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ABSTRACT. Let ¢ be a complex ¢th root of unity for an odd integer ¢ > 1. For any complex
simple Lie algebra g, let u¢c = uc(g) be the associated “small” quantum enveloping algebra.
This algebra is a finite dimensional Hopf algebra which can be realized as a subalgebra of
the Lusztig (divided power) quantum enveloping algebra U and as a quotient algebra of
the De Concini-Kac quantum enveloping algebra U¢. It plays an important role in the rep-
resentation theories of both Us and U in a way analogous to that played by the restricted
enveloping algebra u of a reductive group G in positive characteristic p with respect to its
distribution and enveloping algebras. In general, little is known about the representation
theory of quantum groups (resp., algebraic groups) when [ (resp., p) is smaller than the
Coxeter number h of the underlying root system. For example, Lusztig’s Conjecture con-
cerning the irreducible modules can only be formulated when p > h. The main result in
this paper provides a surprisingly uniform answer for the cohomology algebra H®(u¢,C) of
the small quantum group. When ¢ > h, this cohomology algebra has been calculated by
Ginzburg and Kumar [GK]. Our result requires powerful tools from complex geometry and
a detailed knowledge of the geometry of the nullcone of g. In this way, the methods point
out difficulties present in obtaining similar results for the restricted enveloping algebra w in
small characteristics, though they do provide some clarification of known results there also.
Finally, we establish that if M is a finite dimensional u¢-module, then H® (u¢, M) is a finitely
generated H®(uc¢, C)-module, and we obtain new results on the theory of support varieties
for uc.

1. Introduction

1.1.  Let g be a finite dimensional, restricted Lie algebra (as defined by Jacobson) over an
algebraically closed field F of positive characteristic p, with restriction map x — Pz e gr.
The restricted enveloping algebra u := u(gr) of gr is a finite dimensional cocommutative
Hopf algebra. In general, the cohomology algebra A := H*(u, F') is difficult to compute.
However, Suslin-Friedlander-Bendel [SFB1, SFB2] proved that the (algebraic) scheme Spec A
is homeomorphic to the closed subvariety NVi(gr) := {z € gr : 2! = 0}. We call V;(gr) the
restricted nullcone of gp; it is a closed subvariety of the full nullcone N (gr) which consists
of all [p]-nilpotent elements in gg.

When gr is the Lie algebra of a reductive algebraic group G over F, the above results
can be considerably sharpened. For example, if p > h (the Coxeter number of G), then
H2*(u, F) = F[Ni(gr)], the coordinate algebra of Ni(gr) (cf. Friedlander-Parshall [FP2]
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and Andersen-Jantzen [AJ]). In fact, the condition p > h implies that Ni(gr) = N(gr).
However, when p < h, there is no known calculation of H®(u, F') (apart from some small rank
cases). For all primes, NV1(gr) is an irreducible variety [NPV, (6.3.1) Cor.], [UGA2, Thm. 4.2]
and is the closure of a G-orbit. These orbits have been determined in [CLNP], [UGA2, Thm.
4.2].

Now let g = gc be a complex simple Lie algebra, and let Us = Us(g) be the quantum
enveloping algebra (Lusztig form) associated to g at a primitive Ith root of unity ¢ € C.
We regard U, as an algebra over C obtained by base change from the quantum enveloping
algebra over the cyclotomic field Q(¢). Here [ > 1 is an odd integer, not divisible by 3
when g has type Ga. The representation theory of U, when [ = p, models or approximates
the representation theory of G. For example, part of the “Lusztig program” to determine
the characters of the irreducible G-modules amounts to showing, when [ = p > h, that the
characters of the irreducible G-modules having high weights in the so-called Jantzen region
coincide with the characters of the analogous irreducible modules for Us. This result has
been proved by Andersen-Jantzen-Soergel [AJS] for large p where an effective lower bound is
unknown.

For all I, Lusztig [L] has also introduced an analog, denoted u¢ := u¢(g), of the restricted
enveloping algebra u. Like u, u¢ is a finite dimensional Hopf algebra, though it is in general
not cocommutative. It plays a role in the representation theory of Us much like that played
by w in the representation theory of G. In particular, for [ > h, Ginzburg-Kumar [GK]
have calculated the cohomology algebra H*(u¢,C). By exact analogy with the cohomology
of u, they prove that H?*(u¢,C) = C[N(g)], the coordinate algebra of the nullcone N(g)
consisting of nilpotent elements in g. Recently, Arkhipov-Bezrukavnikov-Ginzburg [ABG,
§1.4], taking [GK] as a method to pass from the representation theory of quantum groups
to the geometry of the nullcone, provide a proof of Lusztig’s character formula for U; when
[ > h. These important connections have made the small quantum group u¢ an object of
significant interest (cf. [ABBGM)], [AG], [Be], [Lacl, Lac2]).

This paper presents new results on the cohomology of u¢. In particular, we compute the
cohomology algebra H®(u¢,C) in the remaining cases when [ < h. Our results are explicitly
described in Section 1.3 below. We prove in Sections 2-5 that H2’+1(u<,(C) = 0, while
H2'(ug, C) is isomorphic to, in most cases, the coordinate algebra of an explicitly described
closed subvariety N (®g) of N(g) (constructed in a similar way to the variety N1 (gp) discussed
above). In Section 2 we rigorously develop and present new results on the cohomology theory
of parabolic subalgebras for quantum groups. The application of powerful tools from complex
geometry represent at least one advantage that the quantum enveloping algebra situation has
over that in positive characteristic. In Sections 3 and 5, we demonstrate how the Grauert-
Riemenschneider theorem and the normality of the orbit closures which equal N (®g) play a
vital role in carrying out our cohomology calculations.

In Section 6, we prove that R := H*(u¢,C) is a finitely generated C-algebra and if M
is a finite dimensional uc-module, then H®(u¢, M) is finitely generated over R. Section 7
adapts some of our methods to the cohomology algebra H®(u, F') in positive characteristic,
making some ad hoc computations in [AJ] more transparent. In particular, we can identify
key vanishing results, known over C, and as yet unproved in positive characteristic, which
would be sufficient to extend the calculations to positive characteristic p.



COHOMOLOGY FOR QUANTUM GROUPS VIA THE GEOMETRY OF THE NULLCONE 3

Finally, by building on results in Section 6, we define support varieties in the quantum
setting in Section 8 and exhibit some new calculations on support varieties. The theory of
support varieties for the restricted Lie algebra gr attached to a reductive group G in positive
characteristic provides evidence for beautiful connections between the representation theory
of G and the structure and geometry of the restricted nullcone V1 (gr) ([NPV],[CLNP], [UGAL],
[UGAZ2]). The results of this paper strongly reinforce this expectation (as do those in [ABG]
mentioned above).

1.2. Notation. Let ® be a finite, irreducible root system. Fix a set II = {ay, -+ ,ap} of
simple roots (labelled in the standard way [Bo, Appendix]), and let ®* (resp. ®~) be the
corresponding set of positive (resp. negative) roots. Write @ = Q(®) := Z® (the root lattice)
and QT = QT (®) = N®*. The set ® spans a real vector space E with positive definite inner
product (u,v), u,v € E, adjusted so that (o, ) =2 if « € ® is a short root. Thus, if « € @
is a long root, then (o, ) = 4 (resp. 6) when ® has type By, Cy,, Fy (resp. G2). For o € P,
put d, == %2 € {1,2,3}.

For o € ®, write a¥ = ﬁa; thus, ® = {a" : a € ®} is the coroot system defined by
®. For 1 <i,j <mn,put ¢;; = (oj,)) € N. Then C := [¢; ;] is the Cartan matrix of ®

and DC' is a symmetric matrix, setting D = diag[d,,,- - ,dan]. Let X, C E be the set of
dominant weights, consisting of all @ € E satisfying (w /) € N, i=1,--- ,n. Define the
fundamental dominant weights wy, -+ ,w, by (w;, « > = 5@ j» 50 X4 = Nw1 @ - & Ne,.

Put X = Zw, & - - - ®Zw, (the weight lattice). The group X is partially ordered: A > u <
A—p € Q. For convenience, we will occasionally use the notation wg := 0. The Weyl group
W is the finite group of orthogonal transformations of E generated by reflections s, : E — E,
ur—u—(u,a)a, « € ®. If S := {say, " ,Sa,}, then (W,S) is a Coxeter system. Let
¢ : W — N be the length function on W defined by the set S of simple reflections. If [ is
a positive integer, the affine Weyl group W; = W x Q) is a group of affine transformations
of E. f « € ®,m € Z, let sq4m : E — E be defined by sqm(u) = u — ({u,a’) — mi)a.
Then sqm € W;. If ap € ® denotes the maximal short root, (W, S;) is a Coxeter system,
setting S; := {Sa1,"** s San, Sag,1}- The extended affine Weyl group Wl is obtained by putting
Wl W x [X. Although it need not be a Coxeter group, it contains W as a normal subgroup
satisfying VV;/VVl X/@Q. Denote the quotient map VVZ — W = I/Vl/lX by w — w. The
Coxeter number of ® is h = (p,ag) + 1 where p:= w1 + -+ + @wp = £ >, co+ @ is the Weyl
weight. For w € W, x € E, we put w-x := w(z + p) — p. For J C1II, let &; = ®NZJ be the
root system of ¢ generated by J.

Suppose that A and B are augmented algebras (over some common field) and that A4 is
a subalgebra of B. Then A is called normal in B if BA, = Ay B where Ay denotes the
augmentation ideal of A. In this situation, put B//A := B/I, where I := BA,.

1.3. Main results. Let G be the simple, simply connected algebraic group over C with
Lie algebra g and root system ®. Let t be a fixed maximal toral subalgebra of g. Given
a € ®, let g, be the a-root space. Put b™ =t® DB co+ a (the positive Borel subalgebra),
and b = t® @, cq- ga (the opposite Borel subalgebra).

For J CII, let [ =tP @ae% go be the Levi subalgebra containing t and having root
system ® ;. Then py =[; ®uy DO b is a parabolic subalgebra of g, where uy = @aeqr\@; o
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is the nilpotent radical of py. Let N(®;) := G - uy, where G acts on u; C g via the adjoint
action.

Assumption 1.3.1. Throughout this paper let | > 1 be a fized odd positive integer. If ® has
type Go, then we assume that 3 does not divide l. In addition, we assume that | is not a bad
prime for ®. See Section 3.1 for the definition of a bad prime.

Let
Py =P :={a € P|{p,a’)=0modl}.
The restrictions on | guarantee (see Theorem 3.5.1) that there exists J C IT and w € W such
that
’w((I)Q) = J-

Set N(®g) := N(®y). If w' € W and J' C II also satisfy w'(®g) = @y, the Johnston-
Richardson Theorem [JR| guarantees that N (®g) = N (P /), so that N (Pg) is well-defined.

Let ¢ be a primitive lth root of unity, and let Us := U¢(g), u¢ := u¢(g) be the quantum
enveloping algebras attached to the complex simple Lie algebra g with root system ®. These
algebras were introduced in Section 1.1, and will be developed more fully in Section 2.2 below.
The first major result of the paper is the computation of the cohomology algebra H®(u,, C).
This result extends the main theorem of Ginzburg-Kumar [GK, Main Thm.| which required
that [ > h.

Theorem 1.3.2. Let | be as in Assumption 1.8.1, and choose w € W, J C Il such that
w(<I>0) = (I)J.
(a) We have H2'+1(u4, C) =0, i. e., the cohomology of u¢ vanishes in all odd degrees.
(b) The even degree cohomology algebra H?®(u¢,C) is described below.
(i) Suppose that |t n+ 1 when ® is of type A, and I # 9 when ® is of type Eg.
Then
H?*(u¢, C) 2 ind$, S*(w5) = C[G x p, uy].
If we assume further that | # 7,9 when ® is of type Eg, then
H2 (g, ©) = CI (@)
(ii) If ® is of type A, andl | n+1 withn+1=1(m+1), then

-1

. ~ 20— (mAD)t(l=t)

H? (u¢,C) = mng (@ S 2 (u) ® wt(m-i—l)) )
t=0

where wg = 0.
(iii) If ® is of type Eg and | =9, one can take J = {ay}. Then

12 20—12

H2* (1, C)  ind$, (5-<u3)@<52'5 (W) @ @) ® (83 <u3)®wﬁ)).

This theorem will be proved in Section 5.5. In order to state our second main result, we
need to make a very minor additional restriction on .

Assumption 1.3.3. Let [ > 1 be a fized odd positive integer satifying Assumption 1.3.1.
Moreover assume that when ® is of type By, or Cy, thatl > 3.

We also have the following finite generation result, which is proved in Section 6.
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Theorem 1.3.4. Let | be as in Assumption 1.3.3.

(a) The algebra H®*(u¢, C) is a finitely generated C-algebra.
(b) For any finite dimensional u¢(g)-module M, H®(u¢, M) is finitely generated as a
module for H*(u¢, C) (where the action is described in [PW, Rem. 5.3, Appendix]).

Theorem 1.3.4 implies that, given a finite dimensional u¢-module M, the support variety
V(M) can be defined as the maximal ideal spectrum Maxspec(R/Jyr), letting Jys be the
annihilator in R := H*(u¢(g),C) for its natural action on H®(u¢(g), M ® M*) (cf. [PW, §5]).
A third major result gives a computation of the support varieties of Weyl modules.

Theorem 1.3.5. Let [ be as in Assumption 1.3.3. Let A\ € X1 and let Hg(/\) be the induced
(or Weyl) module for Us of high weight X. Suppose that (I,p) =1 for any bad prime p of ®.
Then there exists a subset J C II such that

Va(HZ(N) = G - uy.

This result is proved in Section 8.2, where the subset J is explicitly identified in terms of
the stabilizer set ®y; (cf. (3.1.1)). In particular, the theorem shows that the support variety
of Hg(/\) is the closure of a Richardson orbit in A/(g). In Section 8.3, we show that even when
[ > h,if p |l where p is a bad prime for @, then Vg(Hg(/\)) need not have the form G - uy,
contrary to the calculations given in [Ost].

1.4. Acknowledgements. The authors would like to acknowledge Bill Graham, Shrawan
Kumar and Eric Sommers for several useful discussions at various stages of this project.
We also thank Jesper Funch Thomsen for indicating how recent results of Christophersen
can be used to compute Gi-cohomology for the group FEg, and two undergraduate students
Alloys J. Samz and Sara Wood at the University of Wisconsin-Stout for their assistance with
the MAGMA computations used in this paper. Finally, the first, second, and last authors
acknowledge the hospitality and support of the Department of Mathematics at the University
of Virginia in Spring 2006 and Spring 2007 during work on this project.

2. Quantum groups, actions, and cohomology

2.1. Listings. For this subsection let ® be an arbitrary root system with associated Weyl
group W. Let wyg € W be the longest word and N = |®*|. A reduced expression wy =
58, -+ Sgy (Bi € II) provides a listing

Y1 =B1,72 = 85,(B2), s IN =8p, Spx_, (BN)
of ®T. Define a linear ordering on ®* by setting, for 3,5 € ®T,
B =<0 <= B=r,0=r; with i <j.

This ordering depends on the reduced expression chosen for wy.

Now let J C II, and put ®; = ® N ZJ, the subroot system ®; generated by J. Set
Wj = (sq : a € J), the Weyl group of ®;, let wg s € W be the longest word in Wy, and
let wy = wp jwy. Observe that wy = wo jw, satisfies {(wg) = l(wp ) + l(wy). It will
often be useful to fix a reduced expression for wg by first choosing one for wg ; and then a
reduced expression for wy. If |<I>j| = M, then v; < --- < v, lists the positive roots <I>j,r,
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while yps41 < - -+ < v lists the remaining positive roots (those in ®\®¥). As above, this
ordering depends upon the choice of reduced expressions.
Since wq s is the longest word in W, for g € J,

K(QUO’JSQ) < E(U)QL]).
Further, wy is a distinguished right coset representative for Wy in W, so

(2.1.1) U(sgwy) > L(wy) and hence U(sgwy) = L(wy)+ 1.

