principle that n T A+ 7.

We rewrite equation (4.6.9) in the form
n—X\=plap"ta — o). (4.6.10)
Since 7 is dominant and A is restricted, taking the inner product with any simple root 3
yields
—(p—=1) < (n—=A\p3") =plap"'a—0,8Y).
It follows that (ap"la — o,3Y) > 0 and therefore ap” 'a — o is a dominant weight. On
the other hand, because n T A+~ we have (A + v, o) > (1, oj) and therefore

p/3> (o) = (A+v—=Nag) > (n—Xay) =plap” 'a—o,af) >0.

This forces ap” 'a — o =0, A = n and so A T A+ . Finally it follows from [Janl, II 5.17]
that @ = 1 and hence o = p"la.

Next we use [Janl, II 5.15b] to find the highest weight of H'(\ — p"a). First we assume
that n > 2. Set

q=(sa-A=p"a) +p,a") = (sq - A+ p",a”) +1=2p" — (\,a") — 1,
The p-adic expansion of ¢ = 7" app' has ap, =1, a;, =p—1,for 1 <i <n—1, and
ap = p — (\, ") — 1. By [Janl, II 5.15b] the highest weight of H'(\ — p"a) is the largest
dominant weight of the form p = X —p"a+ > a;p'c, where m is greater than or equal

to the smallest ¢ with a; < p—1. Assume that m < n, then p = )\+Z?;7}l a;p'a. If G is not
of type Ay we can find a simple root 8 with (a, 3Y) < 0. Taking the inner product with 3
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yields: (u, 8Y) < (A, BY)—an_1p" ' < p—1—(p—1)p" ! = —(p—1)(p" 1 —1) < 0. Therefore
 is not dominant unless m = n. We conclude that the highest weight of H'(\ — p"a) is
A. It follows from Homg(V (A + ), H' (A — p"a)) # 0 and A T A+ v that v = 0. We obtain
conclusion (a).

If G is of type Aj then H'(A — p"a) = HY (A —2p") = V(2p" — X\ —2) [Janl, I 5.11]. We
will show that Homag(V (A +7), V(2p™ — A —2)) # 0 implies v = 0 and hence conclusion (a).

Let us assume that Homg(V (A +7v),V(2p" — XA —2)) # 0 and v # 0. We have (A + v +
p,aY) < %p < 2p. It follows from the Linkage Principle that A+~ = 2p — A — 2. Moreover,
A< p-—2andp > 3 Itis sufficient to show that L(2p — A — 2) is not a composition
factor of V(2p"™ — A —2)) for n > 1. The weights A and —1 are in the closure of the lowest
alcove. We apply [Janl, II 7.17], a corollary to the Translation Principle, to this pair of
weights and obtain [V/(2p" — A —2) : L(2p — A — 2)]g = [V(2p™ — 1) : L(2p — 1)]¢. Since
dim V' (2p" — 1) = dim L(2p"™ — 1), it follows that V(2p™ — 1) is irreducible. Therefore, for
n > 1, the above multiplicity is zero and we obtain the desired contradiction.

Finally, assume that G is arbitrary and n = 1. Again by [Janl, II 5.15b], we conclude
that the maximal weight of H'(\ — pa) is either A = s, - (A — pa), if A is dominant, or
X otherwise. Hence, for dominant X, one obtains A T A+~ T A\. Now X is the reflection
of A\ across the (a,p)-wall. It follows that vy = 0 or A+~ = X. For 7 # 0 one has,
A=\, aY) = (y,a") < p/3. Hence, (A + p,a") > p — p/6. One obtains conclusion (b).

O

Corollary . Let A € X1(T) and v € X(T) with A+~ dominant and (v, 3") < p/3 for any
root (3. If Ext}gl(V()\ +7),A) # 0, then one of the following holds:

(a) v # 0 and X\ + v is the image of \ after reflection across the (a,p)-wall, where o
denotes a simple root,
(b) the root system of G is of type Ay or C,, and
(i) (N ay) = p—g—c7 where oy, is the unigque long simple Toot and ¢ is an integer
with 0 <|c| < p/3,
(i) v = (g — (A +p, C!X)) On .
Proof. The proof presented here generalizes Andersen’s argument that can be found in

[Janl, IT 12.3-12.5]. If the B-module Extj (V/(A+7),A) # 0, then there exists a weight o
such that

Homp/ g, (po, Ext}gl(V()\ +7),A)) #0.
The spectral sequence
By = Extly g (po, Extly, (V(A+7),A) = Exti? (V(A+7), A - po)
yields the following five term exact sequence
0 — EXtIB/Bl (po, Homp, (VA +7),\) — Exth(V(A+7),\ — po)
— Hompgp, (po, Exty, (V(A+17),A) = Exty g (po, Homp, (V(A +7),1)).

