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Abstract

Let G be a simple simply connected algebraic group over an algebraically closed field
k of characteristic p for an odd prime p. Let B be a Borel subgroup of G and U be
its unipotent radical. In this paper, we determine the second cohomology groups of
B and its Frobenius kernels for all simple B-modules. We also consider the standard
induced modules obtained by inducing a simple B-module to G and compute all
second cohomology groups of the Frobenius kernels of G for these induced modules.
Also included is a calculation of the second ordinary Lie algebra cohomology group
of Lie(U) with coefficients in k.
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1.1 Let G be a simple simply connected affine algebraic group defined over
F, and £ be an algebraically closed field of characteristicp > 0. Let ' : G — G
denote the Frobenius morphism. The scheme-theoretic kernel of F' is the first
Frobenius kernel G. It is well known that the representation theory of G
is equivalent to the restricted representation theory of the (restricted) Lie
algebra g = Lie(G). More generally, for a positive integer r, higher Frobenius
kernels GG, can be defined by taking the kernel of the iteration of F' with itself
T times.

For a dominant integral weight )\, the space of global sections H*(G/B, L()\))
of the line bundle L£(\) over the flag variety G/B is an object of central
importance in the representation theory of GG. These sections are G-modules
and the socles of these modules constitute the collection of isomorphism classes
of finite-dimensional simple G-modules. The G-module H°(G/B, £L(\)) can
be identified with H°(\) = ind§ A where X is regarded as a one-dimensional
module for the Borel subgroup B [Janl, 11.4.2].

In 1984, Andersen and Jantzen [AJ] made the following fundamental computa-
tion of G-cohomology groups with coefficients in H°(\). This generalized the
result for the trivial module & = H°(0) obtained by Friedlander and Parshall
[FP2]. Andersen and Jantzen’s results required some special assumptions for
certain exceptional groups. Recently, Kumar, Lauritzen and Thomsen [KLT]
employed Frobenius splittings to prove the result for all types:

Theorem Suppose p > h, p € X(T), w e W, and w-0+ pu € X(T)4.
Then

ind$, (S(i_f(“’))/z(u*) ® ,u) if i — (w) is even,

H'(Gy, HO(w-0+pp)) Y = _
0 otherwise

where u = Lie(U) for the unipotent radical U of the Borel B.

Note that H (G, H°()\)) = 0 for any weight A which is either not dominant
nor of the form w-0-+pu. For a G-module M, we denote by M) the G-module
obtained by composing the G-action with F" : G — G. Observe that G, acts
trivially on M (). Conversely, if N is a G-module on which G,-acts trivially,
then there is a unique G-module M with N = M) We denote the module
M by N7,

In this paper, our goal is to extend this theorem for ¢ = 2 in two directions.
First, we wish to study the GGi-cohomology for small primes. More generally,
we will consider G,-cohomology for arbitrary r > 1. In the first direction,
Andersen and Jantzen [AJ] considered some small prime cases (p = h, p =
h — 1, and type Go for p = 3). A first step toward a complete description was
provided by work of Jantzen [Jan2]. Jantzen computed H' (G, H°()\)) for all
A and all primes, and his computations showed that there is a generic answer



for p > 3 which is much less restrictive than the p > h condition. In recent
work [BNP], the authors extended his results to compute H'(G,., H°()\)) for
all p, A, and r. The main goal of this paper is to demonstrate how to compute
H?(G,, H°()\)) for all p > 3, A\ € X(T)4 and r > 1. It is interesting to note
that our results do not rely on Frobenius splittings, but rather strongly on our
previous calculations for H'(G,., H°(\)) (e.g. see Theorem 6.1).

1.2 The strategy we follow consists of a sequence of reduction steps. In
the process, several other significant cohomology computations are obtained.
First, the computation of GG,.-cohomology can be reduced to the computation
of B,-cohomology (see Theorem 6.1):

H*(G,, H'(\))") = ind§(H*(B,, \)™")

With the aid of the Lyndon-Hochschild-Serre spectral sequence for By C B,
the B,-cohomology for arbitrary r can be determined from the B;-cohomology.
The problem is further reduced to the computation of H*(Uy, k) via the iso-
morphism (see Section 4.2)

H?(By, \) = (H*(Uy, k) @ A

Finally, the problem is reduced further to a computation of the ordinary Lie
algebra cohomology H2(u, k) thanks to a spectral sequence of Friedlander and
Parshall (see Section 4.1) for p > 3 which relates H?(Uy, k) to H*(u, k). The
computation of H?(u, k) is rather subtle and not direct. In order to complete
this calculation we need to use basic calculations involving root sums, in ad-
dition to employing some information about non-vanishing of the rational
cohomology for B, due to Andersen [And], as well as for the Frobenius kernel
B;.

1.3 The paper is organized in the opposite direction to the above reduction
steps. In Section 2, we remind the reader of the definition of ordinary Lie
algebra cohomology and present some initial observations about first and sec-
ond degree cohomology. In Section 3, we investigate conditions involving root
sums which play a role in determining u-cohomology as well as understand-
ing the connections with U;- and B;-cohommology. In Section 4, we compute
H?(u, k) for p > 3. In Section 5, we first determine H?(By, \) (p > 3). This
calculation allows us to give a complete answer for H*(B,, \) for A € X (7).
Finally, in Section 6, we apply the induction functor ind% to H*(B,, A) to make
computations of H*(G,, H()\)).

Specifically, we will provide the following second cohomology computations
when p > 3. Our restriction to p > 3 is due to the aforementioned use of a
spectral sequence which holds only for p > 3 and the large number of special



cases that would arise for example in Section 3 when p = 2.

H?(u, k) - see Theorem 4.4.
H?*(B,, \) where A € X(T) - see Theorem 5.3 and Theorem 5.7.

1) HY(
2) H(B

1. 3 3) 2(B, A) where A € X(T') - see Theorem 5.8.
4) H(

G,, H°(\)) where A € X (T, - see Theorem 6.2 and Theorem 6.3.

Since H*(B,,\) = (H*(U,, k) ® \)*", the complete information on H*(B,, \)
given below could be used to compute the T-structure of H*(U,, k).

The computation of u-cohomology (1.3.1) extends work of Kostant [Kos] in
characteristic zero and improves work of Friedlander-Parshall [FP3] and Polo-
Tilouine [PT] which required p to be at least one less than the Coxeter number.
The computation of the B-cohomology (1.3.3) is significant because of its
potential connection with computing higher line bundle cohomology groups
H(G/B, L(\)) for i > 1. Further, knowledge about second cohomology groups
are important because they provide information about central extensions of
the underlying algebraic structures.

1.4 Notation: Throughout this paper, we will follow the standard conven-
tions provided in [Janl]. Let G be a simple simply connected algebraic group
scheme defined and split over the finite field F, with p elements, and k be
the algebraic closure of IF,. For » > 1, let G, be the rth Frobenius kernel of
G. Let T be a maximal split torus and & be the root system associated to
(G,T). The positive (resp. negative) roots are ®* (resp. &), and A is the set
of simple roots. Let B be a Borel subgroup containing 7' corresponding to the
negative roots and U be the unipotent radical of B. For a given root system
of rank n, the simple roots will be denoted by ay, as, ..., a,. We will adhere
to the ordering of the simple roots as given in [Jan2] (following Bourbaki). In
particular, for type B, «, denotes the unique short simple root and for type
Chp, o, denotes the unique long simple root. If & € ® and o = 7' | m;a; then
the height of « is defined by ht(«) := 37" | m;.

Let E be the Euclidean space associated with ®. The inner product on [E will be
denoted by (, ). Let ¥ = 2a/{a, &) be the coroot corresponding to o € ®.
In this case, the fundamental weights (basis dual to oY, ay,...,a)) will be
denoted by wy, wo, ..., w,. Let h denote the Coxeter number associated to P,
and W be the Weyl group. Let X (T) be the integral weight lattice spanned by
these fundamental weights. The set of dominant integral weights is denoted
by X(T'); and the set of p"-restricted weights is X,.(7"). Note that W acts

naturally on X (7") and also on X (7T) via the dot action.

Each character A € X (T'), defines a one-dimensional B-module by letting U

act trivially. For convenience, we simply denote this module by A. The induced
module H°()\) = ind$ X has a simple socle which will be denoted L(\). The



set {L(A\) : A€ X(T');} is aset of representatives for the isomorphism classes
of simple G-modules.

2 Observations on u-cohomology

2.1  We will be interested in the ordinary Lie algebra cohomology of the Lie
algebra u = Lie(U). We remind the reader of the definition of the ordinary
Lie algebra cohomology of a Lie algebra L over k. The ordinary Lie algebra
cohomology H'(L, k) may be computed as the cohomology of the complex

k9L B AL B AL

The differentials are given as follows: dy = 0 and d; : L* — A%(L)* with

(di9)(x A y) = —o([z, y])

where ¢ € L* and x,y € L. For the higher differentials, we identify A™(L)* =
A™(L*). Then the differentials are determined by the following product rule
(see [Janl, 1.9.17]):

disj (@ N 1p) = di(@) Atp + (=1)'¢ A d;(1)).

2.2 First cohomology of u: Now let us consider the case when L = u =
Lie U. Information about H?(u, k) will be used to make our computations of
B,-cohomology. Such computations are also interesting in their own right. A
basis for u is given by a basis of negative root vectors {z, : « € ®~}. Let
{¢pa : @ € @1} be the dual basis in u* with ¢,(r3) = d_n s for all & € & and
B € ®~. Since U is normal in B, B acts on u by the adjoint action. This action
naturally extends to an action on u*. Under this action, ¢, has a T-eigenvector
with T-weight «. The action of B further extends naturally to any exterior
power A’(u*) and, since the operation is preserved by the differentials, to the
cohomology H'(u, k).

It is well known that the first cohomology (for any Lie algebra) is
H'(u, k) = kerd; = (u/[u,u])*.

For large primes, the simple roots give a basis for H'(u, k). Specifically, we
recall the following result of Jantzen [Jan2].

Proposition Assume p > 3.



(a) If p = 3, assume further that ® is not of type Gy. Then a basis of T-
eigenvectors for H'(u, k) is {¢o : a € A}.

(b) Suppose p = 3 and D is of type Go. Then a basis of T-eigenvectors for
Hl(u7 k) is {¢Oé1 ) ¢o¢2> ¢3a1+a2}‘

2.3  We now turn to H?*(u, k). Cohomology classes will be represented by
linear combinations of elements of the form ¢, A ¢5 for a, f € ®T. We observe
the following.

Proposition Let w € W. Then

. 1 ifn=Il(w)
dimy A"(u")_po =
AT -wo {O otherwise.
Let 7, € N (u*) be an element of weight —w - 0. Then w, represents a
cohomology class in H'™ (u, k).

Proof. The first claim is a special case of [FP3, Prop. 2.2] where it was ob-
served that the result originally known to hold in characteristic zero holds also
in prime characteristic. To see that z,, is a cohomology class, recall that the
differential d; : A'(u*) — A" (u*) (see Section 2.2) preserves the action of 7.
Since there are no elements of weight —w - 0 in A“®)*+1(y*) or AI®W=1(u*), 2,
is necessarily a cocycle and cannot be a coboundary. O

Over characteristic zero, H*(u, k) was computed by Kostant [Kos|. The coho-
mology classes in the preceding proposition give a basis of T-eigenvectors. In
prime characteristic, it is known for p > h — 1 by work of Friedlander and
Parshall [FP3] and Polo and Tilouine [PT] that the formal characters of these
cohomology groups are the same as in characteristic zero. We will see in Sec-
tion 4 that for H?(u, k) this is also true for p > 3 (and in some cases when
p = 3). Let w € W have length 2. Then w = s,sp for some «, 3 € A. Notice
that
—w-0=—(s453)-0=(1—(B,a"))a+ 3.

Furthermore, § — (3,a")a is a (positive) root. One can now conclude the
following.

Corollary Let o, 8 € A with o # 3. Then ¢o N¢_(3,0v)a+s has weight —w -0
with w = s,85 and represents a cohomology class in H*(u, k).

2.4  We now identify some limitations on which other wedge products ¢, A ¢z
or linear combinations thereof can represent cohomology classes. Since the
differentials are additive and preserve the action of T', of interest are linear
combinations of wedge products that have the same weight. To avoid “trivial”



linear combinations, we say that an expression Y ¢, g0a A ¢ € A%(u*) is in
reduced form if a pair (o, §) appears at most once and each ¢, g # 0.