2.2. Quantum enveloping algebras. We return to our assumptions on ® as in Section
1.2. Let A = Q[q, ¢~ '] be the algebra of Laurent polynomials in an indeterminate q. Then A
has fraction field Q(q). We continue to restrict the integer [ according to Assumption 1.3.1.
Let ¢ = v/1 € C be a primitive Ith root of unity and let & = Q(¢) be the cyclotomic field
generated by ¢ over Q. We will regard k as an A-algebra by means of the homomorphism
Qlg,a =k, g—¢.

The quantized enveloping algebra U, = U,(g) of g is the Q(g)-algebra with generators
Eo, KX F,, a € I, and relations (R1)—(R6) listed in [Jan2, (4.3)] (whose notation we
will generally follow, unless otherwise indicated). The Hopf algebra structure on Ugy(g) has
comultiplication A, counit €, and antipode S explicitly described in [Jan2, Ch. 4].

Let U;r denote the subalgebra of U, generated by the E, (« € II), U, denote the subalgebra
of U, generated by the Fi, (a € II), and [Ug denote the subalgebra of U, generated by the
KF' (o € I). Multiplication gives isomorphisms of vector spaces

0 -~ ~ o 0
Uy eU,eU; U, ~U; U, @ U;.

We will use analogous {+, —,0}-notation upon specialization to ¢ below, and the isomor-
phisms hold there as well.

The algebra U, has two A-forms, U;‘ (due to Lusztig) and L{;‘ (due to De Concini and
Kac). After base change to k, they play roles analogous to the hyperalgebra of a reductive
group and the universal enveloping algebra of its Lie algebra, respectively.

For a positive integer m and o € II, let E{™ = [fn‘%b . Here [m]' = [m][m — 1]---[1] with

[i] = ‘f;__qq:f, while, in general, given f € A and « € II, f, is obtained from f by replacing
q by qo := q%. Defining F(gm) similarly, let U;‘ be the A-subalgebra of U, generated by the

E,glm),Fém), Kgfl formeN, a eIl

Put
Ue=Uc(g) = k@4 U /(1@ K, —1®1,a €1I),
where (---) means “ideal generated by ---”. The Hopf algebra structure on U, induces one
on U;‘, and then one on U;. By abuse of notation, let E((xm), etc., a € II, also denote the

elements 1 ® E&m), etc. in Us (note that EY = E,). Then E!\, = F, =0 and K/, =1 in U,.
The elements E,, K, F, a € 11, generate a Hopf subalgebra, denoted u¢ = u¢(g), of Ue.

Next, define Z/{;1 to be the A-subalgebra of U, generated by the E,, Fy, K, +1 There is an
inclusion of A-forms: Z/l;‘ - U;‘. Then set Uy : =k @4 U;‘. Finally, put

U =U(g) =Uyp/(1® K\, —1® 1,0 €TI).
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The (Hopf) algebra U has a central subalgebra Z such that uc = Us//Z; see [DK] for more
details. An explicit description of Z will be given in Section 2.7.

All the Us-modules M considered in this paper will be assumed to be integrable and type
1. Usually, this will be assumed without mention, but occasionally we repeat it for emphasis.
In other words, each E;, Fj acts locally nilpotently on M. In addition, M = @, x My,

where M) consists of all v € M such that [Feim]v = [<’\vag+m]q:<da v. See [Jan2] for an

explanation of the [ Kaim].

2.3. Connections with algebraic groups. The Frobenius morphism is a surjective (Hopf)
algebra homomorphism

Fr:U; — U(g),

where U(g) is the universal enveloping algebra of g. If I is the augmentation ideal of u¢, then
Ker Fr = IU; = U¢I. In other words, u¢ is normal in Uy and U/ /u¢ = U(g). By means of Fr,
modules for the Lie algebra g can be “pulled back” to give modules for U¢: given a g-module
M, MY = Fr*M denotes the U; module obtained from M by making x € U¢ act as a linear
transformation on M by Fr(z). If M is a locally finite U(g)-module (e. g., finite dimensional),
then M is an integrable, type 1 Us-module. Conversely, a Us-module N on which u¢ acts
trivially can be made into a U(g)-module via the Frobenius map, so that N = MU for a
locally finite U(g)-module M.

Let G be the complex simple, simply connected algebraic group having Lie algebra g. The
category of locally finite U(g)-modules is naturally isomorphic to the category of rational
G-modules.

The set X of dominant weights indexes the irreducible modules for Us. Given A € X, let
L¢ (M) be the irreducible Ugs-module of high weight A. Also, let L(A) be the irreducible rational
G-module of high weight \. We may identify L(\) with the finite dimensional irreducible
U(g)-module of high weight .

The integral group algebra ZX has basis denoted e(u), 1 € X. Given a finite dimensional
Uc-module M,

ch M =" dim M, e(u) € ZX
peX

denotes its (formal) character, where M, is the dimension of the p-weight space for the action
of U g on M. Sometimes for emphasis we write ch¢ M for ch M.

Similarly, if M is a finite dimensional rational G-module (resp. U(g)-module), let ch M €
ZX Dbe its formal character with respect to the fixed maximal torus T' (resp. Cartan subal-
gebra h = Lie(T)).

2.4. Root vectors and PBW-basis. For each a € II, Lusztig has defined an automor-
phism T, of Ugy; here we will follow [Jan2, Ch. 8], where the reader can find more details.
If s = s, € W is the simple reflection defined by «, we write T := T,,. Given any w € W,
let w = sg,s3, -5, be a reduced expression. Then define Tp, := Tp, ---Tp, € Aut(Uy).
The automorphism T, is independent of the reduced expression of w. In other words, the
automorphisms 7, extend to an action of the braid group of W on U,.
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Now let J C II and fix a reduced expression wg = sg, - - - sg, that begins with a reduced
expression for wp s as in Section 2.1. If wo ; = sg, -+ S8y, S84, *** S8y 18 @ reduced expres-
sion for w; = wp jwo. There is an ordering v1 < 2 < --- < yn of the positive roots, where
Yi =88, -+ 58,_,(Bi). For y =1, € ®T, the “root vector” E, ¢ U(‘; is defined by

Ey=E, = Tsﬁl'“sﬁi,l (Eﬁz) =1Tp, - 'Tﬁiﬂ(Eﬁi)'

If v is simple, the “new” E, agrees with the original generator E,. More generally, I, has
weight ~. Similarly,

Fy=F, = Tsﬁl"'sﬁi,1 (Fﬁz) =Tp, - Tﬁi—l(Fﬁi)7
a root, vector of weight —v.

The subalgebra U7 (resp. U;) has a PBW-like basis consisting of all monomials ES! - - - ESN
(resp. Fol--- FON ), a1, ,a, € N. Using divided powers when necessary, one obtains PBW-
bases for the specialized quantum groups Ugr , U Co uzf, U, Z/ICJr , and Z/IC_ . The automorphisms
T, induce automorphisms on U;‘ and hence on Ue.

The monomial bases satisfy a key “commutativity” property originally observed by Lev-
endorskii and Soibelman. Here Egi =1 and F% =1

Lemma 2.4.1. ([DP, Thm. 9.3], [LS]) In U,, we have fori < j

(a) By, B, = q<'”’“/f>E%.E%. + (%) where (%) is an A-linear combination of monomials

ES - ESN, with as = 0 unless t < s < j;

(b) F,F,, = qm’“/f)FwF% + (%) where (%) is an A-linear combination of monomials
Fffll F,%\’, with ag = 0 unless 1 < s < j.

2.5. Levi and parabolic subalgebras. Given a subset J C II, consider the Levi and
parabolic Lie subalgebras [; and p; = [; ® uy of g. We denote the respective universal
enveloping algebras by U(l;) and U(py). One can naturally define corresponding quan-
tized enveloping algebras U,(I;) and Ug(ps). As subalgebras of Uy, Uy(ly) is the subal-
gebra generated by {E,,F, : a € J}U{KF! : a € I}, and U,(p,) is the subalgebra
generated by {E, : a € J}U{F,,K:! : a € II}. For example, if J = @, then [; = t,
ps = b, Uy(ly) = UY, and Uy(ps) = Ug(b) = U, - UY. Specializing gives the subalgebras
Ue(Ly), Uc(p), uc(Lr) uc(pg) of U, and Ue(Ly) and Ue(py) of Ue.

If we denote by p}' =I[;® u}' the opposite parabolic subalgebra (containing the positive
Borel subalgebra b™), then one can analogously consider U, (pT).

2.6. The subalgebra Ug(us). In this section, we define a subalgebra Uy (u,;) which plays
a role analogous to that of U(uy) C U(ps). As above, choose a reduced expression for wy
(beginning with one for wg s). Define Uy(u;) to be the subspace of U, spanned by the

Fyaftl - F9Y, a; € N. By Lemma 2.4.1, Ug(uy) is a subalgebra of U, . One can also verify
directly that U,(u) is independent of the choice of reduced expression for wy. However, this
follows from a more general set-up which will be useful for other purposes as well.

Given any v € W, we define as in [Jan2, 8.24] a subspace U~ [v] C U, (resp. UT[v] C
[U;r) as follows. Choose a reduced expression v = s;,8;, --s,. For 1 < i < t, set f; =
TSmSnz"'Sni,l(Fm) (resp. €; = TSmSnz"'Sm-,l(Em))‘ The f; (resp. e;) are in some sense “root

vectors” like those defined earlier. Then U~ [v] (resp. U™ [v]) is defined to be the span of all
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monomials of the form f{" f32--- f" (resp. ef'e5?---¢}*) for a; > 0. By [DKP, 2.2], U~ [v]
(resp. U™ [v]) is an algebra and moreover is independent of the choice of reduced expression
for v.

Since Uy(uy) = T, , (U™ [wy]), Ug(uy) is a subalgebra of Uy(ps) C Uy, independent of
the reduced expression for w;. Further, since the automorphism T, , is also independent
of the choice of reduced expression for wy j, the algebra U,(u;) depends only on J, not on
our above choices of reduced expressions. Following the procedure in Section 2.2, the algebra

Ug(uy) can be specialized to give algebras U (uy), uc(ur), and Ue(uy). For example, U (ur)
is the subalgebra of UC spanned by F plam+) ngN N) a; € N.

TM41
Similarly one can define a subalgebra U, (u}) C Uq(p 7), and the corresponding specializa-
tions. Then Uy(u}) = T, , (Ut [ws]). When J = @, Ug(uy) = U, and Uy(u}) = Uy

2.7. Adjoint Action. Given a Hopf algebra A, the adjoint action of A is defined by setting,
for z,y € A, Ad(x)(y) = > z1yS(x2) where A(z) = > 1 ® z3 is the comultiplication and S
is the antipode. We consider, in particular, the case A = U,, where we record the formulas
here on generators: (for m € Uy)

Ad(Ey)(m) = Eym— KymK;'E,
(2.7.1) Ad(KIY(m) = KI'mKJ!
Ad(Fy)(m) = (Fam—mF,)K,.

By twisting the Hopf structure by the algebra involution w of U, given by w(E,) = Fy,
w(F,) = Ea, and w(K,) = K. !, we obtain another Hopf structure on U, (cf. [Jan2, 3.8]).
This procedure then gives an alternate adjoint action Ad, which satisfies:

Ad(Ey)(m) = (Eym —mE,)K,*
(2.7.2) AA(KF)(m) = KIfmKT!
Ad(F,)(m) = Fym— K,;'mK,F,.
Proposition 2.7.1. The following stability results hold:
(a) The subalgebra Ug(u) is stable under the Ad action of Uy(p}) on itself.
(b) The subalgebra Ugy(uy) is stable under the Ad action of Uy(ps) on itself.
Proof. We prove part (a). Part (b) follows from part (a) since, for z € Uy(py), Ad(z) =
wo Ad(w(z)) ow. Since Uy(pT) is generated as an algebra by {Eq, Ko, K3 : a € I} U{F, :
o € J}, it suffices to show that Uy(u}) is stable under the action of these elements. By

(2.7.1), Ad(K,) and Ad(K 1) simply act by scalar multiplication on the weight spaces which
span Uy (u}). Hence U,(u}) is stable under Ad(KL!). For o € ®T\®7, the stability under
Ad(E,) follows from the fact that Ug(ul) is an algebra. It remains to prove stability under
Ad(F,) and Ad(E,) for a € J. Fix a € J and set 8 = —wp s(a) € J.

By Section 2.6, Uy(u}) = T, , (Ut [ws]). Given a reduced expression wy = s, 8y, -+ - Sp,,
U™ [wy] is spanned by monomials of ordered root vectors:

By, Ts, (Eny),e o Toy s, (Eny)

Mo = Sny
Since wy = wo,ywo, w}l(ﬁ) € II. Consider also U™ [wys 71(6)] Since wys wy'(8) = AW by
(2.1.1), K(szw;1(ﬁ)) = {(ws)+1. Therefore, the ordered root vectors defining U™ [ws,, 71(5)]
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are

Emstnl (E }ree aTsnl---snt,l (Ent)a Tw, (ijl(g))'

By [Jan2, Prop. 8.20] T,,,( w;1(ﬁ)) = EwJ(w;1(ﬁ)) = E3. Now UT|wy] is a subalgebra of
Utlw sz;1(ﬁ)] spanned by monomials not involving the last root vector Eg. Moreover, by

Lemma 2.4.1, since Eg appears last in the ordering of root vectors in U™ |w TS 6)]’
(2.7.3) f u e Ut[wy] CcUT ['UJJSwyl(ﬁ)] is a monomial, then uFg — q<Wt(“)’ﬁ>E5u € Utlwy],

where wt(u) denotes the weight of w.
Now consider the subalgebra Ut[szw; ]. The ordered root vectors defining U [sgw | are

E57T8,@(En1)aT (Ts,,, (Epy)), - - T, (Tsnl---snt,l(Ent))-

s\ sy sp

Then T, (U [ws]) is evidently a subalgebra of U*[sgw ] spanned by monomials in all but
the first root vector Ej3. Moreover, by Lemma, 2.4.1, since Eg occurs first in the root ordering,
(2.7.4)

if u e Ut[wy] is a monomial, then EgT;,(u) — q<Wt(TSﬁ("))’ﬁ>Tsﬁ(u)Eﬁ €T, (Ut [wyg]).

We now show that Ad(F,) preserves U (uJ) Since «, 3 € II, by [Jan2, Prop. 8.20],
Fo = T, s55(Fp). By [Jan2, 8.14(3)], Fjg = —T,,(E) K" = —T,,(E3Kp). Combining these
gives Fa = Two Jsﬁ( T (EgKg)) TwOJ(EﬁKﬁ)

Let To, ,(u) for u € U *lw,] be an arbitrary monomial element of Ugy(u”}). Then we have

Ad(Fo) (T, ; () = (FaTuwg , (w) = Tug , () Fa) Ko by (2.7.1)
= (=T, J(EﬁKﬁ) wo,s (W) + Ty ; ()T, , (EgKp)) Ko from above
= T, (uEg K — EﬁKﬁu)K[;l) [Jan2, 8.18(3)]
= T, , (uEg — EgKguKy D)
= T, (uEg — g™t >E5u)
€ Tow (U w]) = Uytar) by (2.7.3)

as claimed.

Lastly, we consider E,. Again o, 3 € II, s0 Eo, = Tuy_ys5(Ep). Let Ty, , (u) for u € Ut w,]
be an arbitrary monomial element of Uy(u}). Then we have

Ad(Eo) (T, ; (1)) = EaTuy ,(u) = KoTw, ;(u) K Eq by (2.7.1)
= Two,y55(Ep) Twy (1) — Ko T, ;(u )Kngwo,Jsﬁ(Eg) from above
= wOJsﬁ(EﬁT (u) — KgTs, (u)K ;' Ep) [Jan2, 8.18(3)]
wo ]SB(E,B ( )_ q<Wt(Tsﬁ(U)) >Tﬁ( )Eﬁ)

wo Jsﬁ(Tsﬁ(U+ [wJ])) - Two,J(U+[wJ]) = Uq(u}-) by (2'7'4)
as claimed. O
The definitions of Ad and Ad now give the following.