We will distinguish two cases. First suppose that v # 0. It follows from Lemma 4.4a that
the terms

B3 = Extly, 5, (po, Homp, (V(A+7),A)) = 0.
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We obtain the isomorphism
Exti(V(A+7),A = po) = Homp)p, (po, Ext, (V (A +7), ).

Now the assertion follows from the previous proposition.

Now suppose that v = 0. We will show that either Homp/ g, (po, Extj (V(A),A)) vanishes
or we are in case (b). The argument is virtually identical to Andersen’s. By Lemma 4.4a,
we have

B3’ = Extly 5, (po, Homp, (V (M), \)) = Exty . (po, k) = H'(B, —0).
The five term exact sequence becomes
0— HY(B,-0) — Extg(V(\),\—po)
— Hompg,p, (po, ExtlBl(V()\), A)) — HZ(B, —0).

Compare this to [Janl, IT 12.3(5)].

We first show that either we are in case (b) or Homp/p, (po, Extp (V(X),\)) vanishes
if H?(B,—o) vanishes. Indeed, if Exth(V(\),\ — po) = 0, then the latter claim clearly
holds. On the other hand, suppose Exth(V()\),\ — po) # 0. We apply the preceding
proposition and conclude from v = 0 that either we are in case (b) (correspondingly case
(c) of the proposition) as desired or o = p™a for some simple root a. We continue in the
latter case. As noted in the proof of the proposition, we have Exth(V(A), A — p™Hla) =
Hompg(V()\), HY(A—p™*la)). Moreover, the proof shows that the G-socle of H!(A—p™*la)
is L(\). Therefore, Exth(V (M), A — p™*la) = k. We also have H'(B, —p™a) = k by [Janl,
11 5.20]. Hence, E3? = HY(B, —p"t1a) = Exth(V(\), \—p"a) = E' and so ES' — E2°
as desired.

Finally, for a weight po of Extp (V(A),A), we show that H*(B,—o) = 0. Let Z;(\) =

coindCB’virB "\ as defined in [Janl, IT 9.1]. First observe that
Homg, g+ (Z1(N), V(A)) =2 Homp+ (A, V(X)) # 0.

Therefore, there exists a non-zero GqBT-homomorphism ¢ : Z;(\) — V()). Since A €
X1(T), V() has simple head L(\) as a G;Bt-module. The G;B"-head of Z;(\) is also
L(\) and all composition factors in V' (\) have weights less than or equal to A, so ¢ must
be surjective. We obtain the exact sequence of G;B*-modules

0—-M—Z1(A)—=V(AN)—0

(compare to [Janl, IT 12.3(3)]). The projectivity of Z;(\) as a Bj-module results in an
isomorphism of T-modules

Extg, (V(A),\) = Homp, (M, A).
It follows for any weight po of Ext}g1 V(A),A) that A — po is a weight of M and hence a

(
weight of Z1(A). As in [Janl, IT 12.4(b)] we conclude that (p — 1)p — po is a weight of the
Steinberg module. We apply [Janl, II 12.5] to conclude that H?(B, —c) = 0. 0

4.7 The following proposition reduces possible self-extensions of L(\) to two cases. The
first one will be ruled out with the isomorphism in Proposition 4.8.
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Proposition . Let \,v € X{(T) with (v,ay) < p/3. If there exists a weight o such that
Homp, , (po, Ext, (V(A), A ® H%(v))) # 0, then one of the following hold:

(a) o is equal to a simple root a, (\+p,a") > p—p/6, and the weight X, which denotes
the image of \ after reflection across the (a, p)-wall, is dominant.
(b) the underlying root system of G is of type Ay or Cy, and
(i) o = &, where oy, is the unique long (last) simple root,
(i) (N, ay) = E=2=< where c is an integer and 0 < |c| < p/3.
Proof. We have Extj (V(A),A® H%(v)) = Extj, (V(A) @V (—wor), A). The module V(\) ®
V(—wov) has a Weyl filtration [Mat] with factors whose weights are contained in the set J =
{p € X(T)4|Homg(V(\) ® V(—wov), H(1)) # 0}. Choose a total ordering i1, ji1, ..., fin
on J such that p; > pj; implies ¢ < j. By dualizing the “good filtration” argument in
[Janl, IT 4.16], we construct a Weyl filtration 0 = Vy Cc V; C Vo ... C V, =V of V =
V(A) @ V(—wgr) by setting V; equal to the kernel of the projection of V1 onto V (p;41).
Set m = max ({i | u; > A} U{0}). Then the submodule M = V,, has a Weyl filtration
whose factors V(u;) satisfy p; € A\. The quotient @ = V/V;, has a Weyl filtration whose
factors V' (u;) satisfy p; # A.
The short exact sequence 0 - M — V — @) — 0 induces the long exact sequence