Proposition Let z =3 ¢, 500 A g be an element in A*(u*) in reduced form
of weight v for some v € X(T). If dy(x) = 0, then di(¢,) = 0 for at least one
a appearing in the sum.

Proof. Observe that for any a € &%, if di(¢o) = > 5,05 A ¢, then ht(d) <
ht(a) and ht(y) < ht(a) for all §,~. From all a and # appearing in the sum
for z, choose a root o with ht(¢) being maximal. Without loss of generality,
we may assume ¢, appears in the second factor. Consider the corresponding
term co 00 A ¢o. If we use the product rule to compute dy(x), one of the
components will be ¢, ,di(¢a) A ¢o. By height considerations, ¢, appears in
no other term. So this is not a linear combination of the other terms and we
must have d;(¢,) =0. O

Combining this with Proposition 2.2, we immediately get the following.

Corollary Assume that p > 3. For p = 3, assume further that ® is not of
type Gs.

(a) Letx € H*(u, k) be a representative cohomology class in reduced form having
weight vy for some v € X(T). Then one of the components of x is of the
form ¢o N ¢ for some simple root o € A and positive root € T (with
a+f=7)

(b) Suppose ¢, A ¢ represents a cohomology class in H*(u, k). Then « is a
simple root and (3 is either a simple root or 3 = a+ o for some o € T and
this is the unique decomposition of 3 into a sum of positive roots.

Proof. Part (a) follows immediately from Propositions 2.2 and 2.4. For part
(b), we again conclude, without loss of generality, that o must be simple. By
assumption da (¢, A ¢3) = 0. We have

d2(¢a A ¢ﬁ) - d1(¢a) A ¢ﬁ - ¢a A dl(gb,@) - _¢oz A d1(¢ﬁ)

Hence, either di(¢3) = 0 or di(dg) = cpa A ¢y for some o € &+ and non-zero
constant c. In the first case, by Proposition 2.2, # would also have to be simple.
The second case implies that § = a + ¢. Further, if § = o, + 09 for another
pair o1, 09 € T, then d;(¢z) would also contain ¢'@,, A ¢,, for some non-zero
¢, contradicting da(¢o A ¢p5) =0. O

2.5 We make one final observation about weights that arise in H(u, k).



Lemma Assume that p > 3. If p = 3, assume further that ® is not of type
Gy. Suppose v € X (T) is a weight of H*(u, k) with v = i1 + By for By, B2 € A
and i > 0. Theni=1— (02, 8)) and so v = —(sp,3p,) - 0.

Proof. Since 7 is a weight of H*(u, k) it must be a sum of positive roots.
There is only one way this can happen: v = 31 + ((i — 1)1 + f2). So we may
assume that (i — 1)3; + fo is a positive root. Since there is only one way in
which v can arise, it must be represented by the class 2, = ¢, A @(i—1)8,+4.-
From Proposition 2.2,

d2(¢51 A ¢(i*1)5’1+52> = d1(¢ﬁ1) A ¢(i71)ﬁ1+52 - ¢ﬁ1 A d1(¢(i*2)51+ﬁz) =0

since either dl (¢(i—2)61+,@2) =0or d1(¢(i_2)ﬁ1+52) = C¢g1 VAN qb(i_g)ﬁﬁ_@. So Ty is
indeed a cocycle.

We know that (1 — 1)5; + [, is a positive root. If i3; + [, is also a positive
root, notice further that

dq (¢i51+ﬂ2) = Cl¢51 A ¢(i—1)51+ﬁ2 = C/I“/

for a non-zero constant ¢’. Then z., would be a co-boundary and not represent
a cohomology class. Hence, i3; + (3o cannot be a positive root and we must
have i — 1 = — (2, 4) as claimed. O

3 Root Sums

3.1 As mentioned in the introduction, the computation of H?(u, k) involves
a spectral sequence relating H?(u, k) and H*(Uy, k) (cf. Section 4.1) as well
information about B;- and B-cohomology. In the process, certain equations
involving sums of positive roots arise. This section is devoted to investigating
these equations. The reader may wish to skip to Section 4 at this point to
understand the general argument.

As above, we assume that p > 3. When p = 3 and ® is of type G5, the general
argument will not apply, and we omit that case from discussion here since the
answers are not per se relevant to our discussion. Suppose € H?(u, k) has
weight ~ for some v € X(T'). From Corollary 2.4, we know that v = a + (3
for some roots a € A and 8 € ®T, with a # (. Given such roots a and
B3, we want to know whether or not there exists a weight o € X (T), simple
roots 1, 02 € A, and integers 0 < ¢ < p — 1 and m > 0 such that any of the
following hold:

a+ 3 =po (3.1.1)

a+ =0 +po (3.1.2)



a+ B =i +p" P2+ po. (3.1.3)

We briefly “explain” the relevance of these equations and refer the reader to
Section 4 for more details. If 7 is a weight of H?*(u, k) and does not admit
a solution to equations (3.1.1) and (3.1.2), then one can identify a weight
v with H*(B, —y + pv) # 0. Known information on B-cohomology, due to
Andersen [And, 2.9] (cf. also [Janl, I1.12.5(a)]), then shows that v must satisfy
equation (3.1.3). Hence, knowing the possible solutions to (3.1.3) will place
strong conditions on ~y. Further, equation (3.1.1) also arises when considering
the reduction H*(By, k) = H*(Uy, k). And equation (3.1.2) will be directly
relevant in understanding the vanishing of a certain differential in a spectral
sequence (cf. Section 4.1).

In Propositions 3.1(A) and 3.1(B) we list all solutions to equations (3.1.1) and
(3.1.2), respectively. We say that oo + (3 is a trivial solution for (3.1.3) if the
equation holds only for m = 0 and ¢ = 0. Notice that it follows from Lemma
2.5 that the trivial solutions of (3.1.3) give rise to the “classical” weights of the
form —w -0 for H*(u, k). In Proposition 3.1(C) we list all non-trivial solutions
o+ 3 of (3.1.3) that are weights of H*(u, k). The propositions will be proved
in Sections 3.2-3.5.

Proposition (A) Letp >3, a €A, f€ Pt and a # (. For p = 3, assume
further that ® is not of type Gs.

(a) Suppose p > 3. Then there is no weight o € X (T) such that o + 3 = po.
(b) Suppose p = 3. The only cases in which there exists o € X(T') with o+ [ =
po are the following:
(i) ® is of type Ag: a1 + (a1 + ) = 3wy .
(ii) ® is of type As: o + (o + ag) = 3ws.

Proposition (B) Letp >3, a € A, € dt, and o # (3. For p = 3, assume
further that ® is not of type G.

(a) Suppose p > 3. Then there is no simple root B, € A and weight o € X(T)
such that o+ 8 = 1 + po.
(b) Suppose p = 3. The only cases in which there exists fy € A and o € X(T')
with a + B = (1 + po are the following:
(i) ® is of type B: o + (a1 + 20,) = 1 + 3ay,.
(i) ® is of type Cp: a1 + (20001 + ) = @y + 301
(i1i) ® is of type Fy: ag + (e + 2a3) = s + 3asz.

Proposition (C) Letp >3, a €A, € dt, and o # (3. For p =3, assume
further that ® is not of type G.

If a+ 3 is a weight of H(u, k) and there exist 31,3, € A, 0 € X(T),0 < i < p,



and m > 0 such that
a+ B =16+ p™ By + po,
then one of the following holds

(a) a+ [ is a solution to equation (3.1.1) or (8.1.2),
(b) m=0 and o =0,

except in the following cases.
Roots a, B with o + = —w - 0 for w € W with [(w) = 2:

(i) p=>5, ® is of type Ay, and o + = oy + 205 or a+ 3 = 2a3 + ay.
(i) p=3, @ is of type As, and o+ = 201 + g or a + = ag + 2as.
(11i) p=3, ® is of type As, and a+ [ = a1 + 205 or a + [ = 20y + as.
(iv) p=3, ® is of type As, and a+ = a1 + g or a+ = as + as.
(v) p=3, ® is of type Es, and a + f = 2a1 + a3 or a + 5 = a5 + 205.
(vi) p =3, ® is of type Eg, and o+ f = a1 + 23 or a + [ = 25 + a.
(vii) p =3, ® is of type Eg, and a+ = a1 + a5 or a + = az + ag.

Roots a, B with o + 3 # —w - 0 for w € W with [(w) = 2:

(viit) p =3, ® is of type Bp, n > 3, and a4+ = a,_o+2a,_1+ 3, corresponding
to the cohomology class

¢an A¢an—2+2an—1+20¢n _¢an—l+an/\¢an—2+an—1+2an +¢an—2+an—1+0¢n /\Qsan—l"l‘zan :

(ix) p =3, ® is of type C,,, n > 3, and o+ 5 = a9+ 3,1 + o, corresponding
to the cohomology class

¢Oln—1 A ¢an—2+2an—1+an - ¢04n—2+an—1 A ¢20¢n—1+an'

(x) p=3, ® is of type Fy, and a + f = a1 + 29 + 3avg corresponding to

¢013 N ¢al+2a2+2a3 - ¢a2+o¢3 A ¢o¢1+a2+2a3 + ¢a1+a2+a3 A ¢042+20¢3

or a+ B = as + 3as + ay corresponding to the cohomology class

¢a3 A ¢a2+2a3+a4 - ¢a3+a4 A ¢a2+2a3'

Remark In parts (i)-(vii) of Proposition (C), the solutions a+ [ arise from
distinct pairs w,w’ € W with l(w) = 2 = l(w') and —w -0 = —w' - 0+ po for
some o € X(T). Each part contains a corresponding pair.

3.2  We now proceed to prove the propositions in Section 3.1. Assume p > 3
and let « € A and 8 € 1. We first look at the situation where o is contained
in the root lattice. We can guarantee that this occurs if p { (X(7') : Z®). For

10



p > 3 this happens except when ® = A, and p | n+ 1 or ® = Eg and p = 3.
Now express 0 = I ; m;a;. It is clear that (3.1.1)-(3.1.3) will have a trivial
solution if p is greater than or equal to N where N is two plus the largest
coefficient appearing in the expression of a positive root in terms of simple
roots. For each root system, we have listed N below.

& | A, | B, | C, | D, | Es| Er | Es| Fy| Gy
N| 3| 4|44 5|6 8|65

For « € A and € ®F, express a + = > l;a;. If we have a non-trivial
solution of (3.1.1)-(3.1.3), then at least n — 2 of the elements in {l; | i =
1,2,...,n} must be congruent to zero modulo p. It can be easily verified that
this cannot happen in the cases when ® is of type D, (p = 3), Eg (p = 3),
E; (p=3,5), Es (p=3,5,7), Fy (p =5). We are now reduced to looking at
the cases when ® = B,,,C,,, F, for p = 3 and finishing off our analysis when
b=A,andp|n+1, or &= Fsand p=3.

3.3 Types B, C,,, Fs: Let uslook at the cases when p = 3 and & = B,,, C,,,
or Fy. First consider Proposition 3.1(A) corresponding to equation (3.1.1).
Write 8 = > | n;o;. To have a solution, at most one of the n; can be non-
zero mod 3. The only such positive roots (3 satisfying that condition are simple
roots. But it is straightforward to check that a sum of simples is never equal
to 30.

Next consider Proposition 3.1(B) corresponding to equation (3.1.2). Arguing
as above, in this case, at most two of the n; can be non-zero mod 3. For type
B,,, the possible such 3 are the «; for 1 <i <mn,or a;+a; 1 for1 <i<n-—1,
or a,_1 + 2a,,. Direct verification shows that the first two types do not yield
a solution but the last one does. Types C, and F) are analogous with the
“special” roots instead being 2a,,_1 + «,, and as + 2a3 respectively.

Finally, consider Proposition 3.1(C) corresponding to equation (3.1.3) The
case ® = By, = (5 can be handled by direct computation. Consider & = B,,
for n > 3. The above solution to (3.1.2) is also a solution to (3.1.3) as listed in
part (b) of the proposition. The only other positive roots «, 3 for which a+ /3
can have a non-trivial solution to (3.1.3) are

a = oy, B="=an 2+ an 2+ 2,
Q= Q1 OF Qup, B == an 2+ 20p 1+ 2a.