Corollary 2.7.2. The algebra Uy(uy) is normal in Uy(p;) and the algebra Uy(u7) is normal
in Ug(pT). Further, normality also holds for the specializations Uc(uy) C Ue(py), uc(uy) C
uc(py), and Ue(uy) C Uc(pg) (as well as for the +-versions). Also, Uc(ly) = Ue(py)//Uc(uy),
uc(Lr) = uc(ps)//uc(ur), and Ue(Lr) = Ue(p)/ /U ().
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Recall that we have an inclusion of A-forms Z/{(;4 C U;‘. While it is generally false that L{;‘
is stable under the adjoint action of U;‘ on itself, this property does hold after base-change
from A to a larger algebra B. More precisely, given [, let fi(x) € Q[z] denote the minimal
polynomial for a primitive [th root of unity. Set B := Z[q,q_l](<fl(q)>), i. e., the local ring

determined by the maximal ideal (f;(q)). Define Uf and Zx[f analogous to the way U;‘ and
L{;‘ were defined in Section 2.2. Then we still have an inclusion Zx[f C Uf .

Lemma 2.7.3. [ABG, Prop. 2.9.2(i)] The adjoint action of UP stabilizes UF. That is,
AdUPYUP) cuf and AdUPYWUP) cub.
Hence, the adjoint action (either Ad or Ad) of U defines an action on Uc.

Let Z C U¢ be the central subalgebra such that U//Z = u¢ (cf. Section 2.2). In terms
of root vectors, Z is the algebra generated by {E,ly, Ff/ 1y € ®T}. Given J, define a central
subalgebra Z; C Us(uy) as Zj := Z NUc(uy). Clearly Z; is the subalgebra generated by
{Fvl v € ®T\®%}. Further, we see that Uc(uy)//Z; = uc(uy). We now obtain the following
generalization of [ABG, Prop. 2.9.2].

Corollary 2.7.4. Under the induced Ad-action of Ue on Ug we have the following:

(a) Ad(U¢(ps)) stabilizes Ue(uy), Zg, and uc(uy).

(b) The action of uc(py) on Zy is trivial.

(c) Ad induces an action of U(py) on Z;.
2.8. Finite dimensionality of cohomology groups. For any field k, given augmented
k-algebras A C B with A normal in B (cf. Sections 1.2 and 2.7), there exists a Lyndon-

Hochschild-Serre (LHS) spectral sequence (cf. [GK, §5.2, 5.3]). More precisely, we have the
following result, which will be used below.

Lemma 2.8.1. Assume that B is flat as a right A-module. For any left B-module M, there
is a natural action of B//A on H*(A, M) which gives rise to a spectral sequence

EY =H(B//A,H (A, M)) = HY (B, M).

We return to the situation of the previous section. Under the Ad-action of U¢(p) on itself,
U¢(ps) admits the structure of a Hopf module algebra (cf. [Mon, 4.1.1, 4.1.9]). The action
of Ue(ps) on Ue(ps) can be extended to an action on the bar resolution which computes the
cohomology H*®(Uc(ps),C). Thus, there is a natural action of Us(p.s) on H* (U (ps),C) and
further on H*(U; (1), C). In particular, Ug acts on these cohomology spaces.

Lemma 2.8.2. For each nonnegative integer n, H"(Us(uy),C) is a finite dimensional.

Proof. If Z; is the central subalgebra of U¢(uy) defined after Lemma 2.7.3, Uc(uy)//Z; =
uc(uy). By Lemma 2.8.1, there is a spectral sequence

By’ = H'(u¢(uy), H(Z,,C)) = H™ (U (1)), C).

The subalgebra Z; is central so it follows from [GK, Lemma 5.2.2] that the action of u¢(uy)
on H*(Z;,C) is trivial, and

E;’. = H'(uC(uJ), C)®H*(Z;,C).
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Since Z; is the symmetric algebra based on the vector space ug], we get that H*(Z;,C) ¥
A* (w5, Moreover, u¢(uy) is finite dimensional, so H(uc (1), C) is finite dimensional for
any integer i. The result follows because the cohomology H" (U (uy),C) is a subquotient of
EBZ-H:nE;’j which is finite dimensional. 0O

Also, the cohomology of Us(u) can be computed by means of the reduced bar resolution
(cf. [Mac, Ch. X, §2]). Although it is not clear from this point of view that the cohomology is
finite dimensional in any homological degree, it does have a natural U Co—action induced from
the Ad-action on U¢(uy). But then the above lemma establishes it is finite dimensional, and
this fact implies each cohomology space is a weight module for Ug . We summarize this result
as follows.

Corollary 2.8.3. The cohomology H®(U¢(uy),C) is a weight module for UCO. Forany A € X,
H® (U (uy),C)y is finite dimensional.

Proof. Tt remains only to establish the last statement. But if B, is the reduced bar-resolution,

then, given any weight u, for large n, (B,), = 0. 0
2.9. Spectral sequences and Euler characteristic. We study the cohomology of U (1)
and u¢(uy). To do this, we use a filtration on U (uy) (resp. wuc¢(uy)) introduced for U in
[DK].

Let A = U¢(uy). By Section 2.6, A has a basis of monomial elements

(P s -+ FIN :a; € NY,

YM+1 & YM+2
where N = [@F| and M = [®7F|. For @ := (ap+1,- -+ ,an) € NV get

F* _ Falvf+1Fa]\1+2 . 'FaN
IN

YM+1 + YM+2

Place a total (lexicographical) ordering < on NV~ as follows. Put @ < b if and only if there
exists M +1 <7 < N such that a; < b; and a; = b; for all j > ¢. With this ordering, one can
define an NV~M _filtration on A. Given @ € N¥=M let A be the subalgebra of A generated
by
By Lemma 2.4.1, this is a multiplicative filtration on A. That is, Az - A5 C A, 3

Further, by Lemma 2.4.1 again, the associated graded algebra gr A is generated by {X,,
a € ®T\ @1} subject to the relations:

Xo-Xg=C"9X5. X, ifa=<p.

This filtration induces a filtration on u¢(us) such that the algebra gruc(uy) is also generated
by {Xq:a € <I>+\<I>}r} subject to the above relations, in addition to the condition:

XL =0 forac O\ @7,

Let A? ; be the graded algebra with generators {zq : o € O\ ®F} where deg(za) = 1
subject to the following relations:

T - xﬁ—i—C ’ﬁa:g o =0 if a <
22, =0 for a € d\O7.
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There exists a graded (by degree) algebra isomorphism H®(grifc(us),C) = A2 ; (cf. [GK,
Prop. 2.1]). This is also an isomorphism of Ug—modules, where AZ’ s is regarded as a Ug—
module by assigning x, weight a.

Proposition 2.9.1. (a) In the character group ZX, we have
SO (1) ch HP U (1), €) = 3 (~1)" chi AL,
n=0 n=0

(b) If X € X is a weight of Ug in H" (U (uy),C), then X is a weight of Ug in A7 ;.

Proof. Let A =U¢(uy). By Corollary 2.8.3 and [GK, Prop. 2.1] both H*(A4,C) and H*(gr A,C)
have weight space decompositions with finite dimensional weight spaces. Let A, and gr A,
denote the augmentation ideals of A and gr A, respectively. Let C*(A) and C*(gr A) be the
complexes obtained by taking duals of the respective reduced bar resolutions. More precisely,
C"™(A) = Homg((A4)®",C) and C"(gr A) = Homg((gr A4)®™, C). Note that A, and gr Ay
are isomorphic as Ug-modules. The same holds for C"(A) and C"(gr A) and the differentials
of both complexes are Ug—module maps. Thus, for a weight A\, H*(A,C), and H®(gr A, C),
identify with the cohomologies of the complexes C*(A)) and C*(gr A)), respectively.
By the Euler-Poincaré principle (cf. [GW, Lemma 7.3.11]),

[e.e] [e.e]

X(H*(4,C)y) = > (=1)"dim H"(A,C)y = > _(~1)"dim C"(A),
n>0 n=0
= > (=1)"dim C"(gr A)x =Y _(~1)"dim H"(gr A,C)y := x(H*(gr A)).
n=0 n=0

Part (a) follows now from the cohomology calculation for gr A given in [GK, Prop. 2.1].

Let A, be the increasing filtration on A indexed by A := NV=M viewed as a poset using the
lexicographic ordering < above. It induces a (downward) filtration on the complex C*(A)y
as follows. For v,n € A, set A, = A, N A, and define

By = Z Apyy ® A4, ® @ Ary By = Z Ay @A+, @ @Ay
2= 2=
Observe that B[Zm - B[nj?ﬂ’ so setting, for A € X(7T),

C™(A) <y = Home(AZ" /B, C)x,  C™(A)y =y = Home(AF" /B, , C),

then C"(A)y <y S C"(A)x[<y- Moreover, if n,¢ € A with ¢ < n then C"(A)) <, C

C"(A)x [<q- -
The grading on gr A leads in a natural way to a grading of the complex C*(gr A)). For
n € A, C*(gr A), [ denotes the graded component corresponding to 7, and we can identify

C.(A))\7[<,7]/C.(A))\7[jn] with C*(gr A))\7[m. Also,
C*(gr A)x = @D C*(A)y 1< /C (A, 1<
neA
For a fixed weight A, C"(gr A) # 0, for finitely many n, and C*(A)) (< /C*(A)x =y # O
for finitely many 7. Let A = {n € A : CQH??}/C;LH??} # 0, for some n}. Then A is a
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finite totally ordered set in NV =™ which induces a filtration (which can be indexed by N) on
C*(gr A)y. Therefore, we have a spectral sequence,

By = (H™ (gr A,C)y) ) = H(A,C),.

This shows that H" (U (us), C), is a subquotient of (A7 ;)x, and part (b) follows.
O

2.10. Induction functors. Let C (resp. C=) be the category of type 1, integrable rep-
resentations of Us (resp. U¢(b)). The restriction functor res : C — C= has a right adjoint
induction functor Hg = H°(U;/U¢(b)) : CS — C defined by

HY (M) = (M @ k[U])Y®) = F(Homy, (&) (U, M)).

In this expression k[U¢| denotes the coordinate algebra of Us. Also, the functor F(—) assigns
to any Us-module the largest type 1, integrable submodule. We refer to [APW, (2.8), (2.10)]
and [RH, (2.9)] for further discussion and explanation of notation.

For A € X, the induced module

Ve(A) :=H(Ue/Uc(b), A)

has irreducible socle isomorphic to L¢(A). In addition, there is an equality

chVe(A) =ch L) = Y (=) @e(w-A)/ Y (-1)"@e(z-0)
xeW xeW
of formal characters, which is given by Weyl’s character formula.

We will also use the induction functors H(U /U¢(py), —) (vesp. HO(U¢(ps)/Uc(b), —)) from
the category of type 1, integrable U (p.s)-modules (resp. U¢(b)-modules) to type 1, integrable
U¢c-modules (resp. Ue(ps)-modules). Note that if X is a one-dimensional U¢(b)-module then
HO(Uc(py)/Uc(b), A) is trivial as a Ug(uy)-module.

Let (X7)+ € X be the set of J-dominant weights, i. e., A € X belongs to (X;)+ if and
only if (A\,a") € N for all & € J. The set (X ;)4 indexes the irreducible (type 1, integrable)
U¢(ly)-modules. For A € (X )4,

Vic(\) :=H(U(ps)/Uc(b),\)

has irreducible socle isomorphic to Lj¢(A), the irreducible Ug(I7)-module of high weight A.
If X € (X)4 satisfies (A + p,aV) = ¢ —1 for all &« € J we call A a J-Steinberg weight.
Then V;¢(A) is a projective (and injective) irreducible U¢(ly)-module (in the category of
type 1, integrable modules). It remains irreducible, projective, and injective upon restriction
to ue(ly).
Finally, it will often be convenient to write indgggzjl ) in place of H*(U¢(ps)/Uc(b), ).

3. Computation of ®9 and N (Pg)

3.1.  Recall that a prime p is called bad for the root system ® provided that there exists
a closed subsystem @' of ® such that Q/Q’ has p-torsion, where ' = Z®' is the root lattice
of ®. If p is not bad, then p is called a good prime for ®. Equivalently, p is good if and
only if p does not appear as the coefficient of a simple root in the decomposition of o € ®
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as an integral linear combination of simple roots. The good primes for the various types of
irreducible root systems are given as follows:

e O of type A,, all p;

o & of type By, Cp, Dy, p > 3;

o & of type Eg, By, Fy, Go, p > 5;

o O of type Eg, p > 7.
Now let [ > 1 be an integer. We will say that [ is good for ® provided that [ is not divisible
by a bad prime for ®. Otherwise, [ is bad for ®. Additionally, a good integer [ is said to be
very good for ® provided that if & has type A,, then [ and n + 1 are relatively prime. In
cases when the root system is not irreducible, we will say that [ is good (resp. very good)
provided that it is good (resp. very good) for every irreducible component of ®.

In this paper, the significance of good integers [ comes about because of certain closed

subsystems @, ; constructed from weights A € X. Precisely, define

Py ={aec®|(A+p,a) =0 modl}.

In practice, when [ is clear from context, we will write ®) rather than ®, ;. Obviously, ®) is
a closed subroot system of ®. By our assumptions on [, each d,, is relatively prime to [ (i. e.,
[ is odd in types By, C, and Fy, and, in type Gao, [ is not divisible by 3) so we have

(3.1.1) Py={a€®|(A+p,a’)=0modl}.
Thus, because of our restrictions on [ when working with Ug, etc., we can always take (3.1.1)
as the definition of ®,. It is useful to observe that, for any w € Wi,

W((I))\) =d,.

Lemma 3.1.1. Let [ be an odd integer. Assume that [ is good for ®. For A € X, there exists
a base I for ® such that II' N @) is a base for ®y. In particular, there exists a w € W and
a subset J CII such that w(®y) = & .

Proof. This result follows immediately from [Bo, Prop. 24, IV, §7] since Q/Q) is [-torsion
free, where Q) is the root lattice of ®,. 0

The lemma may fail if [ is not good; e. g., let ® have type F; with [ = 3. Using [Bo,
Appendix, Plate VIII] and taking A = 0, we see that ®( has base

1
{e1 — €2,€9 + €4} U {—e3, 5(61 +ex+e3—en)l,

and so has type As X As, and there is clearly no J C II for which ®; has type Ay x As. It
is sometimes useful to use the well-known algorithm of Dynkin, which states that the closed
subsystems of ® can be found by removing one or more nodes from the affine diagram of
®, then repeating this process on a connected component of the resulting diagram. More
generally (for type Fy), if 3 divides [, say [ = 3l’, then the lemma fails for any A = (I" — 1)p.

A parabolic subgroup Py = Ljyx Uy 2 B of the semisimple group G determines a Richard-
son orbit C; in the nullcone N' = N (g) of g. Namely, P; has a unique dense orbit in the
Lie algebra ujy of Uy, and Cy is the G-orbit of any member of this Pj-orbit. If J, K are
W-conjugate subsets of II, then the Johnston-Richardson theorem implies that C; = Ckg.
Hence, given A\ € X if there exists w € W and J C II with w(®)) = ®;, then A defines
a Richardson class Cy in NV by setting Cy = C;. We recall that for any parabolic subgroup
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Pj, the corresponding Richardson class has Zariski closure C; = G -uy. For A € X with
w(®y) = ®; as above, we set N (@) :=G-uy CN.

3.2.  Given an integer [ as in Assumption 1.3.1, of particular interest to us will be
Pg=Pg;={ae®: (p,a’)=0modl}.

In the simply laced case, computing ®( entails computing the roots where [ divides the height.
For A\ = 0, Lemma 3.1.1 in fact holds for this weaker condition on [, as will be discussed in
the following sections, and culminating in Theorem 3.5.1.

3.3. Classical Lie algebras. In [CLNP, §3.1-3.7], explicit determinations were given of a
J C II so that w(®g) = ®; when [ = p is a good prime. The proofs work equally well when
[ satisfies Assumption 1.3.1. We use the root notation and ordering of Bourbaki [Bo].