ce— ExtlBl(Q,)\) — EXt]lgl(V, A) — EthBl(Ma A) — e

If Ext}gl (@, A) # 0 then there exists a V(u;) in the filtration of @ with Ext}gl (V(ps), A) # 0.
By Corollary 4.6 we can either conclude (b) or p; > A which contradicts how @ was
constructed. Therefore, we may now assume that Ext}gl(Q, A) = 0. The exact sequence
becomes

0— Ext%gl(V, A) — Ext}gl(M, A) = e
Using left exactness of the functor Homp,p, (po, —), there is a injection:
0 — Hompp, (po, Extp, (V,A)) — Homp,p, (po, Extp, (M, X)).

Hence, Homp,p, (po, Ext%;l (M, ) #0.
Fori=0,1,...,m — 1, we have V;11/V; 2 V(u;+1). Consider the short exact sequences
0 — V(pis1) = M/V; = M/Vipq — 0.

The construction of M allows only factors V(u) with p # A. Hence, it follows from Lemma
4.4a that the long exact sequence

- — Homp, (V (1), A) — Exth, (M/Vig1, ) — Exth, (M/V;, A) = Exth, (V (141), A) — -

becomes
0 — Extp, (M/Vit1,A) — Extp, (M/Vi,A) — Extp, (V(pit1),A) — -+ .
Again by using the left exactness of the functor Homp, g, (po, —), we obtain exact sequences
foralli=0,...,m—1:
0 — Homgp)p, (po, Extp, (M/ Vi1, A)) — Homp)p, (po, Extp, (M/Vi, \)) —
Homp,p, (po, Extp, (V (pit1),A) — -+

Since
0 # Homp,p, (po, Exty, (M, X)) = Homp,p, (po, Extp (M/Vy, \)),
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while clearly Hompg, p, (po, Ext}BI(M/Vm, A)) = 0, there exists a p # X\ with

Homp, g, (po, Extp, (V (1), A)) # 0.

w is of the form X\ + « with v # 0. The size of v forces (v,3Y) < p/3 for all roots 3. We
repeat the argument of the v # 0 case in the proof of Corollary 4.6 to conclude that

EXtIB(V()\ + '7)7 A— po‘) = HomB/B1 (pCf, EthBl (V(A + ’y)a )‘)) 7é 0.

The conclusion follows now from Proposition 4.6.

4.8 The following isomorphism will allow us to deal with weights A close to an upper wall
of the restricted region.

Proposition . Let A\, v € X(T) with (v,oq) < p/3, and o € A. If (A +p,a”) > p—p/6
and the weight X, which denotes the image of A\ after reflection across the (a,p)-wall, is
dominant, then

Exth(V()\), (A — pa) @ H(v)) =2 Homp(V(\), A @ H(v)).

Proof. First observe that since A —pa ¢ X (T')4, the induction spectral sequence as used in
the proof of Proposition 4.6 gives an isomorphism

Exth(V(A), (A — pa) ® H(v)) = Homeg(V (), RYind% (A — pa) @ HO(v)).

Let P(a) and L(«) denote parabolic and Levi subgroups that correspond to the simple
root . This convention should not be confused with our notation for simple G-modules.

The reader should be able to avoid any confusion from the context in which the notation

is used. According to [Jan1, II 5.13], ind§ ) R'ind, (X — pa) = R'ind§(A — pa). Using

Frobenius reciprocity, we then have
Exth(V(A), (A — pa) @ HO(1)) = Homp(a)(V (M), R'ind ;) (A — pa) @ HO(v)).
On the other hand, applying Frobenius reciprocity twice, we have
Homp(V(\), A ® H(v)) = Homg(V(X), H'(\) @ H°(v))
= Hom p(a)(V(A), ind A @ HO(v))
Thus we are reduced to proving that

Hom p(q) (V (), R'ind ™ (A = pa) @ H(»)) = Homp(o) (V (), ind ™ (A) @ H(1)).
(4.8.1)

To show this isomorphism, we investigate certain P(a)-modules of the form R indg(a)(a)
for o € X(T). The unipotent radical of P(a) acts trivially on any R indg(a)(a) by [Janl, II

4.6(a), 1 6.11]. Hence, the structure of an R’ indg(a) (o) can be understood by considering
its structure as an L(«)-module. We denote the simple L(a)-modules by L,(c). This is
also a simple P(«)-module by letting the unipotent radical act trivially.
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As an L(a)-module, R! indg(a)()\ — pa) is just the Weyl module with highest weight .