For the weights a,, + 1 and «,,_1 + 7o, the weight space in A%(u*) is only one

dimensional - spanned by ¢, A@., and ¢,,,_, Ad,, respectively. Since v; and 2
can be expressed as a sum of positive roots in more than one way, by Corollary

11



2.4(b), these cannot be cocycles. The last weight, oy, +7v2 = a9 +20, 1+ 3y,
does yield a new class in H?(u, k):

¢an A ¢an72+2an71+20¢n - ¢04n71+04n A ¢an72+an71+20¢n + ¢an72+anfl+an A ¢an71+20¢n'

This was confirmed by using the computer package MAGMA [BC],[BCP] to
construct a Chevalley basis for Bs and direct computation of the differentials.

Let ® = C,, where n > 3. This case is similar to the situation for B,,. Again,
we get the solution to (3.1.2) which is also a solution to (3.1.3). The only
weights a + 3 which can have a non-trivial solution to (3.1.3) are

Q= Q2 O Qip_1, B=m=20p2+ 20,1+,
a = 1, B == ana+20p_1+ ay.

The first weight a,, s + 71 has a one dimensional weight space and ; can be
expressed as a sum of positive roots in more than one way. So it does not yield
a new cohomology class. The second weight «,,_1 + 71 has a two dimensional
weight space represented by ¢q, , A ¢4, and @a, stan_ 1 A Pan_o+20m 1+0m_15
but no non-trivial linear combination of those two gives a cocycle. (In the Lie
algebra, (o, 5, T2, 1tan_1] = TTa, 3420, _1+a,_,, DUt there is no positive root
o with [Z4, Z2a, 1+an_1] = €T, for a non-zero c.) The last weight a,_1 + 72 =
Qo + 3,1 + a,, does yield a new class in H?(u, k):

¢an—1 /\ ¢an—2+2an—1+a’n - ¢Oén—2+an—l /\ ¢206n—1+o¢n (331)
This is again confirmed by constructing a Chevalley basis using MAGMA.

Let ® = Fj. Once again we need to look at possible solutions a+ 3 of (3.1.3)
which are not already solutions to (3.1.2). This possibly occurs for

Q= Q OT Qy, 0= =2a7 + 3as + 4das + 2a4
o = Qy, 0=y = a; + 3as + daz + 204
Q= Qg OT Quy, 0 =73 =1+ 2as + 3az + 204
o= oy B =1 = a1+ 205 + 33 + oy

Q= Qg OT (3, 0 =75 = a1 + 209 + 203

a = asg, B =7 = a1+ as+ 2as

Q= Qi3 OT Qy, 0= = as + 203 + 204

a = s, B =8 =y + 203 + ay.

For v;, 7 = 1,2,3,4, one can use arguments as above along with Corollary 2.4
to see that if do(z) = 0 for a general cohomology class © = Y., | 5,—o Cor,00Por N
¢oy With 0 = o + 3, then ¢y, », = 0 for all pairs (oq,02) with 01 + 09 = 0. In
the case of ay + 74, one must actually use a Chevalley basis constructed by
MAGMA [BC,BCP] and explicit computation of dy. For ~;, j = 5,6,7,8, the
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possibilities for cohomology classes in Fj arise from cohomology classes in the
Levi factors of types Bs or (3. From the results above we can conclude that

¢a3 A ¢a1+2a2+2a3_¢0¢2+0&3 A ¢a1+a2+2a3 + ¢a1+a2+a3 A ¢a2+2a37 (332>
¢Oc3 N ¢a2+2a3+a4 - ¢a3+a4 A ¢a2+2a3 (3-3-3)

are new classes in F}; of weights oy + 2as 4+ 3ag and ag + 3ag + ay.

3.4 Type A,: Let us look at the situation where p | n 4+ 1 with ® = A,,.
Then X(T')/Z® = Z,11. Moreover, X (T)/Z® = {tw; +ZP : t =0,1,...,n}.
Now

t
tw1:n+1(na1+(n—1)&2+---+an).

One can revise (3.1.1)-(3.1.3) in the following way. We are looking for o € A,
B € ®+ satisfying
a+ 3 = ptwy + po 3.4.1)

(
a+ B =0+ ptw +po (3.4.2)

a+ 6 =10+ p" Py + ptwy + po, (3.4.3)
where o € Z®. Since ptw; must lie in ZP, np—Jfl € 7Z. Since p | n + 1, it follows
that £ € Z where s := ”Tfl. If p | £ then we are done because (3.4.1)-(3.4.3)
would reduce to the original (3.1.1)-(3.1.3) with o lying in the root lattice.
And the arguments in Section 3.2 would apply. Therefore, we may assume
that £ is not congruent to zero modulo p. Consider o+ 8 = 7 m;cv;. Then
m; € {0,1,2} for i = 1,2,...,n and m; can be 2 for at most one i. For p > 7,
(3.4.1)-(3.4.3) must have a trivial solution because on the right hand side we
must have a number which is not congruent to {0, 1,2} modulo p. For p = 5, if
n+ 1 > 10 the same must happen, so we are reduced to understanding p = 5,
® = A, and the cases when p = 3. When p = 3 we can eliminate the cases
when n + 1 > 9 by using congruences. This reduces us to looking at A5 and
As when p = 3.

Consider first the case of Ay when p = 5. For (3.1.1), it is easy to see that
a+ 3 # bo since when « and ( are expressed as sums of fundamental weights,
the coefficients are —1,0, 1, or 2. For (3.1.2), suppose a + 8 = 31 + 5o. Note
that 3; cannot be a.. Write (3 = Zle cw;. Note that ¢; = 2 for some j. Hence
the coefficients of w; in o and # must sum to 2 mod 5. Since « is simple it
has coefficients of —1,0, and 2. Hence the only way to add to 2 mod 5 is if
a = a; = #; which has already been ruled out. For (3.1.3), direct calculuations
of H?(u, k) show that all weights have the form —w-0 for w € W with I(w) = 2.
As noted in Section 2.3, such weights are of the form ¢3;+ 5. So the only way to
get a non-trivial solution to (3.1.3) is if —w-0 = —w’-0 mod pX(T') for distinct
pairs w,w’ € W with [(w) = 2. Checking all cases, one finds one solution:
—(SapSay) -0 =01 + 209 = 203+ g + 5(wa — w3) = —(SasSay) - 0+ Hlwe — ws).

13



Next consider the case of A5 when p = 3. It is again straightforward to check
that there are no solutions to (3.1.1). For (3.1.2), expressing «, 3, and [
in terms of fundamental weights, one can directly check that there are no
solutions. Again for (3.1.3), direct calculation of H?(u, k) shows that all weights
have the form —w - 0 for w € W with [(w) = 2. There are three cases where
—w-0=—w-0 modpX(T):

—(SaySas) - 0 =201 + a2 = oy + 205 + 3(w1 — wy)
= —(SasSay) - 0+ 3(w1 — ws)

—(SapSay) * 0= a1 + 200 = 204 + 5 + 3(wo — wy)
= —(SaySas) - 0+ 3(wy — wy)

—(SaySan) 0 =01 + oy = g + a5 + (w1 — wy + wy — ws)
= —(SagSas) - 0+ (w1 — wa + wy — ws).

Lastly, the case of As is easily verified by hand. Note that the solutions to
(3.1.1) are also solutions to (3.1.3).

3.5 Type Eg: Consider the case when & = Eg and p = 3. We have
X(T)/72® = Zs and X(T)/2P = {ZP,w, + ZP, 2w, + ZP}. In terms of the

root basis one has
1
w1 = §(4oz1 + 30&2 + 5043 + 60&4 + 40[5 + 20[6).

This forces us to revise (3.1.1)-(3.1.3) in the following way. We are looking for
a €A, [ e Pt satisfying

a+ 3 = ptwy + po (3.5.1)
a+ [ =B+ ptwy + po (3.5.2)
a+ B =1ip 4+ p™ By + ptwy + po, (3.5.3)

where 0 € Z® and t = 0,1, 2. The cases when t = 0 reduce to (3.1.1)-(3.1.3)
with o lying in the root lattice. The arguments in Section 3.2 can be applied
to show that (3.5.1)-(3.5.3) have a trivial solution. For ¢ = 1, one can see that
(3.5.1) and (3.5.2) have to have trivial solutions. So we need to look at possible
solutions a + 3 of (3.5.3). If a +  # —w - 0 for w € W with I(w) = 2, then
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the only possible values are:

o = ap Or g, 0= aq + 2a9 + 203 + 3y + 205 +
a = ag, 0= a1+ as 4+ 2a3 + 3ay + 205 + a
Q= (y Or ag, 0 =a1+ as+ 203 + 204 + a5 + ag
o = Qy, 0= a1+ as + 2a3 + 204 + a5

o = a3 or Qg, 0=a1+as3+ ay+ a5+ ag

a = as, 0 =a1+ a3+ as+ as

a=ap, B =as+as

a = as, 0= a1 + as.

In each case, one can directly verify using Corollary 2.4 that there are no
cohomology classes of these weights. The t = 2 case is handled using the same
procedure.

As for type A, there are three sets of pairs w,w’ € W with [(w) =2 = [(w')
and —w -0 = —w' - 0+ po for some o € X (7). They are as follows:

—(SaySas) - 0 =201 + a3 = a5 + 205 + 3(w1 — wg)
= —(SagSas) - 0+ 3(w1 — ws)

—(SasSay) - 0= a1 + 2a3 = 205 + ag + 3(ws — wp)
= —(SasSag) - 0+ 3(ws — ws)

—(Sa18a5) - 0= a1 + a5 = ag + a6 + 3(w1 — w3 + ws — wg)
= —(SasSag) - 0+ (w1 — w3 + w5 — we).

4 Lie algebra cohomology

We recall from the introduction that the series of reduction steps to compute
H?(G,, H°(\)) has as its foundation the computation of H*(u, k). The goal of
this section is to identify H*(u, k) for p > 3 (see Theorem 4.4). This will be
done using the root sum computations of Section 3 and information about B;-
and B-cohomology.

4.1 Relating u and U;: We begin by relating H*(u, k) to H*(Uy, k) via the
first quadrant spectral sequence introduced by Friedlander and Parshall [FP1]
for p > 3 (and later generalized by Andersen and Jantzen [AJ] and Friedlander
and Parshall [FP3]; cf. also [Janl, 1.9.20]):

E3 = SV @ H (u, k) = H¥H (U, k). (4.1.1)
The maximal torus 1" acts on the spectral sequence and all differentials are
T-homomorphisms. Since the odd columns are all zero, the only terms that
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can contribute to H2(Uy, k) are Ey° = (u*)® and EY* = H2(u, k). Since the T-
action is preserved, by Proposition 2.2, the differential dy : By = H'(u, k) —
() = E7° must be zero. Hence the E3°-term consists of universal cycles
and so, as B-modules,

H*(Uy, k) D (u)W. (4.1.2)
Of key importance will be the differential dy : H?(u, k) = Ey* — E,' =
H'(u, k) @ (w)®. The nature of the weights involved gives rise to equation
(3.1.2).

To investigate this, we observe that the spectral sequence can be refined.
Since weight spaces are preserved by the differentials, and all modules for T’
are completely reducible, for each A € X (T'), one obtains a spectral sequence:

B3 = [S'(w) W @ HY (u, k)], = H*H(Uy, k). (4.1.3)
Using this spectral sequence one gets the following result.
Proposition Let p >3 and A\ € X(T'). As a T-module,
HX (U, k)y = H2(u, k) @ ((u) D)y (4.1.4)
except for the following weights

(i) p=3, ® is of type By: A = a1 + 3o, = —(Sa,,5a,,_,) - 0,
(11)) p=3, ® is of type Cp: A = 3,1 + @ = —(Sa,_,5a,) * 0,
(111) p =3, ® is of type Fy: X = g + 303 = —(Sas5as) * 0,

(iv) p=3, ® is of type Go: A = 3ay + o,

where H*(Uy, k) is a T-submodule of H?(u, k)y.

Proof. Consider the spectral sequence (4.1.3). The only terms that can con-
tribute to H2(Uy, k) are Ey° = (u*)™), and E9* = H*(u, k). From (4.1.2)
one obtains

H2(Uy, k) D () M),
Whether or not the term E§’2 contributes depends upon the differential

dy : H2(w, k), = EY? — E3' = ()W @ H (u, k).