Theorem 3.3.1. Let [ be as in Assumption 1.3.1, g be a classical simple Lie algebra with ®
of type Ay, (resp. By), and h =n+1 (resp. 2n) be the Cozxeter number of ®.
(a) If 1 > h then N (®o) = N(g) and dim N (®g) = |P|.
(b) Suppose that | < h where h —1 =Im + s with m > 0 with and 0 < s <[ —1. Then
N (®o) = G- uy where J CII such that when
(i) @ is of type Ay,

PPy A, X XA XAy 1 X+ X Am_1;

s+ 1 times l—s—1 times
where dim N (®g) = n(n+1) —m(lm+2s — 1+ 2).
(ii) @ is of type By,

A X oo X Ay X Appq X -+ X Apy—1 XBmi1  if s is even (m odd),
2

bz, ] 10 s
Amx---xAmxAm_lx---xAm_le%n if s is odd (m even).
Sgl times —l73272 times
Also,

m2 m(lm+2s—14+3)+1

) if s is even (m odd),
dim N (®g) = {2712 | m(imt2e-143)

5 if s is odd (m even).
Theorem 3.3.2. Let [ be as in Assumption 1.3.1, g be a classical simple Lie algebra with ®
of type Cy, (resp. D), and h = 2n (resp. 2n — 2) be the Coxeter number of ®.
(a) If 1 > h then N (®o) = N(g) and dim N (®g) = |P|.
(b) Suppose that | < h where h+1 =1Im + s with m >0 and 0 < s <1 —1. Then

N (D) = G -uy where J C 11 such that when
(i) @ is of type Cp,

Ap X oo X Ay X A1 X -+ X App1 XCm1 if s is even,
2

3 times

2 HTfl times

(OIS () s
T T YA X X Ay X Ay X X Aoy xCmif' s s odd.

s—1 - — .
3 times L 2‘9 times
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Also,

M2 _ m(lm+2s—1—-1)+1

) if s is even (m odd),
dlmN((IDO) = {2n2 B m(lm+2s2—l—1)
2

if s is odd (m even).
(iv) ® is of type Dy,

Apy X oo X Ay X A1 X -+ X Appo1 XD w1 if s is even and m > 3,
2

% times —l7;71 times
Ap X o X A X A1 X -+ X App_1 XD w2 if s is odd,
Oy X Py —~ 2
5 times L2 times
A X - X Ay X A1 X oo X Apq if s is even and m = 1.
% times —l7;71 times
Also,

om2 — 9 — m(lm+2s—14+1)—1

dim V(@) = {2n2 oy mlimet2e-it1)
2

if s is even (m odd),

if s is odd (m even).

3.4. Exceptional Lie algebras. For the exceptional Lie algebras, the computation of ®¢
and N (®g) can be carried out by hand. Note that dim N (®g) = |®| — [®g| and N (Dy) is
the closure of a Richardson orbit. In most cases this information is enough to determine
the orbit (cf. [CLNP, §4.2]). When this information is not sufficient, one can pin down the
correct orbit by using the Weyl group (cf. [CLNP, §4.3]). In fact, for computational purposes
in Section 4, for each value of [ satisfying Assumption 1.3.1, we identify an explicit element
w € W and subset J C II such that w(®g) = ®;. Note that the choice of w and J is not
unique in general. The computer package MAGMA [BC, BCP] was used to verify this. The
tables providing the description of N (®¢), w, and J are presented in Section 9.1.

3.5.  As a consequence of the aforementioned results, we have the following:

Theorem 3.5.1. Let | be as in Assumption 1.5.1. Then there exists w € W and a subset
J C1I such that w(®g;) = ;.

3.6. Normality of orbit closures. In this subsection, we consider certain nilpotent orbit
closures for a complex semisimple lie algebra g = g¢ having root system ®, etc. Let G be the
complex semisimple, simply connected algebraic group of the same root type as g. There has
been considerable work in determining the normal G-orbit closures in the nilpotent variety
N = N(g). Now fix an integer ! satisfying Assumption 1.3.1. Let &5 = Pp;. We will
next verify that in almost all types N (®g) is normal. In general the regular, subregular and
minimal orbits have normal orbit closures. When @ is of type A,, then all orbit closures are
normal.

In the case when @ is of type B, (resp. C,, D), set N = 2n + 1 (resp. 2n, 2n). For
X = A, (resp. B, C, D), let Px(N) be the set of partitions of N parametrizing the set of
nilpotent orbits for Xx. A precise description of Px(N) is given in [CM, Thm. 5.1.2-5.1.4].
If A € Px(N), let Oy be the corresponding nilpotent X-orbit. In the case of type D, for very
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even partitions A, there are two orbits corresponding to the partition A. We will denote the
two orbits by (9§ and (93’\] .

Write N = ml + s where 0 < s < [ — 1. One can use [UGA1l, CLNP] to show that
N(®g) = Oy, where A = (I™,s) and Ax is the X-collapse of A (see [CM, p. 99]). We will
use the procedure given in [KP] to determine whether O, is a normal variety. In order to
check this, it suffices to look at all codimension two orbits inside of Oy, and determine the
singularity types of each one.

In order to determine the possible codimension two orbits, we start with the Hasse diagram
in type Ay and use the collapsing procedure (which preserves the ordering in the Hasse
diagram). For type Ay, one has the following configuration given in Figure 1. For those
values of s for which the partition does not make sense, the orbit is not present. Put

A M1 K2 it V2 73

sy [ Li—1,s+1) | (Ims—1,1) [ (™1 —2,5+2) | (™11 -1,51) ] (™ s—2,2)

671 O’Y2 673
FIGURE 1

If Ax does not equal (u1)x or (u2)x, then the possible codimension two orbits in 5>\X are
O(u)x and O,y - This occurs when X = B or D and s is odd or when X = C when s is
even. In these cases, Ax = (I, s) and

(I, 22) X=B,D,s=1,1=3,
(Im,1—2,3) X=B,D,s=1,1>5,
(p1)x = (I 11 —2,5+2) X=B,D,3<s<l—4,
(Im=1 (1 —1)?%) X=B,D,s=1-2,
(Im2,(1-1)%s+2) X=C

Ims—21%) X=B,D,3<s<l—4,

mil—-4,2) X=B,D,s=1-21>T,

m,13) X=B,D,s=1-2,1=25,

ms—1,1) X=0C.

On the other hand, if X = B, D and s is even (s > 2) then Ax = (u2)x = ("™, s — 1,1). If

s = 0, we can use the same type of analysis as above. Therefore, the possible codimension
two orbits in Oy, are O(,,), and O(,,,. Moreover,

(
(u2)x = E
(

(Im=11—-2,5+2) X=B,D,0<s<1—4,
(/’Ll)X: m—1 2
(" (0=-2%1) X=BD s=1-3
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(7s)x = (ims—3,3) X=B,D,6<s,
XTI m 22y X =B,D, s = 4.
The last case occurs when X = C and s is odd. In this situation, A\c = (u1)x = (™11 -

1,5+ 1). The possible codimension two orbits are O, and O,y . The collapse of these
partitions is given by

X

(12)c = (m=1ti1-1,5-1,2) 3<s,
HC = (m=1 1 2 1,12) s=1

(Im=1 (1 — 2)?) s=1—4.

We will apply the procedure in [KP, §0.8] to verify the normality for N'(®g). According to
[KP, Thm. 1], to show normality it suffices to look at the type of singularities in the classes
of codimension two. In order to determine the types of singularities, one can strip off the
common first rows and columns of Ax, and the corresponding partitions give the codimension
two classes. By the description above of these partitions, this process results in partitions
with less than or equal to three parts. This shows that the singularities are not of “Type e”
([KP, Table 3.4]). Therefore, for the classical Lie algebras, N (®g) is a normal variety.

In the exceptional types by using the tables in Section 9.1 and work of Sommers [Sol,
Thm. 1.1], it follows that N (®g) is normal for Fg. For E; the techniques used in [So2] can
be used to verify the normality of N'(®g) in those cases [So3|. In the case of Fg, Sommers
[So3] was able to verify that N (®g) is normal in all cases except when | = 7,9. We believe
that normality will still hold for these last two cases, but a proof is unavailable at this time.
For this reason we state our main results with care and precision. For Fj, one can can use
[Brl, Thm. 1] to show that N (®() is normal, and for G5 the only orbits which realize N'(®g)
are the regular and subregular orbits which have normal orbit closures.

We summarize the analysis in this subsection in the following theorem.

Theorem 3.6.1. Let | be as in Assumption 1.3.1 and J C 11 so that N (®o) = G -uy. If ®
is of type FEg, assume that | #7,9. Then N (®g) is a normal variety.

() {(lm_l,l—3,s+3) s<1—6,
1)C —

3.7. Resolution of singularities. We maintain the notation of the previous subsection.
Let J C IT'and P; be the associated parabolic subgroup. The moment map G'xp,u; — G-u;
is a resolution of singularities if Cg(x) C P; where z is a Richardson element contained in u ;.
When the moment map is a resolution of singularities and G - x has a normal orbit closure,
then

ind% S°*(u}) = C[G x p, uj] = C[G - uy]
(e.g. [Sol, p. 290] [KP, §0.7]).

Theorem 3.7.1. Let | be as in Assumption 1.3.1 and J C II so that N(®o) = G -uy. If @
is of type Eg, assume that | #7,9. Then

ind® S*(uy) = C[G - uy].
Proof. In Theorem 3.6.1, we showed that N(®() is a normal variety under the hypothesis

of the theorem. So it suffices to prove that Cg(x) C Py where x € uy. First observe that
Ca(x)? C Py [Car, Cor. 5.2.2] where Cg(z)? is the identity component of Cg(z). For type
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A, all orbits are Richardson. The centralizer is generated by the connected component and
toral elements, so the centralizer is contained in Pj;. So in this case we have verified the
theorem. Second, if the Richarson orbit corresponding to z is even, then P; coincides with
the “Bala-Carter” parabolic and in this case we have Cg(x) C Py (e.g. [Jan3, p. 93 Rem.)).
For the exceptional groups, we can use the description of N (®g) given in Section 9.1 and
the tables in [Car, p. 401-407] to verify that either the orbit is even or the centralizer is
connected.

We are left to verify our claim for the remaining classical groups of types B, C, and D,.
Let N = 2n+1 (resp. 2n, 2n) for X = B,, (resp. Cy,, D,,). Define integers m, s by N = Im+s
where 0 < s <[—1. Set A = (I, s) and recall that N'(®g) = Oy, where Ax is the X-collapse
of A.

For type B,, we have

A — (m, s) if sis odd or s =0,
B (im ;s —1,1) if sis even and s # 0.

In either case each of the nonzero parts are odd so the associated weighted Dynkin diagram
has even entries [CM, §5.3]. Therefore, the orbit O, is even, and the centralizer is contained
in P;. A similar argument works to show that for type D,, the orbit O, is even.

We are left to analyze type C),. In this case

(m,s) if m is even (s even),
Ac = . .
(m1—-1,s+1) if misodd (s odd).

In the first case when m is even (s even), let b be the number of distinct even nonzero parts.
So b =1 and by [CM, p. 92] the component group A(O,.) = (Z/2Z)*~!. Therefore, the
centralizer is connected in this case.

Now suppose that m is odd (s odd). In this case the component group is isomorphic to
Z./27 so we need to appeal to a different line of reasoning. In [H, Cor. 7.7], Hesselink provides
a necessary and sufficient criterion for having Cq(z) C Py. Here A¢ satisfies condition (i) of
[H, Cor. 7.7] where € = 1 and A\¢ € Pai(2n,m — 1) (see [H, §6.1] for the definitions). O

4. Combinatorics with the Steinberg module

One of the key steps in computing the cohomology H*(u¢(g),C) for [ > h entails showing
that the uc(t) invariants on H®((u),C) is one-dimensional by looking at weights of A? ;.
This is far from being true for [ < h. For small [, a more intricate analyis is needed, where we
consider the multiplicity of a certain “Steinberg module” in H® (U (u),C). This computation
will then be used in Sections 5 and 6 to make the desired cohomology computations.

4.1. Steinberg weights. If [ satisfies Assumption 1.3.1, by Theorem 3.5.1, we can choose
w € W such that w(®g) = P9 = Py

Lemma 4.1.1. For alla € J, (w-0,a") =1—1.

Proof. Since w -0 = w(p) — p, the claim is equivalent to showing that I = (w(p),a") =
{p,w™(a)V) for all @ € J. But w™'(.J) is the unique set Iy of simple roots for ®q contained
in ®; = &N ®;. So, the lemma asserts that (p, 3¥) =1 for all 3 € IIy. Therefore, although
w € W is not uniquely determined, if the lemma holds for one choice of w, it holds for all
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choices. Now, in the exceptional cases, for each [, an element w € W and a subset J C II
satisfying w(®g) = ®; are identified in Section 9.1. In these cases, the lemma can be checked
directly by using the tables in Section 9.2.

Now assume that ® has classical type A,,, By, Cy, or D,,. We can also assume that ITy # 0.
Then ®( consists of all roots a such that the coroot oV has height ht(a") = (p, ") divisible
by £. In particular, £ < h. If 3V is any coroot of height m > 0, then, for any positive integer
i, 3 < i < m, it is easy to see (in each possible case), that we can write ¥ = 6V + vV for
8,y € ® satisfying ht(6¥) = i. Then 3 = ad + by, where a, b are positive rational numbers. If
B € ®f with ht(8Y) = t/, t > 1, we can thus write 3¥ = 6" ++V with 6,y € ®§. If 3 € Il,
it follows that ht(3Y) = ¢, i. e., {p, 3") = ¢, as required. 0

Set M := (indgzgg‘)])w -0)*. By the lemma, we see that w - 0 is a J-Steinberg weight (see

Section 2.10). The module M is therefore isomorphic to a “Steinberg” type module on U¢([)
that remains irreducible if viewed as a u¢([;)-module. The highest weight of M is —wq, j(w-0)
and the lowest weight of M is —w - 0.

4.2. Weights of A? ;. By Section 2.7, the Ad-action induces an action of Ug(ps) (and
hence also of u¢(py)) on Us(uy). This defines an action of Us(ps) on the cohomology
H®* (U (uy),C). See also Section 2.8. In Theorem 4.3.1 below, we determine

. U * °
Homm, (1) ((indy (37w - 0), H* (U (uy), ).

By Lemma 2.9.1(b), it follows that, as a Ug—module, H® (U (us), C) is a subquotient of A? ;.
The key ingredient to proving Theorem 4.3.1 is the following computation about weights in
A

Proposition 4.2.1. Let [ be as in Assumption 1.5.1. Choose w € W such that w(®y) = D .
Let ~ be a J-dominant weight of AéJ and write v = —wo, j(w - 0) + v for some v € X(T).

(a) Suppose that ltn+ 1 when ® is of type A, and l # 9 when ® is of type Eg. Then
v =—wps(w-0) (i. e., v=0) and i = l(w).

(b) If ® is of type A, withn+1=1(m+1) and w is as defined in (4.8.1), then v is one
of the following, for 0 <t <1l —1:

v = —wo,s(w - 0) + lwy(mi1) with i =L0(w)+ (m+ 1)t —1t).

We set wog = 0.
(c) If ® is of type Eg and | =9 (assuming that w and J are as in Section 9.1), then ~
1s one of the following:

v = —wp, j(w-0) with i = {(w) =8,
v = —wo,j(w - 0) + lwoy with i = 20,
v = —wo,j(w - 0) + lwg with i = 20.

One should observe that the weight v in the statement of the proposition must necessarily
be J-dominant by Lemma 4.1.1. The proposition will be proved below. See Section 4.4.
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4.3. Multiplicity of the Steinberg module. Assuming that Proposition 4.2.1 holds, we
can now determine how often the “Steinberg module” M (introduced in Section 4.1) appears
in H*(u¢(uy),C). Whenl>h, w=1,J =@, and M =C.

Theorem 4.3.1. Let | be as in Assumption 1.3.1. Choose w € W such that w(®g) = D .

(a) Suppose that ltn + 1 when ® is of type A, and l # 9 when ® is of type Eg. Then
as U¢(1y)-modules

C ifi=L(w)

0 otherwise.

=

N . i
HomuC([J)((mdUgEE‘]) w-0)", H' (U (uy),C)) = {

(b) If @ is of type A, with n+1 = l(m + 1) and w is as defined in (4.8.1), then as
U¢(Ly)-modules

: U, * 7
Hom,, 1) ((indy (b7 w - 0)*, ' (U (1), ©))

)
C if i = f(w)
1Dty DD tymyr)  if i =L(w) + (m+ 1)l —t)
for1<t<(l-1)/2
0 otherwise.