It has a composition series of length two. Its socle is L,(\) and its head is L, (A). Hence,
there is a short exact sequence of P(«)-modules

0 — La(A) — R indb ™ (A — pa) — La(X) — 0. (4.8.2)

For any simple root 3 # o, we have 0 < (A, 8¥) < (), 8¥) < p — 1. Therefore we can write
A = Ao + pwa, where Ny € X1(T) and w, denotes the fundamental weight corresponding
to . By Steinberg’s tensor product theorem, Lq(X) = La(Ag) ® La(wa)®). Each of the

weights A, Ao, and w,, is p-restricted. Therefore, as P(a)-modules, Lq()) 22 indg(a)(k) and
Lo(N) = indg(a)(j\o) ® (indg(a) (wa))M. Hence the short exact sequence (4.8.2) of P()-
modules can be expressed as

0— indg(a)(/\) — R! indg(a)()\ —pa) — indg(a)(;\o) ® (indg(a) (wa))M = 0.
From this, one obtains the exact sequence

0 — Homp(a (V(), indp ™ (A\) @ HO(1)) — Homp(a(V(A), R' ind 5 (A — pa) @ HO(v))

— Homp()(V(A), indy™ (Ro) @ (ind ;" (wa)) ) © HOw)) = -+
Now it follows from (4.8.1) that it suffices to show that

Hom p ) (V (), ind 5™ (Xo) @ (indj™ (wa))M @ HO(v)) = 0. (4.8.3)

As above, the composition factors of N = indg(a)(j\o) ® HO(v) 2 Lo(Mo) ® H(v) as a
P(«)-module are easily obtained by considering N as an L(«)-module. They have the form

L, (o) where the unipotent radical of P(«) acts trivially. If § is a weight of indg(a)(;\o) and
7 is a weight of H%(v) then

(64 7.0") < {ho,0¥) + (rag) <G+ 5 <p.

Consequently, all composition factors of N have the form L, (o) where o is a p-restricted

weight (for L(a)). By using an inductive argument on a composition series of N, it now
suffices to prove that

Hom p(a) (V(A), La(0) ® (ind ' (wa)) D) = 0
for all o that are p-restricted relative to L(«). Since L, (o) ® (indg(a) (o)) = Lo(o) ®
Lo(wa)W is a simple P(a)-module, there is a monomorphism
La(0) ® La(we) — indg(a)(a + pwq).
This induces another monomorphism
Hom p(a)(V(A); La(0) ® La(wa) ) < Homp(ay(V(A), indy™ (o + pwa)).

Finally, by Frobenius reciprocity and the fact that o + pw, € X1(T') whereas A € X;(T),
we have

Homp o) (V(A), indg(a)(a + pwe)) = Homg (V(\), H (0 + pwy)) = 0.
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4.9 Vanishing of Bij-cohomology The following theorem serves the same purpose as
[Janl, IT 12.6] in Andersen’s proof of the vanishing of self-extensions for Frobenius kernels.
Indeed, together with Theorem 2.5 and Lemma 4.5, this proves Theorem 4.2.

Theorem . Let \,v € X1(T) with (v, o) < p/3. If Extp (V(A),A® H(v)) # 0, then
(i) G has underlying root system of type Ay or Cy, and

(i) (N, )) = pfgfc, where «, is the unique long simple Toot and ¢ is an integer with
0 <|c| <p/3.

Proof. There exists a weight o such that Hompg, g, (po, Ext}91 (V(A),A® H%(v))) # 0. Either
(a) or (b) in Proposition 4.7 must hold. It suffices to eliminate case (a). Assuming case (a),
we have 0 = «, a simple root.

Again we will use a modification of Andersen’s argument given in [Janl, IT 12.3-12.5].
There exists a spectral sequence

Extly 5, (pa, Extly (V(A), A @ H(v))) = Ext? (V(A), (A — pa) ® HO(v)).