Suppose first that p # 3 or ® is not of type Gs. It follows from Corollary 2.4
that a weight of H?(u, k) must be of the form o+ 3 for a € A and 5 € ®*+. On
the other hand, from Proposition 2.2, a weight of (u*)®) ® H'(u, k) must be
of the form po + 3 for 0 € ®* and 3; € A. To have a non-trivial differential,
we would need o + = po + ; which is precisely equation (3.1.2). From
Proposition 3.1(B), there are no solutions except for the excluded weights
A in parts (i)-(iii). Hence the differential must always be zero and (4.1.4)
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holds. Note that for an excluded weight X\, F3° = ((u*)®), = 0 and so
H?(Uy, k) C Eg’2 = H*(u, k), as claimed.

If p =3 and ® is of type G, a straightforward calculation shows that the only
weight of H?(u, k) that could possibly result in a non-zero map ds is 3 + .
In this case, a complete list of T-module basis elements for H?(w, k) can be
found in Section 4.4. O

4.2 Relating u and Bj: Using the Lyndon-Hochschild-Serre (LHS) spectral
sequence, cohomology for U; can be readily related to that for B;. Combining
this with the observation in the previous section, one can relate u-cohomology
with Bj-cohomology. The following proposition will allow us to completely de-

termine H?(u, k) in Section 4.4, which will also provide information to compute
H?(By, \) for all A € X(T). This will be done in Section 5.

Proposition Letp > 3 and A € X(T), such that X ¢ pX(T). As a T-module,

H2(Bl, )\) o @ pydim H2(w,k) — xtp
veX(T)

except for the following cases

(i) p=3, ®=B,: A= (Sa,5,_,) - 0 (mod pX (7)),
(1)) p=3, ®=Ch: A= (Sq,_ 15%) -0 (mod pX (7)),
(1)) p=3, ® = Fy: A = (Saz8a,) - 0 (mod pX (7)),
(iv) p=3, ®=Gy: A= —(3a1 + az) (mod pX (7)),

where
H2(B1, )\) C @ pydimHQ(u,kz)_M_pV‘

veX(T)

Proof. The B;-cohomology can easily be related to U;-cohomology. Using the
LHS spectral sequence for U; < By and the fact that modules over Ty = By /U,
are completely reducible, one concludes that for ¢ > 0

H(By,\) = Hi(UL N = (H (U k) @A) (4.2.1)

It suffices to determine the —\ weight space of H*(Uy, k) relative to 7. The
Ti-action on H*(Uy, k) extends to T so the aforementioned condition is tanta-

mount to determining the T-weights p of H*(Uy, k) of the form u = —\ + pv
for some v € X (7). We have
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T

12

HY(B,\) = (B (UL k) @) = @ H(ULk) e (A —pw)" @pr
veX(T)
o @ pydim H2(U1,kz)_,\+py.

veX(T)

The assertion follows from Proposition 4.1 and the fact that A ¢ pX (7). O

4.3 Relating u and B: With the aid of the previous proposition and in-
formation about B-cohomology, we can now show that almost all weights of
H?(u, k) have the form —w - 0 for w € W with I(w) = 2.

Proposition Let p > 3 and v € X(T) be a weight of H*(u, k). For p = 3,
assume further that ® is not of type G5. Then v = —w - 0 for some w € W
with [(w) = 2, except in the following cases:

(i) p=3 and ® is of type B,, n > 3: v = y_2 + 20,1 + 3,
(1)) p=3 and ® of type Cy,, n > 3: 7 = ay_o+ 3a,_1 +
(1) p =3 and ® of type Fy: v = a1 + 2as + 3az or v = ag + 3ag + ay.

Proof. By Corollary 2.4 any weight v of H*(u, k) is of the form a + 3 with
ae€ A, e dt and a # 5. We consider three cases.

Case 1: Assume that v = a + € pX(T), i.e. v is a solution to equation
(3.1.1).

From Proposition 3.1(A) we conclude that

(i) p=3, @ is of type Ay and v = a1 + (1 + @2) = —(Sa,5a) 0
(ii) p=3, ® is of type Ay and v = as + (1 + @2) = —(SaySa; ) * 0.

Case 2: Assume that v = o + [ is a solution to equation (3.1.2).
Here Proposition 3.1 (B) implies that

(i) p=3, ®is of type B,, n >3, and v = a, + (1 + 20) = —(Sa, Sy, ) - 0
(ii)) p=3, ®isof type Cp,n >3, and v = a1+ 21+ @) = —(Sa,,_1Sa,) 0
(iii) p =3, @ is of type Fy, and v = a3 + (a2 + 2a3) = —(SasSas) - 0.

Case 3: Assume that 7 = o+ 3 is neither a solution to (3.1.1) nor to (3.1.2).
First we apply Proposition 4.2 and conclude that H?*(B;, —) # 0. Next we
consider the LHS spectral sequence applied to B; < B with v € X(T):

By’ = Extly, g, (—pv, H(By, —)) = H™ (B, =y + pv).
Since v ¢ pX(T), we have E5° = 0 for i > 0 so in particular E3° = 0. If
(

E¥' # 0 then HY(By, —v) # 0 and by [Jan2, §3] we have v = a+ § = po + 3
for some 0 € X(7T) and 3; € A. This implies that v is a solution to equation
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(3.1.2). Since we are excluding this case, we conclude that Ey' = 0 for i > 0.
It follows that for all v € X(T)

H*(B, —y + pv) = E9? = Homg,p, (—pv, H(B1, —7)). (4.3.1)
Since H?(By, —) # 0 there exists some ¢ € X (T') with
HomB/Bl <_p07 H2(B17 _’7)) 72 07

or equivalently H?(B, —y+po) # 0. The latter condition implies that v —po =
i31 + p™ Py for some i > 0, m > 0, and Sy, 2 € A by [And, 2.9] (cf. also [Janl,
I1.12.5(a)]). This implies that v = o + [ is a solution to equation (3.1.3).
Since H?(u, k), # 0, we may apply Proposition 3.1(C) to conclude one of the
following;:

(a) y=a+ B =ib1+ [y for 0 <i <p, B, B, € A.
In this case, we can apply Lemma 2.5 to conclude that v = —(sg,53,) - 0.
(b) ~ is a solution to (3.1.2).
This case has been dealt with.
(¢) v = a+ [ is one of the exceptions listed in Proposition 3.1(C).
The solutions in (i) through (vii) of Proposition 3.1(C) are of the form
a+ 6 =—w-0, for some w € W of length 2. That leaves the cases listed
above. O

Remark Note that the excluded weights all have the form v = —w-0+po for
w e W with l(w) =2 and o € X(T). Indeed, we have (i) v = —(Sa,_,Sa,_5) *
0+ 3, (1) v = —(Say,_o5n) - 0+ 3an_1, (1) v = —(SasSay) - 0 + 3ag or
¥ = —(SaySa,) - 0+ 3as.

4.4 u-cohomology: Combining Proposition 4.3 with Corollary 2.3, one can
identify precisely the T-structure of H*(u,k) for p > 3. If p = 3 and ® is
of type Ga, the results are obtained by direct computation. The answer is
summarized in the following theorem. Notice that the answer is the same as
in characteristic zero if p > 3 and in some cases when p = 3.

Theorem Letp>3 andnm={-w-0 : weW, l(w) =2}. As a T-module

H(wk) = P A

AenUn!

where ' is given below. Further, if A = —w -0 with w = s,53, then the
corresponding cohomology class is represented by ¢o N ¢_(,0V)a+s-

(a) Suppose p > 3: 7' =1.
(b) Suppose p =3 and ® is of type A,, By = Cy, D, or E,: 7’ = 0.
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(c) Suppose p = 3 and ® is of type B,, n > 3: 7 = {a,_2 + 20,1 + 3, }
corresponding to the cohomology class

¢an /\¢an—2+2an—1+20¢n _¢an—l+an/\¢an—2+an—1+2an +¢an—2+an—1+an A¢an—1+2an :

(d) Suppose p = 3 and ® is of type C,,, n > 3: 7" = {2 + 3,1 + a,}
corresponding to the cohomology class

¢Oln—1 A ¢an—2+2an—1+an - ¢Oén—2+an—l A ¢2an—1+an'

(e) Suppose p =3 and ® is of type Fy: 7’ = {aq + 2a2 + 3ag, ag + 3az + ay}
corresponding to the cohomology classes

¢043 N ¢a1+2a2+2a3 - ¢a2+043 A ¢a1+a2+2a3 + ¢a1+a2+a3 A ¢a2+20¢37

¢a3 A ¢a2+2a3+a4 - ¢a3+a4 N ¢a2+20¢3'
(f) Suppose p =3 and ® is of type Go: " = {301+ g, 3a1 +3va, 601 +3arg, 4oy +
205} corresponding to the cohomology classes

gbal A ¢2a1+a27 ¢a2 A ¢3a1+2a2a ¢3o¢1+o¢2 A ¢3o¢1+2a27

¢a1 A ¢3a1+2a2 + ¢a1+a2 A ¢3a1+a2-

4.5 B-structure on H?(u,k): Theorem 4.4 identifies the T-structure of
H?(u, k). With the aid of Theorem 5.3 below, we can further describe the
B-structure. We include the discussion here for continuity. Of interest is the
action of U. Let u be in U and x € H?(u, k) have weight \. Since U is generated
by negative root subgroups, either u -z = 0 or v - x has weight p = A+ o
where 0 = Y ca Cox With each ¢, < 0. In particular, under the standard
order relation on weights, p < A.

For p > 3, all weights of H?(u, k) are of the form —w - 0 for w € W with
[(w) = 2. However, there are no order relations between such weights and
hence the U-action must be trivial. Hence, H*(u, k) is semi-simple as a B-
module.

For p = 3, the same conclusion holds in types A,,, D,,, B, = C5, and E,, where
7' = (). In the remaining cases, one can have order relations involving the
weights in 7/. Consider the spectral sequence (4.1.1). From this, there is an
exact sequence

0— (u)W — B2(Uy, k) — H2(u, k) — H' (u, k) @ (u*)D,

Any element of H?(u, k) that is in the image of the map from H?*(U;, k) must
be fixed by U;. Hence a root subgroup U_, C U must shift such weights by
a multiple of pa. By Proposition 4.1, all elements having weight in 7/ must
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be U;-fixed except in type Go for the weight 3a; + . However there are no
weights smaller than 3a; + as in H?(u, k). So we only need to consider root
orderings involving multiples of 3a for a € ®.

In type B, (n > 3), there is only one such ordering: —(Sa, ,5a, ,) - 0 =
Qg + 20,1 and a9 + 20,1 + 3ay,. Let 7 =71 — {a,—2 + 24,1 }. Then,
as a B-module,
H(uw k)= Ma P A
xen

where M has factors a,,—o+2a,—1 +3a, and a,,_o+2a,,—1. The module M is in
fact indecomposable. By Theorem 5.3(c)(xi), (H*(U1, k) ® (Sa,,_,Sa,,_,) -0)™t =
H?(B1, (Sa,,_,Sa,_,)-0) is a two-dimensional indecomposable B-module. Hence,
H?(Uy, k) must contain a subquotient that is a two-dimensional indecom-
posable B-module. Further, the image of this subquotient under the map
H?(Uy, k) — H?(u, k) remains indecomposable and must be M. Note that the
factors above are listed from top to bottom and M = N gg ® (Qp—g + 20,_1)
where Np is defined in Section 6.2.

In type C,, (n > 3), there is similarly one such ordering: —(Sa, ,5q,) - 0 =
Qp_o + ap and a9 + 3a, 1 + ay. Let 7 = m — {a,_2 + a,,}. Then, as a
B-module,
H(uw k)= Ma P A
xen’
where M is an indecomposable B-module with factors a,,_o + 3a,,—1 + o, and
Qo + ay,. See Theorem 5.3(c)(xii). Note that M = N((Jln) ® (ap—2 + ap).