(c) If @ is of type Eg and l =9 (assuming that w and J are as in Section 9.1), then as
U¢(Ly)-modules

lowy @ lwg  if i =20
.U % TTQ -
Homuc(lJ)((mdUEEES]) w-0)", H (U (uy),C)) = { C if i = l(w) =8
0 otherwise.

Proof. Since Homuc([J)((indgzgz)J)w - 0)*,H*(U(ug),C)) is a module for Uc(ly) on which

uc(ly) acts trivially, it is also a (finite dimensional—hence completely reducible) module

for the universal enveloping algebra U(l) (see Section 2.3). Thus, if Hom,, C([J)((indgzgg‘; Jw -

0)*, H* (U (1s),C)) # 0, any Ug(ly)-composition factor will be of the form L;(v)l!l for a
J-dominant weight v. In other words, there must be a nonzero U¢(I7)-homomorphism

- AUc(py) * [1] o
(4.3.1) (mdUC(b) w-0)"® L) — H* (U (uy),C).
Hence, the weight —wg j(w - 0) + lv must appear in H®*(U(us),C), and so also in A%, by
Lemma 2.9.1(b). The theorem now follows from Proposition 4.2.1 if each weight listed therein

does indeed give rise to a non-trivial homomorphism as in (4.3.1).
By Lemma 2.9.1(a),

[e’e) dim(uJ)

(4.3.2) > (-1 ch H"Ue(uy),C) = > (—1)"chAZ .
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Since H*(U(u), C) can be computed from A®(u*) considered as a complex (with appropriately
defined differential), we similarly have

dim(uy) dim(uy)
(4.3.3) > (-1)"chH"(U(uy),C) = > (—1)"ch A"(u7).
n=0 n=0

Clearly, che A7 ; = ch A"(u}). Hence (4.3.2) and (4.3.3) give

00 dim(uy)
(4.3.4) > (1) H U (us),C) = > (=1)" ch H"(U(u,),C).
n=0 n=0

Let /W = {z € W | 2(®7) N ®" C ®T\®}} be the set of distinguished right W -coset
representatives in W. By [W, Thm. 2.5.1.3],

dim(uy)
(4.3.5) > ()" chH(U(uy),C) = > (—1)"®ch Ly(—wos(x - 0)).
n=0 e W

Also, (cf. [HK, Prop. 3.4.5])
che indggggfi)(—wo,J(x -0)) = ch Ly(—woy(z - 0)).

Combining this with (4.3.4) and (4.3.5) gives

= n n T . U (T
(4.3.6) Z(—l) ch H" (U (uy),C) = Z (-1« >chmdU§Ebf)J)(—woJ(g;.0)).
n=0 SCE‘]W

The weights v in Proposition 4.2.1 are all “Steinberg weights” whose induced module is
injective over U¢([y). Hence, they do not appear as a composition factor in any other induced
module. For part (a), since only one such weight occurs, it gives rise to a composition factor
on the right-hand side of (4.3.6) which cannot be canceled out by any other factor. Hence
it appears as well on the left-hand side which completes the proof. For parts (b) and (c),
while multiple “Steinberg weights” appear, these weights are all distinct and hence give rise
to distinct composition factors on the right-hand side of (4.3.6) which cannot cancel each
other out. Hence they all appear on the left-hand side as well. O

Remark 4.3.2. In those cases where the cohomology is two-dimensional, the weights are
not strongly linked (cf. [Janl, I1.6.4]). Hence the isomorphisms in the theorem also hold as
U¢(ps)-modules.

4.4. Proof of Proposition 4.2.1. The remainder of Section 4 is devoted to proving Propo-
sition 4.2.1. Note first of all that the weight —wj,j(w - 0) does appear in A? ; in degree £(w)
(cf. [GW, 7.3], [FP1, Prop. 2.2]). So the goal is to show that (in most cases) a weight v
satisfying the hypothesis must in fact be zero. In Sections 4.5—4.6, the classical root systems
will be considered. For these, we will mainly work with the e-basis that represents ® [Bo, p.
250] and (—, —) will always denote the ordinary Euclidean inner product. In Section 4.5, we
first show that (v,aV) = 0 for all @ € J. To do this, for each of the classical root systems
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X € {A,,B,,C,,D,} we show the existence of an element dx € X (T') with the following
properties:

(4.4.1) m;mx(/\,5x> = max{(}\,dx) | A a weight of A? ;} = (—wo_s(w-0),dx) and

(4.4.2) (wj,0x) > 0 for all fundamental weights w; corresponding to a; € J.

When @ is of type A, or Cy, one can choose 6x = > o and the maximum value in
(4.4.1) turns out to be simply (I — 1)|J].

Now assume that a dx satisfying properties (4.4.1) and (4.4.2) exists and that —wg j(w -
0) + lv is a J-dominant weight of Ag ; for some J-dominant weight v. Then

(—wo,g(w-0),0x) +1{v,0x) = (—wo j(w-0) + lv,dx) < m/ex()\,(SX} = (—wo,s(w - 0),dx).

This forces v to vanish on J. To show that v = 0, it remains to show that (v,a") = 0 for
a € I1\J. In Section 4.6, this is shown for types By, Cy,, D,. Sections 4.7 and 4.8 are devoted
to dealing with type A,, and showing how the “extra” weights arise in Proposition 4.2.1.

In Section 4.9, similar ideas along with direct computations will be used to deal with the
exceptional root systems.

4.5. The weight dx. In this section, we construct a weight dx which satisfies properties
(4.4.1) and (4.4.2). We will first consider the case m > 2 in Theorems 3.3.1 and 3.3.2.
For & of type A, and

Oy ED; =2 A, X - XA XAp_1 X X Ap_1;

r1 times ro times
let
54 =(1,0,...,0—1,...,1,0,...,0,—1,1,0,...,0,—1,...,1,0,...,0,—1)

r1 times ro times

in the orthonormal basis describing ® in n + 1-dimensional Euclidean space E [Bo, p. 250].
Note that the first r1-groupings of (1,0, ...,0,—1) have m 4 1-components, while the last ro-
groupings of (1,0,...,0, —1) have m-components. In this case, d4 = > oV, and evidently
(wj,04) > 0 for all w; corresponding to simple roots in J (property (4.4.2)).

To show property (4.4.1), let A be a weight of Ag ;- Then X is a sum of distinct positive
roots not in @}r. If 3 is a positive root then (3,04) =0,%1,%2 (i. e. § =¢; —¢; with i < j).
Set

Alt] = {68 € @"\2] | (8,04) = t}.
A quick count shows that

’A[Q” _ (7’1 + 719 —21)(7’1 + 7‘2)

A1)l = (m—=1)(r1 +7r2—Dr1 + (m—2)(ry +r9 — 1)ra.

Therefore,
maxy(A,64) = 2|A[2]] + [A[1]|
= (r1+re—1)(mry + (m—1)re)
= (ri+re—1)|J|.
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According to Theorem 3.3.1, we can set 71 = s+ 1 and o = [ — s — 1. Consequently,
maxy (A, 04) = (I — 1)|J| = (—wo, j(w - 0),64)

because A,, is simply laced.
For the other classical Lie algebras, let ® be of type X,, where X = B,C, D with

Qo =P = Ay X X Ay X Ay X Ao x Xy

r1 times ro times

with

6x =(1,0,...,0—1,...,1,0,...,0,—1,1,0,...,0,—1,...,1,0,...,0,—1,1,0,...,0).

r1 times ro times

Notice that in all cases —wg jox = dx. By using [GW, p. 102], one can verify that (w;,dx) >
0 for all w; that correspond to simple roots in J. If 3 is a positive root in X,, then (5,0x) =
0,+1,+2, so set X[t] = {3 € ®T\@7 | (3,6x) = t}. By using our computations for type 4,
with consideration of other positive roots in X,,, it follows that

(Tl + 742)2 Xn = Bp;
| X[2]| = (7‘1 + 7‘2)(7‘1 +ro+1) X, =0Cp;
(r1+ 7“2)2 X, =D,
and
2(r1 +ro)(ri(m — 1) +ro(m —2)) + (2¢ — 1)(r1 +12) X, = By;
| X[1]] = < 2(ry +72)(ri(m — 1) + ra(m — 2)) +2(q — 1)(ry +12) X, = Ch;
2(r1 +r2)(ri(m —1) +ra(m—2)) +2(q — 1)(r1 +7m2) X =D,
Hence,
max)(\,0x) = 2|X[2]| + |X[1]]
2(ry +ro)(rim+re(m —1)) 4+ (2¢ — 1)(r1 +12) X, = Byp;
= 2(r1 + 7o) (ram 4+ ro(m — 1)) + 2q(r1 + 72) X, = Cyp;

2(r1 +ro)(rim 4+ ro(m — 1)) +2(q — 1)(r1 + r2) X, = Da.

On the other hand, by using the expression of p for the classical Lie algebras in terms of the
e-basis (see [GW, p. 107]), one sees that

(=D (rm+ro(m—1))+ (1 —=1)(g—3) Xn= Bu;
<_w07J(w : 0)76X> = (l - 1)(7'1"71' + T‘g(m - 1)) + (l - 1)(Q) Xn =Ch;
(l—=1D(rim+ram—-1)+(1—-1)(¢—1) X, = D,.

In Theorems 3.3.1 and 3.3.2, r{ + 79 = l_Tl for all root systems ® of types B,,, C,, or D,
and so maxy(\,dx) = (—wp, j(w - 0),0x) as desired.
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Next we consider the case m = 1. Again let ® be of type X,, where X = A, B,C, D with

Al x - x Ay for X,, = A, C,, or D,,.
—_———

(I)qu)Jg r times
Alx-~><A1><A1 fOI‘Xn:Bn.
—_——

r times
and
(1,-1,...,1,-1,0,...,0) for X,, = A,, Cp, or Dy;
—_———— —

r times z times

(1,-1,...,1,-1,0,...,0,1) for X,, = By,.
~—_——— ——

r times z times

ox =

As above, one can verify that (w;,dx) > 0 for all @, that correspond to simple roots in J.
Also, we conclude that

r(r—1)

—5 X, = An?
|X[2]| =qr? X, = DBy, Cn?
r(r—1) X, = D,.
and
rz Xn = Ay;
|X[1]| = 2rz Xp = Cna Dy;
2rz+r+z X, = B,.
Hence,
r(r+z-—1) Xn = Ap;
(r+ 3)(2r+22) X, = By;
Nox) = 21X[2]+|X[1]] = 2
max(Ldx) = XY+ X[ = § 5B T

r2(r+z-1)) X, = D,.
On the other hand, by using the expression of p for the classical Lie algebras in terms of the
e-basis (see [GW, p. 107]) one sees that

T(l - 1) Xn — Ana Cna Dn§

(—wo,s(w-0),6x) = {(7« +3)(1—1) X, =By

By Theorems 3.3.1 and 3.3.2, r is the number of copies of A; and z = n+ 1 — 2r (resp.
n—2r—1,n—2r) in type A, (resp. By, Cy or D,). One obtains that

l Xn = Ap;
r+z= l_Tl Xn = By, Cp;
HX, =D,

Again, we see that maxy(\, dx) = (—wo,s(w - 0),dx).
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4.6. Types B,,C,, D,. In this subsection ® is always of type B,,, C, or D,. Under this
assumption we show that the only weight v satisfying the hypothesis of Proposition 4.2.1 is
the zero weight. Note that our restriction on the root systems and [ being odd implies that
ged(l, (X : Q)) = 1. For any such weight v we observe that v € () because —wyq j(w - 0) + lv
is a weight of AEZJ‘ It follows that v € Q.

Our results in Section 4.5 show that both —wp s(w - 0) and —wg j(w - 0) + v consist of
a sum of all the roots in X[1] U X[2] with some additional terms involving roots in X|0].
Therefore, (v is a sum of distinct roots in X[0] U —X]0].

We express dx and v in the e-basis as dx = D> ;- ; 0x 6 and v = Y | v;€;, respectively.
Notice that v € @) implies that v € Zey @ - - - @ Ze,. Define the following sets

(4.6.1) S(a,b) = {(Z,j) : 5X,i = a, (5)(7]' =10b, and i < j} and S(a) = {Z : 5X,i = CL}.

The case when & is of type B,, will be discussed in detail. The verification that v = 0 for the
cases when @ is of type C}, and D,, are left to the reader.

Any positive root of the form ¢; — ¢; in B[0] satisfies (4,7) € S0 U Sq1,1) U S(—1,-1), any
positive root of the form ¢; + ¢; in B[0] satisfies (i,7) € S(o,0) U S,—1) U S(—1,1) and any
positive root of the form ¢; in B[0] satisfies i € S(g). Using (4.6.1), we can express

v = Z m; (e —€j) + Z mi j(€ — €5)

(3,5)€S(1,1) (4,J)€S(~1,—1)

> mglate)+ Y Tuglate)
(3,5)€S1,~1) (%,5)€S(~1,1)

+ > pigla—g)+ > Bilateg)+ Y g
(4,3)€S (0,0 (4,)€S(0,0) i€5(0)

with m; j, mi 3, ni g, i g, Gis P, Pij = 0, £1.

The above expression shows that if 6p; = 1 then lv; = Zj(mm- +ni; +mj; +n;;). For
fixed i, it follows from Theorem 3.3.1 that the number of pairs of the form (i, j) together with
those of form (j,) in S(; ;) are less than (I 4+ 1)/2. A similar counting argument shows that
the number of pairs of the form (i, j) in S(; _1) together with the number of pairs of the form
(J,4) in S(_1,1) are also less than (I —1)/2. Therefore, | 3 ;(m;; +ni;+m;; +n5:)] < (1—1)
and dp; = 1 implies v; = 0. Similarly, one can argue that dp; = —1 implies v; = 0.

Any simple root €; — €;41 € II\J satisfies either dp; = —1 and dp ;11 =1 or dp; = 0 and
dB,i+1 = 0. It follows from above that, for any a € II\J,

(o) = (Y qiei+ Y pijla—e)+ Y Dijle+e)a’).

i€5(0) (4,5)€5(0,0) (4,9)€5(0,0

For m > 1, there are no roots in IT\J with ép; = 0 and dp ;11 = 0 and the inner product on
the right-hand side vanishes. Since v vanishes on J, one concludes v = 0, as desired.
Assume m = 1 and let i be such that d5,; = 0, then lv; = q; + 3 (pij + Pij + Pji + Dji)-
Theorem 3.3.1 implies that for fixed ¢ there are less than (I — 1)/2 pairs of the form (7, ) or
(J,4) in S(g,0). It follows that l|v;| = |g; + 3_;(pi,j + Pi,j + pji + Pja)| < I This forces v = 0.
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4.7. Type A,. In this (and the next) subsection ® is always of type A,, with simple roots
i, ..., 0. We will show that a weight v satisfying the hypothesis of Proposition 4.2.1 equals
the zero weight unless [ divides n+ 1. For p € @), u; always denotes the coefficient of p in its
expansion in terms of the e-basis (i. e., u = Y1 €:).

First consider the case when m > 1 in Theorem 3.3.1. Let

Oy 2Oy A, X - XA XAp_1 XX Apm_1

s+ 1 times | —s—1 times

wheren =lm+sand 0 <s<[—1.

We start out by choosing a particular w € W with w(®g) = ®;. Partition the set {5, 5 —
I,...,—% +1,—%},i. e, the set of coordinates of p in the e-basis, into its congruence classes
modulo [ and order each congruence class in decreasing order. Then we order the congruence
classes according to the size of their largest element from highest to lowest. The resulting
array is the coordinate vector of a W-conjugate of p. We denote this conjugate by wp and
w € W denotes the unique permutation that sends p to wp. If we identify the Weyl group
with the symmetric group in n + 1 letters, then w can be described as follows.