The beginning of the corresponding five-term exact sequence is

0 — Extpp (pa, Homp, (V(A), A ® H(v))) — Exti(V(A), (A — pa) @ H(v))

— Homp,p, (par, Exth, (V(X),A® H(v))) — Ext} 5, (pov, Homp, (V(N), A @ H(v)).

By Lemma 4.4b, Homp, (V(\), A ® H%(v)) is a direct sum of trivial modules. Then
Extp g, (po, Homp, (V(A\),A® H(v)) = H'(B/Bi,—pa) ® Homp, (V(A),A @ H(v))
EthB/B1 (pa, Homp, (V(\),A® H(v)) = H?*(B/Bj,—pa) @ Homp, (V(A), A ® H(v)).
By [Janl, IT 5.20], H'(B/B1, —pa) = k and by [Janl, 1T 12.5], H?(B/B1, —pa) = 0. There-

fore, the exact sequence becomes
0 — Homp, (V(A\),A® H(v)) — Exth(V()\), (A —pa)® H(v))
—  Hompg/p, (pa, Extél(V()\), A® H(v))) — 0.
By Proposition 4.8, it follows that the first map is an isomorphism, thus
Homp, g, (pa, Ext};1 (V(A\),A® L(v))) = 0 which is a contradiction. O
The following Corollary together with Theorem 2.5 implies Theorem 4.2.

Corollary . Letp > 3(h—1), A € Xi(T), and vi,ve € T with vy # 0. If either

(a) G does not have underlying root system of type Ay or C, or

(b) (\, ) # pfgfc, where «ay, is the unique long simple root and c is odd with 0 <
|C‘ < h — 17

then Ext5(L(\) @ L(v1)M, L(\) @ L(vz)) = 0.

Proof. The size of p forces all elements of I" to be in the lowest alcove, hence L(v;) =
V(v;) = H°(v;). Moreover, (v;, o) < p/3, unless p = 3 and G is of type Aj, in which case
the assertion can be verified directly. The claim now follows from Theorem 4.9 and Lemma
4.5. O
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5 Completely reducible modules

5.1 In 1985, S.D. Smith [S] studied the reducibility of certain G(F,)-modules and posed
the following question.

(5.1.1) ([S, Question 5]) If a finite-dimensional G(F,)-module M has a composition series
with all composition factors being isomorphic must M be completely reducible?

Some remarks must be made at this point. First, throughout this paper a G(F,)-module
has properly designated a kG(F,)-module. In [S], Smith considers F,G(F;)-modules. How-
ever, an F,G(F;)-module V' is completely reducible if and only if V' ®p, k is completely
reducible over kG(IF,). Hence, for consistency, the results of this section will be stated over
the field k. Secondly, Smith originally posed the question only for certain “highest weight”
modules. This assumption is not necessary for the succeeding results.

Smith answers (5.1.1) affirmatively ([S, Proposition 4]) under a further assumption that
the highest weight of the “unique” composition factor is minimal. On the other hand, he
notes that the answer is no in general as there exists an indecomposable SLy(F,)-module
with two isomorphic composition factors. Indeed, this is related to our exclusion of certain
weights in Theorem 4.2. We can use the above results on self-extensions to show that the
answer to (5.1.1) is yes in most cases when the prime is sufficiently large.

Theorem (A). Let p > 3(h — 1)and r > 2. If M is a finite-dimensional G(Fy)-module
with all composition factors being isomorphic, then M is completely reducible.

Theorem (B). Let p > 3(h — 1). Suppose M is a finite-dimensional G(Fy)-module with
all composition factors being isomorphic to L(\) for some A € X (T). If the underlying
root system of G is of type Ay or Cy,, assume further that, (\,q,.) # p—g—c’ where oy, s the

unique long simple root and c is odd with 0 < |¢| < h — 1. Then M is completely reducible.

5.2 The vanishing of extensions between simple modules for a ring R is equivalent to the
ring being semisimple. Furthermore, for a ring R and R-module M, the condition that
Exth(L, L") = 0 for all (not necessarily distinct) composition factors L and L' of M implies
that M is completely reducible. Corollary 3.3 along with Theorem 3.4 can be used to deduce
a somewhat more general result about complete reducibility of G(F,)-modules when r > 2.

Theorem . Let p > 3(h — 1) and r > 2. Suppose that M is a finite-dimensional G(F,)-
module such that Ext&(L(\), L(i)) = 0 for all composition factors L(\) and L(u) of M and
for X # i either

(1) Ar—1 = fr—1 OT R

(ii) there exists a root a such that (N — i, ") > h — 1.
Then M is completely reducible.
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