In type F}, one gets two pairs (corresponding to the Bs and C3 Levi factors):
—(SapSay) - 0 = aq + 209 and oy + 29 + 3a3; —(SaySay) - 0 = a2 + a4 and
as + 3az + ay. Let 7" =71 — {1 + 29, as + a4 }. Then, as a B-module,

H*(w, k) 2 My & My ® €D A,

Aern’’

where M; is an indecomposable B-module with factors a; 4+ 2as + 3as and
a1 + 2a, and M, is an indecomposable B-module with factors as + 3as + ay
and s + ay. See Theorem 5.3(c)(xiii,xiv). Note that M; = Ng) ® (o + 20)

and M, = Ng) ® (o + ).

In type G, there are again two pairs: —(Sa,54,) -0 = aq + 2a and 4ag + 2a;
3aq + 3 and 6aq + 3. As a B-module,

H?(u, k) = My @ My @ (4o + o) @ (3o + a),

where M, is an indecomposable B-module with factors 4a; + 2an and aq +
2a, and M, is an indecomposable B-module with factors 6a; + 3as and
3aq + 3ap. The indecomposability of M, follows from the indecomposability of
H?(B1, (Sa,54,) - 0) (Theorem 5.3(c)(xv)) while the indecomposability of M,
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follows from the indecomposability of the two-dimensional module agpearing
in the description of H*(By, k) (Theorem 5.3(a)). Note that M; = Nélz ® (0 +

2a) and M, 2= N © (34 + 3as).
5 B,-cohomology

5.1 In this section, we compute H*(B,, ) for all A € X (7). We recall that
the first cohomology groups H'(Bj, \) were computed for all primes and all
weights A € X(T) by Jantzen [Jan2]. For higher », H'(B,,\) is computed
by the authors in [BNP]. We investigate the second cohomology H?*(B,, \) by
starting out with Bj.

Note that for A € X(T'), we may write A = Ao + pA; for unique weights Ag, A
with Ag € X3 (7). Then for all i > 0,

H(By, A) = H(By, Ao + phi) = H(B1, \o) @ phr.
Hence it sufficices to compute H*(By, \) for A € X (7).

From Propositions 4.2 and 4.3, if A # 0 and H?(By, \) # 0, then \ will usually
(in fact always, as we will see) have the form A = w - 0 + po for some w € W
with I(w) = 2 and ¢ € X(T). Since we are focusing on restricted weights,
given such a w € W, we want to identify the unique weight ¢ € X(7") such
that A = w -0+ po € X{(T'). Such weights are summarized in the following
lemma whose verification is straightforward and left to the interested reader.

Lemma Let p > 3. For w = 84,84, € W with i # j we define

{wi if o and o are adjacent roots in ®.
Yw =

wi +w; if o and o are not adjacent in ®.

except in the following p = 3 cases, where we define

2wy, if © of type B, and w = S4, Sa,_, -

Wh—1 — Wp, if © of type B, and w = 54, ,Sa,_,-

251 — W2 if © of type Cpyn > 3, and w = S,,_,Sa,-

Wn—9 —Wp—1+wn, if © of type C,,,n > 3, and w = S4,, Sa,_,-
Y = § Wy — W3 if © of type Fy, and w = S4,Saq, -

2ws — wy if © of type Fy, and w = 54,54,-

Wy — w3 + wy if © of type Fy, and w = 54,54,-

2w1 if © of type G2, and w = Sq4, Sa,-

Wy — Wy if © of type G, and w = Sq4,54, -
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Then w - 0+ py, € Xq(T).

5.2 The following lemma will allow us to deal with the exceptional weights

appearing in Proposition 4.1 and the “extra” or non-generic weights appearing
in Theorem 4.4.

Lemma Suppose p = 3.

(a) Homp,p, (k,H*(B1,\)) = 0 for each of the following
(i) ® is of type B, (n>3) and A = —a,—9 — 2041 — 3y,
(ii) ® is of type C,, (n >3) and A = —a,—9 — 3,1 — Qp,
(iii) P is of type Fy and A = —a; — 2ag — 3az or A = —qg — 3a3 — Quy,
(iv) ® is of type Gy and A = —4a; — 2.
(b) H*(B1,\) = 0 for each of the following
(i) ® is of type B, (n>3) and A = —ay,—1 — 3y, = Sa, Sa,,_, - 0,
(ii) ® is of type C,, (n > 3) and A = =31 — @ = Sa,_,5a, * 0
(111) ® is of type Fy and A = —ag — 3a3 = SasSa, - 0,
(iv) ® is of type Gy and A = —3a; — .

7

Proof. We first identify H*(B, \) for the above weights. For the weights listed
in (b) (i)-(iii), we have A = w - 0 for some w € W with [(w) = 2. Therefore,

by [And, 2.2] H*(B, \) = k.
For each weight A in (a)(i)-(iv) and (b)(iv), we will show that H*(B,\) =

0. For each of these weights, there exists a unique simple root « such that
(A, a¥) = =3 or —2. Consider the spectral sequence (cf. [Janl, 1.4.5(b)])

By = H'(P(a), Rindp @ )) = H* (B, ).

By [Janl, I1.5.2(d)], R ind5® A = 0 for all j # 1 and so E%? = 0 for all j # 1.
Hence the spectral sequence collapses to give

H* (B, \) = H(P(), R ind5® \)
for all i. In particular, H2(B,\) = H'(P(«), R' ind5® A). Observe that (s, -
A aY) = —(\ a¥) =2 =1 or 0 respectively. Applying [Janl, I11.5.3(b)] to s, - A,

we have indh® s, - A = R'ind5™ A. Using Frobenius reciprocity, we then
have

H2(B,\) = H'(P(a), R'ind5™A) = H'(P(a), ind2® s, - A) 2 HY(B, s, - A).

Since 84 - A # —p™B for m > 0 and € A, by [And, 2.4], H*(B,\) =
HY (B, s4-)\) = 0.
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Summarizing the above, we have

0 for A listed in (a) or (b)(iv)

ko for A listed in (b)(i)-(ii). (52.1)

H?(B, \) = {

We now compute Homp, p, (k, H*(By, A)) in all cases by using the LHS spectral
sequence N ' ' -

Ey’ = H(B/By,H? (B, \)) = H™ (B, \).
Notice that Hompg,p, (k, H*(By, A)) = EY?. Also, for each of the weights listed
in (a) and (b), since A # 0 (mod pX (T)), we have Ey° = 0 for i > 0.

Next we identify the term Ey' = H'(B/By, H'(By, \)). For the weights listed in
part (a) one obtains from [Jan2, 3.2] that H'(B;, \) = 0 and so Ey" = 0 for all i.
For the weights listed in (b) (i)-(iii), it follows from [Jan2, 3.5] that H' (B, \) is
of the form —pa for some o € A. Then Ey' = HY(B/By, —pa) = HY(B, —a)V.
By [And, 2.2], E¥' = 0 for i # 1, while Ey' = k. In the case (b) (iv), one
obtains from [Jan2, 3.7] that H'(B;,\) has a filtration with factors k and
—poy. Again using [And, 2.2] one gets that Ey' = 0 for i # 1. (The argument
below will show that ;" = 0 also but it is not necessary to know this at this
point in the argument.)

Summarizing the above, we have:

Byt = (5.2.2)

0 for all ¢ # 1 and all A listed
k for i =1 and A listed in (b)(i)-(iii).

In all cases, we have seen that Ey° = 0 for all i and Ey' = 0 for all 4 # 1.
Hence, the terms ES? and 5 consist of universal cycles and so as T-modules

the abutment
H*(B,\) = Ey' @ Ey”

For those weights A listed in (a), it follows immediately from (5.2.1) that
Homp,p, (k,H*(B;1,\)) = E3? = 0 as claimed. Tt can also be seen that
Homp,p, (k, H*(B1,)\)) = 0 for those A listed in part (b). The case (b)(iv)
follows exactly as for part (a). For the weights in (b)(i)-(iii), by (5.2.1) and
(5.2.2), we see that H*(B,\) = k = Ey'. Hence Ey* = 0.

For those A listed in part (b), we now consider H?(B;, \). By Proposition 4.2,
as T-modules,
HZ(Bl,)\) C @ pydimHQ(u,k),)\ﬂn,.
veX(T)
By Theorem 4.4, dim H?*(u,k)_, = 1. Further, for v # 0, by Theorem 4.4
and Proposition 3.1(C), dimH?*(u,k)_».,, = 0. Hence, H*(B;,\) C k as
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a T-module (and hence also as a B-module). If H*(By,\) = k, then we
also have Hompg,p, (k, H*(B;,\)) = k. However, we have seen above that
Homp,p, (k, H*(B1,)\)) = 0. Hence H*(B;,\) = 0 for the weights A listed
in part (b). O

5.3 Bj-cohomology: The following theorem describes the H*-cohomology
for By as a rational B-module when p > 3 and A € X;(7'). Recall that B =
BW =~ B/B and from Section 4.1 that for an arbitrary weight A € X(T'), one
has H?(By, \) = H*(By, \g) ® pA; for unique weights Ay € X1(T), A\, € X(T).

Theorem Let p > 3 and A € X1(T). Then the following isomorphisms hold
as B-modules.

(a) B2(By, k) =2 uY except in the following cases:
(i) p =3, ® is of type Ay, where

H2(By, k) = uw'® @ o) @ W
(i) p =3, ® is of type G, where
H?(By, k) is a non-split extension of the indecomposable B-module with fac-
tors w\" and (wg — wi)M by u),
(b) If X\ # 0 and H*(By,)\) # 0, then A\ = w - 0 + py,, for some w € W with
l(w) = 2.
(c) If \ =w -0+ py, for some w € W with [(w) =2 and X\ # 0, then
HQ(Blu w-0 +p/7’w) = 71(1)1)7

except in the following cases:
(i) p=>5, ® is of type Ay, and w € {SaySays SasSas }, Where

H2(By,w - 0 + pyw) = H2(By, 2w + 2ws) = wit) @ wi?.
(i) p=3, ® is of type As, and w € {Sa,Say, SasSas ;, Where
H2(By,w - 0+ pyw) = HX(By,ws) 2wl @ wlh.
(11i) p =3, ® is of type As, and w € {Sa,Sa;, SasSas }, where
H2(By,w - 0 4 pyw) = HX(By, 2ws) 2 Wi @ wY.
(iv) p=3, ® is of type As, and w € {Sa,Say; SasSas }, Where

Hz(Bl, w0+ pyw) = HQ(Bl, p) = (wy + w4)(1) @ (we + w5)(1).
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(v) p=3, ® is of type Eg, and w € {Sa,Sas, SagSas |, where

H2(By,w - 0+ pyw) = HX(By,wi) 2wl @ wV.
(vi) p =3, ® is of type Egs, and w € {SasSays SasSag }, Where

H2(By,w - 0 + pye) = H2(By, 2ws) 2 wi @ wiV.
(vii) p =3, ® is of type Eg, and w € {Sa,Sas;s SasSag ), Where

H(By,w - 0+ pye) = H* (B, p — wp) & (w1 +ws)Y @ (ws + we) .
(viit) p =3, ® is of type B,, n > 3, and w = Sq, Sa,,_,, where
H?(By,w -0+ pyy) = HX(By, wn_2 + wn_1 + 2w,) = 0.

(ix) p =3, ® is of type C,,, and w = S,, _,Sa,, where

H?*(By,w - 0 + py,) = H*(By, 2w, 1 + wy) = 0.
(x) p=3, ® is of type Fy, and w = Sa,54,, where

H?(By,w - 0+ pye) = H*(By, wy + 2ws3) = 0.

(zi) p =3, ® is of type B,, n >3, and w = sq,_,Sa,_,, Where

H?(By,w - 0+ pyy) = H*(B1,w,_3 + w,) is an indecomposable B-module
with factors WM and (w,_1 — w,)W.

(zit) p =3, ® is of type C,, n > 3, and w = Sq,,_,54,, where

H?(By,w - 0 + pyw) = H(B1,wn_3 + Wn_o + wy) is an indecomposable B-
module with factors w,(ll_)l and (wp_2 — wp_1 + wn)(l).

(xiit) p =3, ® is of type Fy, and w = S, Sa,, where

H?(By,w-0+py,) = H*(By,ws) is an indecomposable B-module with factors
(w3 — wy)M and (wy — ws)M,

(ziv) p =3, ® is of type Fy, and w = S4,Sq,, where

H?(By,w -0+ pyy) = H3(By,w; +wy +wy) is an indecomposable B-module
with factors w:(,)l) and (wy — ws + wy)W.