(4.7.1) For 1 <i<mn-+1 define s;,¢; viai —1=s;0 +¢t; with 0 <¢; <[ -—1.

ti(m—l—l)—l—si—l—l fo<t; <s

47.2)  Th J) = eyny wh N —
(47.2) en w(€;) = eu(p where w(i) {tim+s,~+s+2 ifs+1<t;<l—1.

ti+)(m+1)—s; if0<t;<s

47.3 M , N —
(47.3) oreover, wo, (i) {(ti Fl)m—si+s+1 ifs+1<t;<l—L

For any u € W define Q(u) := {a € ®* | ua € ®~}. Using (4.7.1) and (4.7.2) we find that
[GW, 7.3]

(4.7.4) Qw) ={e — €| si <sj,t; >tj} and w-0= Z —w(y).
{reQ(w)}
Define
£i) = wo gw(lm+i) =14 (i—1)(m+1) if1<i<s+1
wogw(l(m—=1)+i) =14+ @G —-1)m+(s+1) ifs+2<i<],
and
1) =1 1 if1<i< 1
(4.7.5) oi) = 4 w0 _Z,(er ) Plsrsst
wogw(i) =im+ (s+1) ifs+2<i< 1.

Nextsetéi:ef(,-) €q(i) for 1 <i <. ThenéA—E:éZ Zef — €g(i)-

=1
The ay;) = €4(5) — €(i+1) are precisely the simple roots contalned in II but not in J.



COHOMOLOGY FOR QUANTUM GROUPS VIA THE GEOMETRY OF THE NULLCONE 29

Using the notation introduced in (4.6.1), we partition A[0] into the following subsets:

REB,O) = {e&—¢ € A[0] | (¢,5) € S0}
R,y = {a—¢ € A0]|(i,) € Sant = e — ey |1 Si<j <1,
R, 4y = {a—geA]|(i,)) €S-} ={e) — ey | 1S i <5 <1}

In addition we set R, ,) = RZ; oY —Rz; 0y @€ {=1,0,1}. Notice that both sets R ;) and

R(_y,_1) form root systems of type A;_; with simple roots
(4.7.6) ﬂz = EfG) T €+ and Ti = €g(i) — €g(i+1)»

respectively.
Next define

ST i={epuy —€py |1<i<s+1,s+2<j<l}and S:=5TU-57.
Then it follows from (4.7.3) through (4.7.5) that
(4.7.7) R?_—L—l) Nwo,yw(Q(w)) = & and Ral)

One concludes that the weight —wq_s(w-0) is the sum of all roots in A[1]U A[2] together with
certain roots in R?(') 0) and the roots in ST. The elements of ST can also be characterized

N wosw(Q(w)) = 5.

as those roots in Ra,l) that contain Bs41. It is important to note that no roots of R?_—l,—l)
contribute to —wyg j(w - 0).

Next assume that A is a weight of A? ; such that (A4 wo,s(w-0),a) =0 for all & € J. Set
v = A+ wo(w-0). Using the B-basis of R(; 1y and the y-basis of R(_; _), we express v in
the form

-1 -1
(4.7.8) v= Z kiB; + Z LT + Z my1).
i=1 i=1

+
MER (o)

Since v is the zero weight when restricted to J, one observes that (v,8%) = 0 for 1 < i < I.
Since (v,6') = 0, k1 — I3 = 0 and, inductively, it follows from (v,§%) = 0 that k; = I; for
1 <i < 1—1. Moreover, it follows from (4.7.7) that all k; and [; are nonnegative. One
concludes that v is a sum of distinct roots in Rg ) together with distinct roots in REF_L_I)
and in Ral)\SJr.

Finally, assume that A1 and Ay are two weights of AZ‘, ; such that (A\; +wo j(w-0),0) =0
for all @« € J. For example A; could be of the form —wyp s(u - 0) for some v # w with
u(Pp) = ®; and Ay could be equal to —wp s(u - 0) + v, where v is the zero weight when
restricted to J. It follows from our above arguments that Ao — A1 is a sum of distinct roots in
R(_1,_1)UR1 1)\SUR(g9). The elements in R 1)\S form a root system of type As x 4;_,_o,
spanned by the roots {1, ..., Bs}U{Bs+2,...,01—1}, as defined in (4.7.6). We can decompose
Ao — A1 = 71 + 72 + v3 where the support of =, lies entirely in the type As component of
R,1)\S, the support of 2 lies entirely in the type A; s o component of R 1)\S, and the
support of 73 lies entirely in R(_q,_1) U R ). Next observe that a,; = 8; — §t. Tt follows
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that (Ao — Al,ag(i)> = Ay — A1, 03;) = (71 + 72, 5i). The inner product of Ay — A\; with the
roots in IT\J is then given by the following:

(71, Bi) if 1 <i<s,
(479) <)‘2 — A1, ag(i)> = <’71 + 72vﬁi> ifi=s+ 1,
(v2, Bi) ifs+2<i<l-1

Since 1 is a sum of distinct roots of a root system of type A, a direct computation shows
that |(y1,5i)| < s+ 1. Similarly, |[(y2,8:;)] <1 —s—1. Now Ay — A; € X implies that either
A = Ay or | = s+ 1. Hence, Proposition 4.2.1 holds for type A,, as long as [ does not divide
n+ 1.

Suppose now that m = 1. Then

q)ogq)JgAlX"'XAl.
—_——
s+ 1 times

Essentially the same argument as above works here as well. We highlight some of the differ-
ences and leave the details to the interested reader. The definition of w holds as above with
m = 1. Define f(i), g(i), 6%, 4, and Q) just as above with m = 1. Note that for i > s + 2,
f(i) = g(i) and §* = 0. In the definitions of Ral) and Rzr_l’_l), we have 1 <i < j <s+1,
and the root systems R(; 1y and R(_; _y) are of type A, while StT=g. Fors+2<i<l—1,
the (; = 7; form a basis for the root system R ) of type A;_s_2. The equivalent of (4.7.7)
is now

R{ .,
In (4.7.8), the index i should run from ¢ = 1 to i = s. Next we consider \y — A1, as defined
above. We decompose Ay — A1 = 71 + 72 +73 with the support of 71 in Ry 1, the support of
Y2 in Ry ) and the support of 3 in R _1). Then equation (4.7.9) remains valid. Hence
one obtains the same conclusion.

) N wo,jw(Q(w)) = & where a € {1,0,—1}.

4.8. Type A,, with I dividing n + 1. We continue to identify the Weyl group with the
symmetric group in n + 1 letters. Assume throughout this subsection that [ divides n + 1.
Then [ = s + 1 and the definition of w given in (4.7.1) and (4.7.2) can be simplified to

(4.8.1) w(€;) = €y(;) Where w(i) = t;(m + 1) +s; + 1.

We now follow the arguments used in [AJ, 6.2]. Recall that n +1 = (m + 1)l. We define the
element o € W as follows:

o=(L2,..,0)0+1,1+2,..,20)---(ml+1,ml+2,..,(m+1)]).
Direct computation shows that w(c!-0) = —lwgyy for 1 <t < 1—1. Setting @y = 0 yields
(4.8.2) w-Oszt'O—l—lwg(t) for0<t<l]-—1.
We find that
Qwo") ={e; —¢j | 8i < 85,0 (t; +1) > o' (t; + 1)}
U{e —€; | si=sj,t; <tjand o'(t; + 1) > o'(t; + 1)}.
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The cardinality of the first set in the above union is equal to the cardinality of Q(w) (see
(4.7.4)) while the second set can be identified with Q(o!). Using this decomposition of
Q(wat), [GW, 7.3], and [AJ, 6.2(3)], we conclude that

(4.8.3) l(wo') = b(w) + L(a") = L(w) + (m + D)t(l —t).

Next, assume that [ —wp, s (w-0) is a weight of A? ; such that (lv,a) = 0 for all a« € J. The
discussion in Section 4.7 shows that v is a sum of distinct roots in Rzr_l )UR(O 0) UR(1 1" We
can decompose v = 71 +y2 where the support of 1 lies entirely in Rzrl 1) and the support of o
lies entirely in R?’ —1) Y R(0,0)- As before, the inner product (v, ay@y) = (lv, B;) = (Im1, Bi)
is completely determlned by the contribution coming from R(l 1) the positive roots of a type
A;_; root system. By [AJ, 2.2, 6.1] one concludes that either v = 0 or ly; = lzk;, where
k; denotes the fundamental weight corresponding to the simple root (; of the root system of
type A;_1 and z is in the corresponding Weyl group. But =1 is a sum of positive roots. Hence

lzk; must also be a sum of positive roots. But this can only happen if lxx; = lk;. Therefore,
we must have v = lwy;). Finally, by (4.8.2), for each 1 <i <[ —1, we have

—wo,j(w - 0) +lwy) = —woJ(in -0),

and the latter weight is a weight of A? ; (cf. [GW, 7.3],[FP1, Prop. 2.2]). Further, by (4.8.3),
this lies in degree £(wo') = £(w) 4+ (m + 1)t(l —i). Since g(i) = i(m + 1), the result follows.

4.9. Exceptional Lie algebras: In this subsection, we assume that the root system &
is of exceptional type. We show that if v satisfies the hypothesis of Proposition 4.2.1, then
v = 0 except in the case when ® is of type Eg and [ = 9. Note that in the excluded case
[ is divisible by (X : Z®) = 3. Our goal is to show that if —wg j(w - 0) 4+ lv with v being
J-dominant is a weight of AZ’ 7> then v = 0. For the exceptional Lie algebras, an explicit
choice of w and J is listed in Section 9.1. One can then explicitly compute the value of
—wp,j(w - 0). This was again done with the aid of MAGMA [BC, BCP] and the results are
given in tables in Section 9.2. The weights in the tables are listed with respect to the basis
{w1,...,wn} of fundamental dominant weights.

Slnce the dimension of A? ¢, 1s finite, with the aid of a computer, one could in principle
compute all possible welghts of AZ 7 and compare them to —wp, j(w - 0) modulo [. For types
Fy and G5, this can readily be done and one finds that v = 0. For type E,, the size of Aa J
is sufficiently large as to make the computations somewhat impractical on a typical desktop
computer. As such, we present an alternative approach which makes use of some of the ideas
from the preceding sections on classical root systems to show directly that v = 0 or reduce
the computations to a more manageable number.

In what follows, let 6V = %~ ., @". This is a slight abuse of notation since 6 may not equal
(>qes @) but should not lead to any confusion. Recall that (—wg,j(w-0),0") = (I-1)|J|. As
in Section 4.2.1, set maxy(\, ") := max{(\,8") | X a weight of Aé’J}. As with the classical
cases, the key to showing that v = 0 is that max,(\,d") is in general “close” to (I —1)].J|.

To make this more precise, set

Elt] = {8 € ®"\®] | (8,6") =1t}
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Then we can decompose <I>+\<I>}r as a disjoint union:
M\ dT = E[< 0]U E[0] U E[> 0]

where
E[> 0] = Ut>0E[t] and E[< 0] = Ut<0E[t].

That is, we separate the positive roots into those which give a positive, zero, or negative
inner product with §¥. Since weights in AE 7 are composed of sums of distinct positive roots

from ®@T\®7, clearly,
vy v
m}z\ix (A, 07) = g B,0")

ﬁeE [>0]

For convenience, for the remainder of this section, set A := BeE[>0] 6. One might think of
) as a conical representative of those weights having maximum inner product with §V. Any
other such element would be of the form A + z where z is a sum of distinct roots which lie in
E[0]. With the aid of MAGMA the weight A can be readily computed for a given [, w, and
J. This is given in the tables in Section 9.2.

Let = —wo,s(w - 0) + lv be a J-dominant weight of A? ;. To show that v = 0, we show
that (v,a") = 0 for all & € II. We separate this into two cases: « € J and « € II\J. The
first case follows if it can be shown that

[{(—wo,s(w-0),8") — (X, 6")| < L.

This can be done by direct calculation (see tables in Section 9.2) and holds in all but one
case (type Fg with [ = 7, which is dealt with separately).

We now outline the basic process for showing the second case. Omnce the first case is
known, that is, (v,a¥) = 0 for @ € J, we have that (z,0") = (—wq j(w - 0) + lv,6") =
(—wo,s(w-0),8") = (I —1)|J]. To show that (v,a") = 0 for o € II\J, we express z in the
form x = A—a+b+z where a, b, and z consist of sums of distinct roots lying in E[> 0], E[< 0],
and E[0], respectively. While z can consist of arbitrarily many elements from FE[0], a and b
are constrained to consist of a small number of elements from E[> 0] or E[< 0] depending
upon how close (A, 8") is to (I — 1)|J]. In each case, this can be explicitly described.

Given a € II\J, (—wq s(w - 0),a") and (X, o) can be explicitly computed. Also, one can
find bounds A and B (integers) such that for an arbitirary linear combination z as above,
one has A < (z,a") < B. Using the expression of x as A +a — b + z, and considering the
possibilities for a and b, one can then obtain bounds A’ < (z,a") < B’. In those cases
needed, such bounds are listed in Section 9.2. On the other hand,

(z,a") = (—wg j(w - 0) +11,8") = (—wo s (w - 0),a") + L {ra”).

Comparing this to the bounds obtained previously, one often finds that (v, «") must be zero.
When the bounds allow for a nonzero v, MAGMA is used to verify that no solutions exist
(except in type Eg when | = 9) by checking all possibilities for a, b, and z. When needed for
efficiency, the known bounds can be used to limit the possible choices for z. The basic details
for each case are given below.

Type Ejg:



COHOMOLOGY FOR QUANTUM GROUPS VIA THE GEOMETRY OF THE NULLCONE 33

[ =11: Here A = —wy j(w - 0). Hence x = A+ z (i. e., @ and b must be empty), and z would
need to equal [v. However, for a € TI\J, one finds that —4 < (z,a") < 6. Hence, z cannot
equal 11v unless v = 0.

[ = 9: In this case, (—wp j(w -0),8") and (X, ¢") differ by two. Also E[> 0] = E[1] and
E[< 0] = E[—1]. So there are three ways we can express z in the form A —a + b+ z:

(1) 2 =X — 21 — 29+ z where z1, 29 € E[1] (x1 # 22),
(2) © =X —2z1+y1 + 2z where z; € E[1] and y; € E[—1],
(3) =X+ y1 +y2 + z where y1,y2 € E[—1] (y1 # ya2).

Using MAGMA, we compute all possibilities. In case (1), we find precisely one pair of
elements in E[1] that works with z being an empty sum. That is, —wg j(w - 0) is a sum
of eight distinct roots in E[1]. In case (2), no sums over E[0] work. In case (3), we find
however two cases where A plus two elements of E[—1] and eight elements of E[0] equals
—wo,j(w - 0) + 9v for a J-dominant weight v. In one case v = w; and in the other v = w.
The reader should be aware that these weights give rise to the exceptions stated in Theorem
1.3.2(b) (iii).

[ = 7: Here (—wp_j(w-0),6Y) = (X, 8Y). Hence x must be of the form x = A\+z. For a € IT\ J,
one finds the bounds listed in Section 9.2. For each ¢, in order to have x = —wq _j(w-0)+ Ty,
we must have (v,a¥) = 0.

[ = 5: In this case, (—wp j(w-0),8") and (A, ") differ by one. So there are two ways we can
express  in the form A —a + b+ z:

(1) 2 = X — 21 + z where 27 € E[1],
(2) = XA+ y1 + z where y; € E[—1].

Using MAGMA, we compute all possibilities and find that only one such x works - in case (1)
with z being the sum of a pair of elements from E[0]. Again, z = —wq_j(w - 0), i. e., v = 0.

Type E7:

[ =17: Here A = —wy j(w - 0). Hence z = A+ z, and z would need to equal lv. However, for
a € T1\J, one finds that —9 < (z,a") < 10. Hence, z cannot equal 17v unless v = 0.

[ = 15: In this case, (—wg j(w - 0),0") and (\,d") differ by two. So there are three ways we
can express z in the form A —a + b+ z just as in the type Fg, [ = 9 case. For a € II\J, one
finds the bounds listed in Section 9.2. For each «, in order to have z = —wyp j(w - 0) + 15v,
we must have (v, ") = 0.

[ =13: Here A = —wy j(w - 0). Hence z = A + z, and z would need to equal lv. However, for
a € I1\J, one finds that —6 < (z,a") < 8. Hence, z cannot equal 13v unless v = 0.

[ =11: Here A = —wy j(w - 0). Hence = A + 2, and z would need to equal [v. However, for
a € I\ J, one finds that —4 < (z,a") < 6. Hence, z cannot equal 11 unless v = 0.