(xzv) p =3, ® is of type G, and W = Sq,Sa,, Where
H?(By,w-0+py,) = H3(By,w:) is an indecomposable B-module with factors

W and (wy — wy)D,

Proof. (a) If p = 3 and @ is of type G, the assertion can be found in
[AJ; 6.12]. In the remaining cases we conclude from (4.1.2) and (4.1.4) that
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H?(By, k)Y = u*, unless H*(u, k)™ # 0. In which case we conclude from
Corollary 2.4(a) that there exist « € A and 8 € ®T with a # § and o+ = po
for some o € X(7T), i.e. a + 3 is a solution of equation (3.1.1). Now Propo-
sition 3.1(A) implies that p = 3 and ® is of type As. The assertion follows
immediately from (4.1.4) and the fact that the weights wy,ws, and zero are
not in the same coset of the root lattice (see also [AJ, 6.2]).

(b) Assume that A # 0 and H?*(By,\) # 0. If p = 3 assume further that
® is not of type Gs. By Proposition 4.2, X is either of the desired form or
there exists a p € X(T) with A = —p (modpX(T)) and H*(u, k), # 0.
It follows from Proposition 4.3 that either 4 = —w - 0 with l(w) = 2, or
w=—w-0 (modpX(T)) with I(w) = 2 (see Remark 4.3).

If p =3 and @ is of type Ga, then Theorem 4.4(f) implies that y = —w - 0
with [(w) = 2, unless p = 3 + oo (note that 4oy + 2a3 = —54,5q, - 0+ 3ay).
The assertion follows now from Lemma 5.2 (b)(iv).

(c) Cases (viii) through (x) have been dealt with in Lemma 5.2(b). One might
refer to these exceptional cases as “vanishing” cohomology classes. Moreover,
from (b) we know that H*(B;, —3a; — ag) = 0 for p = 3 and ® being of type
GG5. We may therefore exclude these weights from further discussion and apply
Proposition 4.2 and Theorem 4.4 to the remaining cases. One concludes that
H?(By, pyw +w - 0)Y 2 ~, unless —w - 0 is congruent modulo pX(T) to
another weight space of H?(u, k).

First we consider the possibility that w; -0 = wy - 0 (mod pX (7)) for distinct
wy,wy € W, both of length 2. This implies that the weight —w; - 0 is a
non-trivial solution to equation (3.1.3). From Proposition 3.1(C) one obtains
cases (i) through (vii). These exceptions result in a “pairing” or “doubling” of
cohomology. Since the weights involved are not in the same coset of the root-
lattice we obtain direct sums of two weight spaces. Note that the solutions to
equations (3.1.1) and (3.1.2) have been dealt with.

Finally we have to consider those cases where some w - 0 is congruent mod-
ulo pX(T') to one of the additional cohomology classes listed in Theorem
4.4. These correspond to the remaining exceptions (xi) through (xv). In each
of these cases one obtains from Proposition 4.2 that H?*(B;,w - 0) is two-
dimensional with weights k& and pa, where o € A. In each of these four cases it
follows from Lemma 5.2(a) that Hom g (pa, H?(By,w-0)) = Homp(k, H*(B;, w-
0 — pa)) = 0. Thus each H?*(B;,w - 0) is an indecomposable B-module. The
assertion follows now from Lemma 5.1. O

Remark For the indecomposable B-modules appearing in the preceding the-
orem, the factors are listed from top to bottom. That is, the first factor is
the head and the second factor is the socle. Also, in parts (xi) and (xii) when
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n =3, wy is defined to be zero.
Corollary Let p >3 and A,y € X(T).

(a) If X ¢ pX(T) and X\ # w -0+ po for some w € W with l(w) = 2 and
o € X(T), then H*(By,\) = 0.
(b) If « € A, then H*(By,py — a) = 0.

5.4 B,-cohomology: We next consider H*(B,., \) for higher r. The following
observation will be used in several succeeding results.

Lemma Letp>3, A€ X(T), and1 <[l <.
(a) If p =3 suppose that ® is not of type As. Then

Homp, g, (k, H*(B1, k)" @ p'\)
oy ifA=pTIy —a,a e Ay e X(T),
o else .

(b) Suppose p =3 and ® is of type As. Then

Homgp, /5, (k, H*(By, k)Y @ p'\)
Py ifA=pTly—a,ae Ay e X(T),
=py i A=p Ty —w;, i€ {1,2},y € X(T)

0 else .

Proof. We have

Homgp, g, (k, H*(By, k)Y @ p'\) = Homp,__, (k, H2(By, k)Y @ )
>~ Homp _,(—\, H3(By, k)",
Now, H?*(By, k)Y is given by Theorem 5.3(a). We only need to consider
the B-socle of H*(By, k)", Except for type Ay when p = 3, the B-socle
of H?(By, k)(™Y is the B-socle of u*. By [Jan2, 2.2, 2.4], the B-socle of u* is

@®peaks and part (a) follows. For part (b), the B-socle of H'(By, k)=V also
contains wy; @ wy which yields the additional weights. O

The following proposition gives a recursive formula for computing H?(B,, k)
from H?(By, k).

Proposition Let p > 3. Then H*(B,, k) = H*(By, k)" V.

Proof. We use induction on 7. Assume that r > 1. We use the LHS spectral
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sequence

Ey = H(B,/By, W (By, k) = HY(B,, k).
Since p is odd one has Ey' = 0 [And]. From Lemma 5.4 (with [ = 1 and A = 0),
Ey* = Homp, 5, (k, H*(By, k)) = 0. It follows from the induction hypothesis
that H*(B,, k) = E3° = H*(B, /By, k) = H¥(B,1, k) = H3(By, k). O

5.5 To compute H*(B,, \) for A ¢ p" X (T), we begin with some special com-
putations in type G2 when p = 3. We define Ng, to be the two-dimensional
indecomposable B-module with factors «; and k (from top to bottom). No-
tice that it follows from [Jan2, 3.7] that Ng, = H'(Bi, —a)™" and from
Theorem 5.3 that Ng, = H*(By, (5a,54,) - 0)Y. Moreover, N¢g, ® A remains
indecomposable for any weight \.

Lemma (A) Suppose p =3 and ® is of type G. Then as B-modules
H' (U, Ng,) = H'(u, Ng,)
and H' (U1, Ng,) has a basis of T-eigenvectors {aa, 3o + g, ay + g, 201 }.

Proof. By direct computation, one finds that H'(u, Ng,) has a basis of T-
eigenvectors as given. The computation is similar to that for H'(u, k) as given
in Section 2.1 (see [Janl, 1.9.17]) but involves a non-trivial map dy : Ng, —
Ng, ® u* along with d; : Ng, ® u* — Ng, ® A%u*.

Now consider the spectral sequence (4.1.1). By [FP3], this can be modified to
By =8 ()W @ HY (u, Ng,) = H* (Uy, Ng,).

Consider the differential dy : Ey' = H'(u, Ng,) — (u*)® = E>°. Consid-

ering the weights of H'(u, Ng,), we see that this map must be zero. Hence

H' (U, Ng,) = H'(u, Ng,) as claimed. O

Lemma (B) Suppose p =3, ® is of type Gy, and A € X(T'). Then
Hl(Bh NG2 ® )\)(—r) =

v if A=p"y —pla, with0 <1 <r and a € A,
where l #r — 1 if a = ag, and 1 # 0 if a = oy,

¥ ifAN=p"v—(a+ 1), witha € A,

Ng, @y if A=p'y —p " ay,

0 else.

Proof. We consider first the case r = 1. Note that H'(B;, Ng, ® \) =
HY(Uy, Ng, ® \)™t = (H' (U, Ng,) ® A\)™'. From Lemma 5.5(A), this is zero
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unless A = py — ag, A = py — (aq + ay), or A = py — 24 for some v € X(7T).
In the last two cases, one immediately gets that H'(By, Ng, ® \) = py.

In the first case (A = py — ao), H' (B, Ng, ® A) will be two-dimensional with
a basis of T-eigenvectors being {pv, p(y + a1)}. To identify the B-structure,
consider the short exact sequence of B-modules

0= A= Ng,®A—a; +A—0

and a portion of the associated long exact sequence (of B-modules) in coho-
mology:

- — Homp, (kual +py— a2) - Hl(Bl,p’y - O@)
— HY(By, Ng, ® A) — HY(By, a1 +py —ag) — -+ - .

The Hom-group is evidently zero. Also, by [Jan2, 3.2], H* (B, a; +py — as) =
0. Hence, H'(By, Ng, ® ) = HY (B, py — as) = N((;IQ) ® pvy where the last
isomorphism follows from [Jan2, 3.2] as noted above.

We summarize for r = 1:

v if A =py— (o1 + ),

gl if A= py — 2,

H'(By, Ng, @ \)(7Y) = (5.5.1)

NG2®7 if)‘:p/y_a%
0 else.
For r > 1 we consider the LHS spectral sequence
Ey’ = H'(B,/By,H/(B;, Ng, ® \)) = H™(B,, Ng, ® \).
Note that Homp, (k, Ng, ® A) = 0 unless A € pX (7).

Suppose A = po — ag, A = po — (o1 + ay), or A = po — 2o for 0 € X(T).
Then Ey° = 0 and

Hl(Bra Ng, ® >‘) = ESJ = HomBr/Bl (k7 Hl(Bl’ Ne, ® )‘>>
>~ Homgp, , (k, H'(B;, Ng, @ \) D)D),

In the first case H'(By, Ng, ® \)™Y = Ng, ® o which has socle o. Hence, to
have a non-zero Hom-group, we need o = p"'v for some v € X(T). In the
last two cases, H' (B, Ng, ® A)(™Y = ¢ and so again o = p" v for v € X (7).
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We summarize: for r > 1 and A = pog —as, A = po— (a1 +az), or A = po—2ay,

it A=p"y — s,
if A=p"y— (g + as),

H'(B,, Ng, © \)77) = if A =p'y — 20
- - 1

(5.5.2)

S

else.

For all other A\, we have E*! = 0 and so
H'(B,, Ng, ® \) = Ey° = HY(B,_;, Homp, (k, Ng, ® \) )L,

As noted above, for this to be non-zero, we need A = po for some o € X(T),
in which case we get H'(B,, Ng, ® A\) = H'(B,_1,0)". From [BNP, 2.8], this
is zero unless 0 = p" 'y — pla for a € A and 0 < [ < r — 2. For such o, the
answer is p"y except in the case that o = ay and [ = r — 2 in which case the
answer is Ngz) ® p"y. Solving for A and combining the results with (5.5.1) and
(5.5.2) proves the claim. O

5.6  We now compute H?(B,, \) for some special weights.
Lemma Letp>3,0<I[I<r, and a € A.

(a) Then
ko ifl
Hz(Bra _pla) = Zf g 07
0 ifl=0.

(b) Suppose p =3 and O is of type Ay. Then for i € {1,2},

ko ifl>0
H(B,, —pw) 2 & V120

0 l=0.
Proof. For part (a), consider first the case r = 1. From Corollary 5.3, we have
H?(B;, —a) = 0 as desired. Now assume r > 1 and consider the case that
[ = 0. We use the LHS spectral sequence

Ey = H(B,/B,,H(B,, —a)) = H*"(B,, —a).

Since p > 3 we have E;’O = 0. Furthermore, from the first case, we have
E¥? = 0. Finally, we look at Ey' = HY(B,/By,H(B;, —a)). If p = 3 and ®
is of type Ay we have H' (B, —;) 2 k @ (w; — o) [Jan2, 3.5] and from [BNP,
Thm 2.8(B)] that Ey' = 0. Similarly, it follows, for p = 3 and ® of type
Gy, from [Jan2, 3.7 (b)], [BNP, Thm 2.8(B)], and Lemma 5.5(B) (for o = ap)
that Fy," = H'(B,/By, H'(By, —a)) = 0. In all other cases H'(B;, —a) = k by
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[Jan2, 3.5] and E," vanishes. Hence E3° = Ey' = E5? = 0 in all cases and
H*(B,, —a) = 0.

Next assume that [ > 0. We use the LHS spectral sequence
Ey’ = H(B,/B;,H/(B;, k) ® —p'a) = H™(B,, —pla).

Since Ey' = 0, we obtain the five-term exact sequence 0 — E3° — E? —
EY? — E3°. From the case | = 0 one concludes that

Ey° = H*(B,/B;, —p'a) = H*(B,_;, —a) = 0.
Proposition 5.4 and Lemma 5.4 imply that

Eg’z = HOHIBT/BZ(]{, HQ(BI; k) ® _pla)
=~ Homgp, /p,(k, H*(By, k)Y @ —pla) = k.

It suffices now to prove that the B-map Ey”® — E3" is zero. Observe that
EY = H3B,_;,—a)®. We will show that Hompg(k, H*(B,,, —a)) = 0 for
m > 0, by using the spectral sequence

EY = H(B/B,,,H(By,, —a)) = H (B, —a).

Clearly E5” = 0 and Ey® = 0 as before. Moreover, by [BNP, 2.8] and some
straightforward height considerations in the cases p = 3 and ® of type Aj or
G5 (cf. [Janl, 11.4.10]) one obtains

kooifi=0,

Ey' = HY(B/B,,, HY(B,,, —a)) =
2 (B/ ( a)) {O otherwise.

We conclude that Homp/p,, (k, H*(B,,, —a)) = By = E* = H*(B, —a). The
last term vanishes because of height considerations [Janl, 11.4.10].

For part (b), the argument is analogous. The case r = 1 again follows from
Corollary 5.3. For r > 1 and [ = 0, we use the spectral sequence

E;’j = Hi(BT/Bl, Hj(B17 —wl)) = HiJrj(BT, —wz-).

In this case, by [Jan2, 3.5], H'(B;, —w;) = 0 and so one immediately gets
EY' = 0 along with EY° = 0 = E%* as before. For the case | > 0, one
again uses an analogous spectral sequence. Here Lemma 5.4(b) is used and
the fact that H*(B, —w;) = 0 follows because w; is not in the root lattice
[Janl, 11.4.10]. O

5.7 The preceding calculations can be used to compute H*(B,, \) for any r
and A\ € X(T). For r = 1, the results reduce to those given in Theorem 5.3,
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although the results here are stated for an arbitrary (not necessarily restricted)

weight. One obtains a nice

uniform picture except for certain weights when

p =3 and ® is of type Ay or Gs.

Theorem Let p >3 and A € X(T).
(a) If p # 3 or @ is not of type Ay or Gy, then H*(B,, \) =

H?(By,w -0 4 py)r—Y
fy(r)
(r)

)

)

A

0

if A= p " Y w -0+ py) with [(w) =2 or 0,

if A =p"y + plw - 0, with [(w) =2, 0 <l <7r—1,
if A\ =p"y—pla, with0 <l <r and o € A,
ifN=p'v—p"B—pa, with0<I<k<r

and o, 3 € A,

else.

(b) If p=3 and ® is of type Ay, then H*(B,, \) =

ifA=p",
if A= p"y — plw - 0, with [(w) = 2,
0<l<r—1,

if \=p"y —pla, with0 <l <r and a € A,

ifAN=p"y—p"3—pa, with0<l<k<r—1
and o, 3 € A,

if A =p"y+pHw +wy) — pla,
with 0 <l <r—1and a € A,

else.

(c) If p =3 and ® is of type G, then H*(B,, \) =

H?(By,w - 04 py)—Y

if A\ =p"" Y (py + w.0) with l(w) =2 or 0,

if X = p"y + plw.0, with l(w) = 2, and
0<l<r—1,

if A\ =p"y —pla, with0 <l <r and a € A,

ifAN=p'y—p"B —pla, with0<Il<k<r
and a, B € A, where k #r — 1 if B = ao,
and k #1+1if = a1 and a = axy,

if A =p"y — p (B + a1) — plan, with
0<Il<r—1and (€A,

ifA=p"y—p oy —pla, with0<Il<r—1,
and o € A,

else.
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Proof. We use induction on r. For » = 1, the claim reduces to Theorem 5.3.
Suppose 7 > 1. Set A = \g + pA; where Ay € X1(T') and \; € X(T'). We use
the LHS spectral sequence

EY = H'(B, /By, H/(By, \o) ® pAy) = HH(B,, \).

Case 1: \g #Z 0 and \g # —« (mod pX (7)), with a € A.
In this case we have E5° = 0 and Ey' = 0 [Jan2, 3.2]. This implies that
H%*(B,,\) = E* = Ey? = Homp, 5, (k, H(B1, \o) ® pA1).

By Theorem 5.3(b) this expression is zero unless \g = py,, + w - 0 for some
w € W with I(w) = 2 and 7, as given in Lemma 5.1.

Now assume g is of this form. If we are not dealing with one of the excep-
tions listed in (i) through (x) in 5.3(c), then the B-module H?*(Bj, \¢) has
simple socle of weight py,. Clearly ES? vanishes unless (Y + A1) € p"X(T).
This implies that A = w - 0 + p"y with [(w) = 2 and v € X (T'). Moreover,
one obtains H?*(B,,\) = 4 for such weights. For the exceptions (i)-(vii)
one has H?*(By, \g) & %(ull) &) %(1)12), corresponding to the two choices wy, ws.
Again, F? = E9? = 0 unless A = w; - 0 4+ p"y for some v € X(T) and
H?(B,, w; - 0+ p"y)") = ~. Exceptions (viii)-(x) have \g = —a (mod pX (7))
for some a € A and are therefore excluded. We summarize:

If \g Z0 and \g # —a (modpX(T)), with « € A, and r > 1 then

O if AN =p'y+w- 0, with [(w) =2
~ 1 py+w-L, )
HQ(BMA) B {0 else

Note that for p = 3, type Ay and [(w) = 2 we have w -0+ p"y = p"y — pw; for
an appropriate fundamental weight w;.

Case 2: \p = —a (mod pX(T)), with o € A.
From [Jan2, 3.3] we know that A\ = pw, — a (unless p = 3, ® is of type G,
and a = a, in which case \g = p(ws —w1) —az). Since p > 2 we have E%’O = 0.
It follows from Corollary 5.3(b) that Ey* = 0. We conclude that

E* = Byt = H'(B, /B, H'(B1, \o) @ ph1).
For the general argument we exclude two cases, namely p = 3 and ® of type

Ay and p = 3, ® of type G2, and a = as. In all other cases we proceed as
follows.
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We apply [Jan2, 3.5, 3.7] which yields
E2171 = H1<Br/Blap(wa + >\1>> = Hl(Brflawa + /\1>(1)

Now [BNP, 2.8] implies that Fy" = 0 unless wq + Ay = p" 1y — pF~1 5 for some
simple root 3 and some 0 < k < r. Moreover, in this case H*(B,, \) = ")
unless @ is of type Ga, 3 = as and k = r — 1. In the latter case, H*(B,, \) =
Ng;) Q@ ~),

Next assume that p = 3 and ® is of type A,. Here pw; — a; = wy + wy and
[Jan2, 3.5 (a)] yields Ey" = HY(B,/By,p(wi ® wy) @ pAy) = HY(B,_1,wy +
MWD @ HY (B, 1,ws + A1), As before we obtain from [BNP, 2.8] that the
cohomology vanishes unless A = p"y —p*a; — a;, where i, j € {1, 2}. Moreover,
H*(B,,\)™") = ~, unless k = 7 — 1 in which case H*(B,,\)™ = v @ (v +
(=1)/ (w1 — w2)). Adding p"w; to A results in the more symmetric statement
H?(B,, p™y + " Hwi + wa) — )T 2 (7 +wi) @ (7 + wy).

Finally assume that p = 3, ® is of type Gy, and \g = —ay (mod pX(T)).
Define v € X(T) via A = py — as. Then it follows from [Jan2, 3.7] that
HY(B,\) = N((;12) ® v and so H*(B,,\) = H'(B,_1, Ng, ® 7). We apply
Lemma 5.5(B) and summarize:

If \o=—a (modpX(T)), with o € A and r > 1, then
(a) If p # 3 or @ is not of type Ay or G then

v ifA=py—pFB—a, with0 <k <r, and o, € A,

HQ(BM)\)(?T) = {O else

(b) If p = 3 and @ is of type Ay, then H*(B,, \)(™") =

v if\=p~v—pB—a, withO<k<r—1
and a, 3 € A,

(Y+w)®(y+w) HEA=py+p Hw +ws) —, with a € A,

0 else.

(c) If p=3 and ® is of type G, then H*(B,, \)™") =

v ifA=pv—p"'3—a, withO< k<r and a, € A,
where k #r —1if B =ag and k # 1 if f = a; and a = ax,
v HA=p"y—p(B+a1)—ag, [ €A,
Ng, @7 ifA=pv—p " lag—a, with0<I<r—1, and a € A,
0 else.
Case 3: \; = 0.
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Since p is odd we have Ey' = 0 for all i by [And]. From Lemma 5.4 one
obtains that Eg’2 =0 unless A = p"y — pa, with a € Aorp=3, d = Ay, and
A=p"y—pw; =p"y+w-0, where [(w) = 2. By Lemma 5.5 it follows that in
these cases H*(B,, \) = p’, as claimed. Next we assume that E9? = 0. This
implies that

E2 = E2270 = H2(Br/Bl,p)\1) = H2(B'r'—17 Al)(l)

The assertion follows via the induction hypotheses and the previous cases. O

5.8 B-cohomology: Theorem 5.7 can be used to compute H*(B, \) for all
A € X(T). Partial computations are given in work of O’Halloran [OHall,0Hal2]
and Andersen [And]. To compute H?*(B, \), we use [CPS, Cor. 7.2] which says
that H?(B, \) & @HZ(BT, A).

Assume that A € X (T) with H*(B,\) # 0. Clearly A # 0. From the above

isomorphism, we can choose s > 0 such that

(i) the natural map H?(B, \) — H?(B,, \) is nonzero for all r > s.
By choosing a possibly larger s, we can further assume that

(ii) |(\, @V} < p*~! for all a € A.

From Theorem 5.7 and condition (ii), one concludes that H*(B,, \) is one-
dimensional for all 7 > s. Since H*(B, \) has trivial B-action, condition (i)
then implies that H*(B,, \) = k for all r > s.

On the other hand, if there exists an integer s such that H*(B,, \) = k for all
r > s, then H*(B, \) = liLnH2(BT, A) = k. Therefore Theorem 5.7 yields:

Theorem Let p >3 and A € X(T).
(a) Suppose p > 3 or ® is not of type Go. Then

if A= plw -0, with 0 <1, l(w) = 2,
if \ = —pla, with 0 <1 and o € A,
if A= —pFB —pla, with0 <1<k and a, 3 € A,

else.

H2(B, \) &

S o oI T
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(b) Suppose p =3 and ® is of type Gy. Then

ko if A =pw-0, with0 <1, l(w) =2,
Eoif A= —pla, with0 <1 and o € A,
Eoif A= —pFB8—pla, with0 <l <k and a, 3 € A,
where k # 1+ 1 if B = a1 and o = o,
if A= —p" B+ ) — plag, with 0 <1 and B € A,
0 else.

H?(B, \) =

6 G,-cohomology

6.1 The computation of B,-cohomology can now be used to determine the
G,-cohomology of induced modules H(\) for A € X(T),. In degree one co-
homology, one has the isomorphism [Janl, 11.12.2]

HY(G,, H°(A)") =~ indG (H'(B,, A) ")

for any A € X(T'),. This isomorphism holds independently of the prime and
was used in [BNP] to give an explicit description of H'(G,, H°()\)) for all
primes. The following theorem uses the calculations done by the authors in
[BNP] to show that this isomorphism can be extended further to higher B,
and G,-cohomology.

Theorem Let A € X(T), and p be an arbitrary prime. Then

H2(G,, H'(\)") ~ ind%(H2(B,, \)™).

Proof. Consider the spectral sequence (cf. [Janl, 11.12.2])
By = R'indS (Hj (B,, )\)("’)> = H™Y(G,,nd% )" = HH(G,, H'(\) .

Since A € X(T')4, we can decompose A = Ao + p"A; where \g € X, (T") and
A1 € X(T)4. Now Homp, (k, ) = Homp, (k, \g) ®@p" A1 which is zero for Ay # 0
and equal to p"A; for \yg = 0. In either case we have E;’O =0 for all 2 > 0 by
using Kempf’s vanishing theorem.