[ = 9: In this case, (—wq s(w -0),8") and (\,46") differ by two. Here, for all g € E[> 0],
(8,6Y) € {1,2,3}, and for all 3 € E[< 0], (3,6") € {—1,—2,-3}. So there are five ways
we can express  in the form A\ —a + b 4+ 2. We leave the details to the interested reader.
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For a € II\J, one finds the bounds listed in Section 9.2. For each «, in order to have
x = —wp,j(w - 0) + 9v, we must have (v, av)y =0.

[ = 7: In this case, (—wq s(w-0),8") and (\,d") differ by three. Here, for all 8 € E[> 0],
(8,0") € {1,2,3}, and for all 8 € E[< 0], (8,6) € {—1,—2,—3}. So there are ten ways we
can express z in the form X\ — a + b + z. In this case, for a € IT\J, the bounds on (z,a")
allow for the possibility that (v,a") # 0. Using MAGMA, we compute all possibilities. We
find precisely one case that works (of form 2z = A — a where a is a sum of three distinct roots
in E[1] and b and z are empty) with 2 = —wg j(w - 0), i. e., v = 0.

[ = 5: In this case, (—wq_s(w-0),0") and (A,¢") differ by three. As in the | = 7 case, there
are ten ways we can express z in the form A —a+ b+ z. Here IT\J = {a4} and one finds that
—10 < (z, o)) < —6. Since (—wp s(w - 0),ay) = =9, in order to have x = —wq_s(w - 0) + 5v,
we must have (v, o) = 0.

Type Ejg:

[ =29: Here A = —wy j(w-0). Hence = A + 2, and z would need to equal lv. However, for
a € I\ J, one finds that —16 < (z,a") < 18. Hence, z cannot equal 29v unless v = 0.

[ = 27: In this case, (—wg s(w-0),6Y) and (A, ") differ by two. There are three ways we can
express x in the form A —a + b+ z. For a € II\J one finds the bounds listed in Section 9.2.
In order to have z = —wy j(w - 0) + 27v, we must have (v, a") = 0.

[ = 25: In this case, (—wq j(w-0),6") and (A, 4") differ by four. There are five ways we can
express z in the form A —a + b+ z. For o € I1\J one finds the bounds listed in Section 9.2.

In order to have z = —wg j(w - 0) + 25v, we must have (v,a") = 0.

[ = 23: In this case, (—wg j(w-0),0") = (\,6"). Hence = X\ + z. For a € II\J one finds
the bounds listed in Section 9.2. In order to have x = —wg j(w - 0) + 23v, we must have
(v,aV) = 0.

[ = 21: In this case, (—wp j(w -0),5") and (A, ") differ by four. Here, for all § € E[> 0],
(8,0") € {1,2}, and for all 8 € E[< 0], (3,6") € {—1,—2}. So there are fourteen ways we
can express = in the form A — a + b+ z. For a € I1\J one finds the bounds listed in Section

9.2. In order to have z = —wp j(w - 0) + 21v, we must have (v, a") = 0.

[ = 19: In this case, (—wg j(w-0),6") = (A\,8"). Hence z = A\ + z. For o € II\J one finds
the bounds listed in Section 9.2. In order to have x = —wp s(w - 0) + 19v, we must have
(v,aV) = 0.

[ = 17: In this case, (—wg j(w - 0),0") = (\,6"). Hence & = X\ + z. For a € II\J one finds
the bounds listed in Section 9.2. In order to have x = —wq j(w - 0) + 17v, we must have
(v,a") = 0.

[ = 15: In this case, (—wp j(w -0),5") and (\,dY) differ by eight. Here, for all 5 € E[> 0],
(8,6) € {1,2,3}, and for all B € E[< 0], (3,6Y) € {—1,—2,-3}. As a result, there are
numerous ways we can express z in the form A\ —a+ b+ z. Further, for a € I\ J, the bounds
on (z,a") allow for the possibility that (v,a") # 0. By analyzing the constraints placed on
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a, b, and z (to afford a nonzero v), the resulting possiblities are all computed with MAGMA,
and one finds that in fact no nonzero solution exists.

[ = 13: In this case, (—wp j(w-0),8") and (\,8") differ by three. There are ten ways we can
express z in the form A —a + b+ z. For « € II\J one finds the bounds listed in Section 9.2.
In order to have z = —wg j(w - 0) + 13v, we must have (v,a") = 0.

[ = 11: In this case, (—wp j(w-0),6Y) and (\,dY) differ by two. There are five ways we can
express x in the form A —a + b+ z. For a € II\J one finds the bounds listed in Section 9.2.
In order to have & = —wy j(w - 0) + 11v, we must have (v,a") = 0.

[ = 9: In this case, (—wp j(w -0),8") and (\,8Y) differ by three. There are ten ways we
can express z in the foorm A\ —a + b+ z. For o € II\J, the bounds on (z,a") allow for
the possibility that v # 0. To reduce the number of possibilities that need to be checked,
observe that there is a sizable difference between (A, o) = 18 and (—wp_j(w - 0),ay) = 8.
Since (v,ay) = 0, we must have (—a + b+ z,ay) = —10. We find that (—a + b,ay) > -3
and (z,«ay) > —8. This reduces the possibilities to a number manageable for MAGMA to
compute all the possible cases. The only x that works is precisely —wg j(w - 0), i. e., v = 0.

[ = 7: In this case, (—wg s(w-0),5") and (A, 46") differ by 8 which is larger than 7. Here we
may not immediately conclude that (v,a") = 0 for all @ € J. However, since (v,a") > 0 for
all a € J, this must be true for all but possibly one « for which one could have (v,a") = 1.

Suppose the latter case holds, then we would have (z,8Y) = 49 whereas (\,§") = 50. So
there would be only two ways in which z could occur (z = A — z1 + z where z; € E[1] or
x = A+y1+2 where y; € E[—1]). Here II\J = {a4} and one finds that —21 < (z, o) < —19.
On the other hand, (—wg j(w-0),a)) = —17. Since (v, @) is an integer, these bounds show
that we cannot have = —wg_j(w-0)+7v for any v, contradicting our assumption. Therefore
(v,aV) =0 for all a € J.

Now, our standard argument can be used to show that (v, ) = 0. Since (—wg j(w-0),8")
and (), d") differ by 8 there are numerous ways we can express z in the form A —a + b + z.

One finds that —21 < (z,a") < —12. Since (—wp j(w - 0),f) = —17, In order to have
x = —wg s(w - 0) + 7v, we must have (v,ay) = 0.

Type Fy:

[ =11: Here A = —wy j(w - 0). Hence z = A+ z, and z would need to equal lv. However, for

a € T1\J, one finds that —4 < (z,a") < 5. Hence, z cannot equal 11v unless v = 0.

[ = 9: In this case, (—wg s(w-0),6") and (\,") differ by two. There are five ways we can
express z in the form A\ — a + b+ z. For a € II\J, the bounds on (z,a") allow for the
possibility that (v, ") # 0. Using MAGMA, we compute all possibilities and see that in fact
the only solution is when v = 0.

[ = 7: In this case, (—wp j(w-0),8") and (\,6") differ by one. There are two ways we can
express x in the form A\ —a + b + 2. For a € II\J, the bounds on (z,a") allow for the
possibility that (v,a") # 0. Using MAGMA, we compute all possibilities and see that in fact
the only solution is when v = 0.
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I = 5: Here A = —wp j(w -0). Hence x = X + z, and z would need to equal {v. Here
I1\J = {a2}, and one finds that 0 < (2,3 ) < 1. Hence, z cannot equal 5v unless v = 0.
Type Ga:

I =5: Here A = —wp j(w - 0). Hence x = A + 2, and z would need to equal [v. However,

II\J = {2}, and the only choice for z (other than empty) is z = (0,1) with (z,a3) = 1.
Hence, 2z cannot equal 5v unless v = 0.

5. Cohomology of H®(u¢(g),C)

The identification of H®(us(g),C) for small I will proceed in steps. Our computations are
motivated by the determination of the support variety Vg(F) which may be identified with
the restricted nullcone Nj(g). By [CLNP], the restricted nullcone Ni(g) may be identfied
with G - uy for some subset J C II. When p > h, we simply have J = @ and uy = u. To
understand the cohomology of u¢(g), we consider the parabolic subgroup Pj associated to
this subset J C II with w(®g) = ®y.0 = ®;. In Section 5.1, the cohomology of uc(g) will
be related to that of u¢(ps), and in Section 5.2, the latter cohomology will be related to the
cohomology of u¢(uy). Section 5.3 presents a key computation for H®(u¢(uy),C) which will
then be used in Section 5.5 to compute H®(u¢(g), C)

Throughout this section, fix J C II. While the goal of this paper is to make cohomological
computations in the case that [ < h, we note that the arguments are also valid for [ > h. In
that case, we would have &g = @, J = @, and w = Id. Then P = B, U; =U, L; =T,
p;y="b,u;y =u, [; =t and the module M = (indUC(pJ)

Uee) W 0)* = C. As such, our results
encompass the known results for large [ in [GK].

5.1. Let w € W with w(®g) = ®;. By Lemma 4.1.1, w - 0 is dominant on J. There exists
a spectral sequence (cf. [Janl, I 4.5]):

=

(5.1.1) By = Rind S0 Riind$ (0w -0 = R ind; (0w - 0.

Uc(ps) U¢(b)

=

But, w-0 is dominant on .J so R’ indg< (EJ )
¢(b)

and yields by [A, Cor. 3.8]

w-0 = 0 for 7 > 0. This spectral sequence collapses

C ifi=¢(w)
0 if i L(w).

The following spectral sequence provides a connection between the cohomology of uc(p.r)
and that of uc(g).

i qUc(@) o Uc(pr) iz qUc(e)
(5.1.2) R 1ndU§(pJ)(1ndU§(b)J w-0)=R mdUz(b)w 0= {

Theorem 5.1.1. Let w € W such that w(®g) = Py.0 = Py where J C II. There exists a
first quadrant spectral sequence

i i : . U, i+7—L(w
Ey’ = R'indf, I (UC(pJ),mdUEEE)J) w-0) = HH = (u(g),C).

Proof. We follow the construction in [Janl, I 6.12]. Consider the functors

. U, .
Fi(—) = Homu<(g)(C, 1ndU§Eg?])(—)) and Fo(—) = 1nd1§JH0mu<(pJ)((C, =)
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with F1,F2 : Us(ps)-mod — Us(g)-mod (or G-mod). The reader should observe that we
are implicitly using the Frobenius map (cf. Section 2.3) and the following identification of
functors:

.G Uc()/ /uc(9)
indp, (—) = mdU<(pJ>//u<(m>( )-

The functors F; and F5 are naturally isomorphic and there exist two spectral sequences:

B = Hi(uc(g), Riind <<9))('ndU<(P”w-0)) (R F) (ind P w - 0);

Ue(r.) M0 (o) U (b)
2,7 is ; . U, i U,
(5.1.3) EY = R'ind%, B (uc (p J),mdUggf;)’) 0) = (R 7, )(md[;g‘;;’w 0)

necessarily converging to the same abutment.
By (5.1.2), the first spectral sequence collapses and we can identify

'Y w . U ~ Y w U ~Y °
(R F,) (ind S8 w - 0) 2 H (ug (g), R*indyé (8w - 0) = H*(uc (g), C).

Combining this with the second spectral sequence (5.1.3) proves the theorem. 0O

5.2. We can reidentify the Fo-terms of the spectral sequence in Theorem 5.1.1 by using the
spectral sequence in Lemma 2.8.1 for u¢(uy) <ue(py). Note that ue(py)//uc(uy) = ue(ly).
We have
By = H(uc(ly), ind; < *) w - 0)) = H dpe) 0
2 = (UC( J)7 (uC(uJ)vln Ue(b) w )) (UC(PJ) in Ue(b) )
All of the cohomology groups involved admit an action of U¢(p ;) induced from the Ad-action.
Further, the action of the subalgebra u¢(p ) is trivial. Hence, there is an action of U(ps) (or

equivalently P;). Moreover, the spectral sequence preserves this action.

<(PJ)

Since ind;; w-0 is trivial as a U (uy)-module, the left-hand side of the spectral sequence

may be reldentlﬁed as follows:

(5.21) B = H (uc(1y), B (ug(uy), ) © indge %) w - 0) = B (ug (p ), indg 5 w -0).

Uc(b) ¢(b)

Proposition 5.2.1. Let w € W and J C II be such that w(®¢) = ®;. Then for all j > 0
there is an isomorphism of U(p)-modules

B (ug (py ), indyy (o)) w - 0) 2 Homy, 1, ((indy (b w - 0)%, WY (ug (), €)).

Proof. Since indgggg‘)]) w - 0 is projective as a u¢(l7)-module, in the spectral sequence (5.2.1),

E;] = 0 for all 0. Thus the spectral sequence collapses giving for all j > 0

Hj(uc(pJ),indggg';;)w.O) Hom,()(C, H (u¢(uys), C) @ indp <0 w - 0)

pJ
Uc(b)

~ Hom,(;,) (ind; (47w 0)", W (ug (), €)).
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5.3.  The following theorem now gives an identification as Ug—modules (or equivalently
U(h)-modules where h C g is the Cartan subalgebra) of the Hom-group appearing in Propo-
sition 5.2.1.

Theorem 5.3.1. Let [ be as in Assumption 1.3.1 and w € W such that w(®g) = @ .

(a) Suppose that 11 n + 1 when ® is of type A, and |l # 9 when ® is of type Eg. Then
as Uco-modules

. U £ 118 ~ Qi)

Hom,,)((indf 57 w - 0)*, H'(ug(u)). €)) = 575" (up)1.

(b) If ® is of type A, withn+1=1(m+1) and w € W is as defined in (4.8.1), then as
Ug-modules

-1

s—L(w)—(m+1)t(I—t) «
@S 2 (UJ)[H & lwt(m+1),
t=0

1

. Uc(p. * 118

Homug([J)((lndUEEE)])w-O) JH% (u¢(uy),C))
where wy = 0.

(c) If @ is of type Eg and l =9 (assuming that w and J are as in Section 9.1), then as
Ug—modules

s—L(w)
2

Hom )((indgg(p‘]) w-0)", H¥(u¢(uy),C)) =

* 5220,
o) Wl o (87 @) @ 1)

W)l g zw6) :

uc(ly
s—20

EB(S2

Proof. For convenience set M = (indgzgz)ﬂ w - 0)* and G(—) = Hom, ((,)(M,—). Since the

module M is injective (equivalently projective) as a wu¢(ly)-module, the functor G(—) =
Hom,, (,)(M, —) is an exact functor.

The argument will proceed by induction on successive quotients of U (uy) (cf. [GK, 2.4]).
Let N = |#T\®F|. Note that N previously was used to denote |[®*|, but this should not
cause any confusion here. As in Section 2, choose any fixed ordering of root vectors fi,
fa, .., fv in U¢(uy) corresponding to the positive roots in <I>+\<I>j. For purposes of this
argument, the precise ordering is irrelevent. Recall that each fll is central in U (uy). For
0<i<N,set A; = Z/{C(UJ)//<f{, fh .o, fY) where {...) denotes “the subalgebra generated
by ...” (With Ay = L{C(uj)). Note that Ay = uc(uJ). For 1 <i< N, set B, = <fll> C A1
be the subalgebra generated by fl-l. Note that each B; is a polynomial algebra in one variable.
Note also that B; is normal (in fact central) in A;_1, and A;_1//B; =2 A;. For 0 <i < N,
let V; be an i-dimensional vector space with basis {1, z2,...,z;}. Further consider V; as a
Ug—module by letting x; have weight ~;. That is, each z; is “dual” to the element f;. In
particular, Viy = u’. Here Vj = {0}.

Consider first part (a). We prove inductively for 0 < i < N that as Ug-modules we have

STV if s = 2r + £(w)
0 else.

G(H*(4;,0))) = {

The case ¢ = N is precisely the statement of the theorem. For ¢ = 0, this is precisely Theorem
4.3.1 where by convention we take S°(V) = C.
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Assume now that the claim is true for ¢ — 1, and we will show that it is true for i. We will
make use of the LHS spectral sequence of Lemma 2.8.1 for B; <{A;_;. Since B; is a polynomial
algebra in one variable, its cohomology is an exterior algebra in one variable. Precisely, for
each i, we have as a U, g-module:

C ifb=0
H(B;,C) = ifp=1
0 else,

where C; is a one-dimensional vector space with basis element x; (i. e., of weight ;).
The spectral sequence is

E3Y = H*(A;, HY(B;,C)) = H*"b(4;_,,C).