Now consider H'(B,,\)™™). Let u be a B-composition factor. From [BNP,
Thm. 2.8 (A)-(C)], either p € X(T); or (u, ") = —1 for some o € A.
According to Kempf’s vanishing theorem or [Janl, I1.5.4], for such a p, one
has Rind§pu = 0 for i > 0. Therefore, by [BNP, 3.3] (or see the proof of
Lemma 6.2 below), Ey' =0fori>0andso B, =Ey®. O
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6.2 In particular, for » = 1, we have
H*(Gy, HO(\) 7Y =2 ind$(H?(By, \)Y).

We immediately obtain the following from Theorem 5.3 - compare to Theorem
1.1.

Theorem Letp >3 and A € X(T),.

(a) If X = py, then H*(Gy, H'(\)) = indG(u* @ 7)Y except in the following
cases:
(i) p=3, ® is of type Ay, where

H(Gh, H'(N)) = indG(u* @ 7)™ & H(w + ) & H(ws + 7).
(ii) p =3, ® is of type G2, where
H2(Gy, HO(N)) 2 ind§(H(By, b)) @ 7).

(b) If X ¢ pX(T) and H*(G1, H(N\)) # 0, then A\ = w -0+ py for some w € W
with l(w) =2 and v € X(T).
(c) Ifp>5 and A\ = w -0+ py for some w € W with l(w) =2 and v € X(T),
then
H2<le H0<)‘)) = HO(V)(1)7
except in the following case:
p=75, ® is of type Ay, and w € {SaySay; SasSay ), Where

H?(G1, HO(N) = HO (7)Y @ HO(y — wp +w3) V.

For p =3 and A = w- 0+ py ¢ pX(T), we usually have H*(Gy, H()\)) =
HO(v)®) with exceptions due to vanishing or doubling of cohomology com-
ing from cases (i)-(x) of Theorem 5.3. The computations are straightforward
and left to the interested reader. Cases (xi)-(xv) of Theorem 5.3 lead to the
computation of induced modules for certain two-dimensional indecomposable
B-modules. We discuss how to deal with these. Consider the following mod-
ules:

e & is of type B, with n > 3: Np_  has factors «,, and k corresponding to
w = Sanflsan72‘

o & is of type €, with n > 3: N, has factors a,,—; and k corresponding to
W = Sq,_Sa,, -

e & is of type Fy: Np, has factors ag and k corresponding to w = 54,54, Or
W = SapSay-

o d is of type Gy Ng, has factors a; and k corresponding to w = S4,Sa, -

If A\ =w-0+py € X(T), for the above w € W, then H*(Gy, H*()\)) =
ind§(Ny, ® 7). The module ind%(Nx, ® ) always admits a good filtration
as given by the following lemma. All factors are listed from top to bottom.
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Lemma Letp =3 and Nx, be a module as above with corresponding w € W.
Suppose v € X(T) with w -0+ py e X(T),.

(a) @ is of type By, withn > 3: Then (v, >0 for 1 <i<n—2, (v,a) ;) >
1, and (v,q,) > —1. Further,
(i) If (y,aY) = —1, then ind%(Np, @ ) = H(oy, + 7).
1 v,a) 2> 0, then in B, X7Y) has a filtration with factors apty
i) 1, VY >0, then ind%(Ng, @) h ltration with H°
and H(¥).
(b) ® is of type C,, withn > 3: Then (y,af) >0 for1 <i<n-3, (y,a)) > 1
forie{n—2n}, and (y,a)_,) > —1. Further,
(i) If (v, a)_,) = —1, then ind$(Ne, ®7) = H(ap_1 + 7).
(ii) If {(y,aY ;) > 0, then indG(Ng, ® ) has a filtration with factors
Hap_1 + ) and HO(v).
(c) @ is of type Fy and w = Sa,8q4,: Then {(v,af) >0, (v,a5) > 1, (y,ay) >
—1, and {v,a)) > 0. Further,
(i) If (v, ay) = —1 and (v, aY) = 0, then ind%(Np, @ v) = 0.
(ii) If (v, a¥) = =1 and {y,a)) > 1, then indG(Np, ® v) = H(as + 7).
(ii) If (v, ay) > 0 and {y,a)) =0, then ind%(Ngp, @ ) = HO(y).
() If (v, a¥) > 0 and (y,ay) > 1, then ind§(Np, ®7) has a filtration with
factors H(as + ) and HO(y).
18 of type by and w = S4,84," en (v,af) 2 0, (v,a3) > 1, {(v,a3) >
d) i Fy and JSeu: Th VY >0, (1)) > 1, {7, a)
—1, and {(v,ay]) > 1. Further,
(i) If (y,o) = —1, then indG(Np, @ v) = H(as + 7).
1 v,ag) > 0, then in £,®7) has a filtration with factors Qg+
i) I, Y) >0, then ind%(Mp,®7) h Itration with HO
and HO(7).
e 18 of type Ga: en(v,oy) > —1 and (vy,a3) > 1. Further,
O is of type Go: Th V) > —1 and (v,ay) > 1. Purth
(i) If {v,a1) = =1, then ind5(Ne, ®7) = H(a1 + 7).
2 v,aq) 2 0, thenin G, Q) has a fultration with factors a1ty
i) VY >0, then ind%(Ng,®7) h ltration with H°
and H(7).

Proof. The claims about v follow by direct computation. For example, in part
(a), we have w-0 = w,_3 — 3w, _1 +4w,. Write v = > | c;w;. To have 3y+w-0
being dominant, we evidently need ¢; > 0 for 1 <i<n—2 ¢,1 > 1, and
¢, > —1 as claimed.

For the structure of the induced modules, we argue as in [BNP, Proposition
3.4] using [BNP, Lemma 3.3]. To summarize, if N is an indecomposable B-
module with factors oy, oy and R’ indg oj = 0 for ¢ > 1 and each j, then
ind§ N has a filtration with factors H°(oy), H°(05) where either (or both)
factor is omitted if o; is not dominant.

We again go through part (a) and leave the others to the interested reader.
Here Ng, ®~ has factors «,, +7 and ~. Notice that the top weight is dominant
and so R'ind%(a,, +7) = 0 for all i > 0 (cf. [Janl, 11.4.5]). The bottom
weight, which is simply 7, need not be dominant. If (v, a,) = —1, then = is
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not dominant, but R*ind%~ = 0 for all i > 0 (cf. [Jan1, I1.5.4(a)]) and so part
(i) follows. On the other hand, if (v, a;,) > 0, then v is dominant and part (ii)
follows. O

6.3 General Case: For r > 1, we can get the results from Theorem 5.7.

Theorem Letp>3,7r>1, and A € X(T),.
(a) If p# 3 or @ is not of type Ay or Gy, then H*(G,., H'(\)) =

ind§(H(By,w - 04 py))0Y  if A= p Y w -0+ py) with l(w) =2 or 0,

HO (7)™ if A= p'y + plw - 0, with 1(w) = 2,
0<li<r—1,

HO(y)) ifAN=p'y—pla, with0 <l <r and a € A,

HO (7)™ ifAN=p"y—p'B—pa, with0<Il<k<r
and o, € A,

0 else.

(b) If p=3 and ® is of type Ay, then H*(G,, H'()\)) =

ind%(u* @ )" @ H(w; @ V)De  H(wp ® )
ifA=p",

HO ()™ if A= p"y — plw - 0, with [(w) = 2,
0<l<r-—1,

HO ()™ if AN =p"y —pla, with0 <l <r
and o € A,

HO ()™ if A\=p"y —p"B — pla, with
0<Il<k<r—1anda,peA,

HO(y + w1) @ HO(y 4 wy) ™) if A =p"y+p" Hw +w) — pla,
with 0 <l <r—1and a €A,

0 else.
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(c) If p=3 and ® is of type G, then H*(G,., HO()\)) =

ind§(H2(By,w-04+py)"Y  if A =p" L (py + w.0) with l(w) =2 or 0,

HO(W(T) if A= p"y + plw.0, with [(w) = 2,
and 0 <l <r—1,
HO(y)") ifA=py—pla, with0<Il<r and a € A,
HO () ifAX=p"v—p"B3—pa, with0<Il<k<r
and o, 3 € A,

where k #r — 1 if = ago,
and k # 1+ 1 if f = a1 and o = o,

HO () ifx=py—p B+ 1) — plas,
with 0 <l <r—1and B € A,
indf(Ne, ® 7)™ ifAN=p"y—p " ras — P,
with 0 <Il<r—1anda € A,
0 else.

For r > 1, p = 3, and ® of type G, the last non-trivial case gives rise to an
additional situation where one has to induce a two-dimensional indecompos-
able module. Suppose A = p"'y —p" oy —plawith0 <l <r—1landa € A. In
order for A to be dominant, we must have (v, ;) > 0 and (7, ay) > 1. Hence,
as in Lemma 6.2, ind%(Ng, ® ) has a filtration with factors H%(a; + ) and
H(y).

Donkin [Don, p. 79] conjectured that if V' is a rational G-module with good
filtration then H™(G,, V)™ has a good filtration for every m > 0. van der
Kallen [vdK] proved Donkin’s conjecture for rank one groups. In the same
paper he constructed a counterexample to Donkin’s conjecture for higher rank.
The results above demonstrate that H*(G,., V)™ indeed has a good filtration
for p > 3, V = H(\), A a dominant weight, and arbitrary rank. In [BNP],
it was verified that Donkin’s conjecture hods for H'(G,., H°())) for all primes
and all ranks. An interesting question would be to see if H"(G,., H°(\)) admits
a good filtration in higher ranks for all m > 0 and all primes.

References

[And] H. H. Andersen, Extensions of modules for algebraic groups, American
J. Math. 106, (1984), 498-504.

[AJ] H. H. Andersen and J. C. Jantzen, Cohomology of induced
representations for algebraic groups, Math. Ann. 269, (1984), 487-525.

41



[BC]

[BCP]

[BNP]

[CPS]

[Don]

[FP1]

[FP2]

[FP3]

[Jan1]

[Jan2]

[Kos]

[KLT]

[OHal1]

[OHal2]

[PT]

[vdK]

W. Bosma, J. Cannon, Handbook on Magma Functions, Sydney
University, 1996.

W. Bosma, J. Cannon, C. Playoust, The Magma Algebra System I: The
User Language, J. Symbolic Computation 3/4 no. 24 (1997), 235-265.

C. P. Bendel, D. K. Nakano, and C. Pillen, Extensions for Frobenius
kernels, J. Algebra 272, (2004), 476-511.

E. Cline, B. J. Parshall, L. Scott, Cohomology, hyperalgebras, and
representations, J. Algebra 63, (1980), 98-123.

S. Donkin, Good filtrations of rational modules for reductive groups,
Proc. Symp. Pure Math. 47, (1987), 69-80.

E. M. Friedlander and B. J. Parshall, On the cohomology of algebraic
and related finite groups, Invent. Math. 74, (1983), 85-117.

E. M. Friedlander and B. J. Parshall, Cohomology of Lie algebras and
algebraic groups, American J. Math. 108, (1986), 235-253.

E. M. Friedlander and B. J. Parshall, Cohomology of infinitesimal and
discrete groups, Math. Ann. 273, (1986), 353-374.

J. C. Jantzen, Representations of Algebraic Groups, Second Edition,
Mathematical Surveys and Monographs, 107, AMS, Providence, RI,
2003.

J. C. Jantzen, First cohomology groups for classical Lie algebras,
Progress in Mathematics 95, Birkhauser, 1991, 289-315.

B. Kostant, Lie algebra cohomology and the generalized Borel-Weil
theorem, Ann. Math. 74, (1961), 329-387.

S. Kumar, N. Lauritzen, J. Thomsen, Frobenius splitting of cotangent
bundles of flag varieties, Invent. Math. 136, (1999), 603-621.

J. O’Halloran, A vanishing theorem for the cohomology of Borel
subgroups, Comm. Algebra 11, (1983), 1603-1606.

J. O’Halloran, Cohomology of a Borel subgroup of a Chevalley group,
preprint.

P. Polo and J. Tilouine, Berstein-Gelfand-Gelfand complexes and
cohomology of nilpotent groups over Z, for representations with p-
small weights, Astérisque 280, (2002), 97-135.

W. van der Kallen, Infinitesimal fixed points in modules with good
filtration, Math. Zeit 212, (1993), 157-1509.

42