The algebra A; acts on B; via the Ad-action. By Corollary 2.7.4(b), this action is trivial.
Therefore this spectral sequence can be rewritten as

Ey" = H(4;,C) © H'(B;, C) = H***(A;1,C).

Alternately, this easily follows from the above description of Hb(B,-, C).

Again using the Ad-action, uc(l7) acts on all terms of the spectral sequence and this action
is preserved by the differentials. Since the functor G(—) is exact, we can apply it to the above
spectral sequence and obtain a new spectral sequence. For convenience, we abusively use the
same name:

By = G(H(A;,C) © H'(B;,C)) = G(H*"(4;-1,0)).

The above description of H’(B;,C) shows that uc(I;) acts trivially on it. And hence, this
spectral sequence may be rewritten as

By" = G(H"(4;,0)) © H'(B;,€) = G(H"""(4i-1,0)).

Observe that Eg’b = 0 for b > 2. That is, the spectral sequence consists of at most two
nonzero rows. So only the first differential dy : Ey . E¢21+270 could potentially be nonzero.
The first row Ej 0 = H%(A;,C) is precisely what we are trying to identify inductively. Note
also that for all a, the second row Ej 1o E5 ) (Cgl}. In particular, £ 1 £ 0 if and only if
ES° #0.

By the inductive hypothesis, we know that the abutment

ST(Vi)Wif a4 b= 2r 4 L(w)
0 else.

g(Ha+b(Ai—17C)) = {

In particular, G( H**?(4;_1,C)) = 0 for a + b < £(w).

Let A > 0 be least value of a such that Ej 0 # (0. Hence, A is necessarily the least value of
a such that Eg’l # 0. In particular, E§_2’1 = 0 and hence E’ = E;"O/dg(Ef_z’l) = E?’O.
By the inductive hypothesis, we conclude that A = ¢(w). So for all a < ¢(w) we have

G(H"(A;,C)) =0.
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Next we claim that Eé(w)-{—a,o =0 = Eg(w)Jra’l for all odd @ > 0. This can be seen

inductively on a. For example, since Eg(w)_l’l =0,

Eg(w)+1’0 _ Eg(w)—i-l,o/dz(Eg(w)—l,l) ~ Eﬁ(()w)—i—l,o - g(Hf(w)-i-l(Ai_l’ (C)) =0.

Inductively, for odd a > 0, we similarly have Eg(w)+a_2’1 =0 and so

Eé(w)—i—a,o _ Eg(w)—i-a,o/dz(Eg(w)+a—2,1) ~ Eﬁ(()w)—f—a,o C g(HZ(w)—I—a(Ai_l’ (C)) —0.
In other words, for all odd a > 0, we have (as claimed)
G(H‘™Fa(4,,C)) = 0.
Summarizing: our spectral sequence has Eg’b = 0 for a < ¢(w) and Eg(wHa’b = 0 for all
odd a > 0. That is, the columns are initially zero and then begin to alternate nonzero

(potentially) and zero thereafter.
Further, for all even a > 0, we then have

ker{ds : Eg(w)Jra’l — Eg(w)+a+2’0} C Eﬁéw)Jra’l C Q(HZ(wHaH(Ai—l’C)) = 0.
Therefore ds : Eg(wHa’l — Eg(w)+a+2’0 is injective. Hence, we have for all even a > 0,
Eé(w)+a,o/E§(w)+a—2,1 ~ Eé(w)m,o/dz(Eg(w)+a—2,1) o plw)+a0
=~ G(HM™T(4,;_1,C)) = §*2 (Vi)
So we have a short exact sequence of Ug-modules:
0 — Eg(w)+a—271 R Eg(w)+a70 592y o,
But identifying these Es-terms gives
0 — G(H 24, C)) @ €} — G(H*(4;,C)) — SV, )l — 0.
Inducting now on even a > 0, we may assume that
Q(Hg(w)‘F“_Q(Ai, (C)) — 5(a—2)/2(vi)[1}.
The short exact sequence becomes
0 — S(“_Q)/Q(Vi)m ® (sz R g(Hf(w)-l—a(Ai’ (C)) R Sa/Q(Vi_l)[l] 0
or setting a = 2r,
0 — Sr—l(‘/i)[l] ® C,m R g(Hf(w)“’“(Ai,(C)) - ST’(VZ-_1)[1] _0.
Hence as a U, g—module,
Q(HZ(w)HT’(Ai,(C)) ~ (s vl @ <c£”) @ ST (Vi)W

The left hand factor consists of r-fold symmetric powers in the x; which contain at least one
x;, while the righthand factor consists of r-fold symmetric powers in x; with 1 < j <4 — 1.
Hence

g(HZ(w)+2r(Ai7(c)) o S”(Vi)m
which along with the above conclusions verifies the inductive claim and hence part (a) of the
theorem.
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For parts (b) and (c) a similar argument can be used whose details are left to the interested
reader. Of crucial importance here is the degrees in which the “extra” classes arise in parts (b)
and (c) of Theorem 4.3.1. For example, consider part (b). We have G(H'(U(u;),C)) = 0
unless i = l(w) + (m + 1)t(l —t) for 0 < t < 1 —1. Observe that t(I — t) (and, hence,
(m + 1)t(l —t)) is necessarily even. Thus the extra cohomology classes appear in degrees
having the same parity as ¢(w). As such, in the above argument, we will have a similar
phenomenon happening in the spectral sequence: Fy b —0fora< (w) or a = £(w)+a’ with
a’ > 0 being odd, and the analogous argument will give the claim. Similary in part (c), we
see that the extra cohomology classes lie in a degree with the same parity as £(w).

|

5.4.  As mentioned previously, the Hom-groups in Theorem 5.3.1 admit an action of U(p )
induced from the Ad-action. On the other hand U(p;) acts naturally on u; by the adjoint
action or on uj by the coadjoint action. This can be further extended to an action on
S°®(u}). With this action, the isomorphisms in Theorem 5.3.1 also hold as U(py)-modules (or
equivalently Pj-modules).

Lemma 5.4.1. The isomorphisms of Theorem 5.3.1 also hold as U(py)-modules where the
actions are as described above.

Proof. Consider first the generic case - part (a). We use notation as in the proof of Theorem
5.3.1. Let Z; = (fl,..., f\) C Uc(uy) be the central subalgebra such that U (uy)//Z; =
uc(uy) (cf. also Section 2.7). Consider the spectral sequence

EYY = H%(uc(uy), H'(Zs,C)) = H (U (uy),C)

given by Lemma 2.8.1. This is a spectral sequence of U¢(ps)-modules. Since u¢(ps) acts
trivially on H’(Zy,C) (cf. Corollary 2.7.4(b)), this may be rewritten as

Ey* = H(uc(uy), C) © H'(Z;,C)) = H U (uy), ©).
Further, applying the functor G(—) we get a new spectral sequence (using the same name)
By" = G(H"(u¢(us), C)) ® H(25,C) = G(H U (us), ©)),

whose differentials still preserve the action of U¢(py). Since uc(uy) acts trivially on both
H®(u¢(uy),C) and H®*(Ue(uy), C), and uc(ly) = uc(py)//uc(ur), we have

g( H* (uC(uJ)v (C)) = Homuc([J) (Mv H.(UC(uJ)v (C)) = HomUC(pJ)(Mv He (uC(uJ)v (C))
and

G(H* (Ue(uy), ©)) = Hom, 1, (M, H* Ue(uy), C)) = Hom,, (M, H* U (1), C)).

Therefore, u¢(py) acts trivially on this new spectral sequence, and so this is a spectral se-
quence of U(ps)-modules.

By Theorem 4.3.1, the abutment is nonzero only when a + b = ¢(w) in which case it is the
trivial module C. And by Theorem 5.3.1, as U(h)-modules, we know that G( H%(u¢(uy),C)) =

a—L(w)

S72 (u%). Also, the algebra Z; is a polynomial algebra and so its cohomology as an algebra
is an exterior algebra. Moreover, by [ABG, Cor. 2.9.6], as U(b)-modules, H*(Z;,C) = A®(u?)
(i. e., the ordinary exterior algebra on u%), where the action of U(b) on A®(u%) is given by the
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coadjoint action. Since H*(Z;,C) is a U(ps)-module and the coadjoint action on A®(u%) can
be extended to pj, by applying indggg‘)])(—), we see that H*(Z;,C) = A®(u}) as ps-modules.

As in Theorem 5.3.1, Eg’b = 0 for a < ¢(w) and Eg(w)—i-a,b = 0 for odd a. Consider the
term

Eé(w)+2,0 _ g(HZ(w)+2(UC(uL]),(C)) ~ Sl(u*J) - uj,

where the latter identifications are as U(h)-modules. We will see this also holds as U(p)-
modules. Since Eﬁf}”)’l =0 and Eﬁéw)”’o = 0, the differential ds : Eg(w)’l — Eg(w)+270 is an
isomorphism of U(ps)-modules.

Since Eg(w)’l =H'(Z;,C) 2 u* as a U(p,)-module and Eg(w)+2,0 =g( Hz(w)+2(u<(uJ), C))
u’ as a U(h)-module, this latter identification must also hold as a U(p;)-module.

As already noted, the U(py)-structure of the terms

12

By = H(25,C) = A'(u)

is determined by the coadjoint action. Further, we can now say that the U(ps)-structure of
the terms

BT — G(HAIF2 (4 (u)),C©)) @ HY(Zy,C) 2 wh @ AP(u%)
is determined by the coadjoint action. Therefore, since Eﬁgw)H’O = 0, the U(ps)-structure of
é w 470 w ~J %
By = G(HO (g (uy), ©)) = S (u))

(w),b

(with isomorphism as a U(h)-module), which is determined by the structure on Eg and

Eg(w)”’b, must also be determined by the coadjoint action. Inductively, we conclude that
indeed the U(ps)-action on
a—L(w)
G(H" (u¢(uy),C)) =572
is given by the coadjoint action.

For parts (b) and (c), a similar argument may be used. The key here (as in Theorem 5.3.1)
is that the additional classes in Q(H’(u J,(C)) lie in degrees which have the same parity as
{(w). Further, the additional classes have distinct (nonzero) weights which are not strongly
linked as noted in Remark 4.3.2. 0O

(u})

5.5. Proof of Theorem 1.3.2. Let us recall the following vanishing result due to Broer
[Br2, Thm. 2.2] and extended to a more general setting by Sommers [Sol, Prop. 4.2]. Let J
be an arbitrary subset of II. Then

(5.5.1) R'ind@ S*(w5) @ A =0

for i > 0 and A € X(Py)4+ where X(Py)+ is the set of dominant weights inside the character
group X (Pjy). This vanishing result is proved using the Grauert-Riemenschneider theorem.
We can now prove the first of our main theorems which provides a precise description of the
cohomology of quantum groups at roots of unity in the case that ( is a primitive Ith root of
unity.
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Proof. (i) According to Proposition 5.2.1, Theorem 5.3.1(a), and Lemma 5.4.1, we have, as
U(ps)-modules,
i—£(w)

Y (e (py), indggﬁgj) w-0) = 872 ().

By substituting this identification into the spectral sequence given in Theorem 5.1.1, we have

B = Riindg, §72" () = HH ) (4 (g), C).

We can now apply (5.5.1) to conclude that Eéj = 0 for ¢ > 0, thus the spectral sequence
collapses to yield

H’ (uc(g), C) = indf, 52 (u7).

This gives part (a) for those types listed in (b)(i). According to Theorem 3.7.1, ind% S (uy) =
C[G - uy] = CIN(®g)], which gives part (b)(i).

(ii) In this case we have the following spectral sequence (using Proposition 5.2.1, Theorem
5.3.1(b), and Lemma 5.4.1),

-1
.. . j—(w) —(m+1)t(1—-t) i+7
By = @ R indf, 5775 105) © @) = B (ug(g), C).
t=0

One can again apply (5.5.1) because we are tensoring the symmetric algebra by weights in
X(Py)4, thus the spectral sequence collapses and yields part (ii) of (a) and (b). One can
argue similarly for part (iii) using Theorem 5.3.1(c). In that case ¢(w) = 8. O

6. Finite Generation.

This section provides provide a proof of Theorem 1.3.4 in Section 1.3.

6.1. For part (a), if I f n + 1 when ® is of type A, [ # 9 when ® is of type Eg, and
1 # 7,9 when @ is of type Eg, then H*(u¢(g),C) is by Theorem 1.3.2 the coordinate algebra
of the affine variety N (®g), so the cohomology algebra is a finitely generated C-algebra.
If I | n+ 1 when @ is of type A, or I = 9 when ® is of type Fg, we have H*(us(g),C) =
&b inng S®(u%)® By being a finite sum where each B, is finite dimensional. Thus, the algebra
R :=H*(u¢(g), C) is finitely generated as a module over the subring ind% S®(u) = CIN ()]
so, by the Hilbert Basis Theorem, R is finitely generated. Lastly, if | = 7,9 when ® is of type
Eg, then H*(us(g),C) = ind% S®(uy) = C[G xp, uy] (cf. Section 3.7). Let O denote the
corresponding nilpotent orbit (cf. Section 9.1). That is, G - u; = O. Since the moment map
G xp,u; — G -uy is a resolution of singularities (that portion of the proof of Theorem 3.7.1

still holds), C[G xp, uy] = C[O] (cf. [KP] or [Sol]). We have C[O] C C[O] and, by [Jan3,
Prop. 8.3], C[O] is the integral closure of C[O] in its field of fractions. Since C[O] = C[G -u,]
is finitely generated, C[O] = C[G x p, uy] = H*(u¢(g),C) is also finitely generated by [Mat,

p. 261-63] and [Kun, Cor. 2.4].

Remark 6.1.1. Part (a) of Theorem 1.3.4 holds if [ is as in Assumption 1.3.1.
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6.2.  Part (b) will be proved in Section 6.3. We first make some preliminary observations.
In Section 2.9, a filtration was introduced on U¢(u;) which can be restricted to u¢(uy).
Since u¢(uy) is finite dimensional, the induced filtration on the cobar complex computing the
cohomology H®(u¢(uy),C) is finite. As in the proof of part (b) of Proposition 2.9.1, there is
a spectral sequence as follows.

Lemma 6.2.1. There is a spectral sequence
By = H™V (gruc(uy),C)u) = H ™ (ue(uy), C)
of graded algebras and Ug—modules.

Note that since the filtration on u¢(ur) is finite, this spectral sequence has only finitely many
columns, and hence eventually stops.

Globally, we have E}"* = H*(gruc(uy),C). By [GK, Prop. 2.3.1], there exists a graded
algebra isomorphism

(6.2.1) H®(gruc(uy),C) = S®%(u)) @ AZ ;.

This is also an isomorphism of Ug-modules with ug acting trivially on the symmetric algebra.
Further, under the isomorphism (6.2.1)

(6.2.2) H'(gruc(uy),C) = @ s*wp)leAl ;.
2a+b=n

By the isomorphism (6.2.1), E7*® is finitely generated over a subalgebra which is isomorphic

(as algebras and UC -modules) to S’( )[1] For notational convenience, we abusively consider

S (u )[1] as a subalgebra of FE7"°. Under mild conditions on [, this subalgebra consists of
unlversal cycles.

Proposition 6.2.2. Let [ satisfy Assumption 1.3.8 and J C II. In the spectral sequence of
Lemma 6.2.1, di(S*(u)1) = 0.

Proof. From (6.2.2), the submodule S* (u%)[!] is identified with a submodule of H?(gr u¢ (1), C).
As such, the image of S! (u’f,)m under d; must lie in

H? (gr uc(uy), ©) = (8" () @ AL ;) © A,

A UC -homogeneous element z, of S*(u )[1] has weight lo for some o € T — CIDj. Hence, by
weight considerations, if the image of x, is not zero, it cannot lie in S*(u J)“] ® Aé, ;- On the
other hand, for x, to have nonzero image in Ag » We must have lo = 71 + 2 + 73 for three
distinct (positive) roots ; € ®+ — <I>JJF. Under the given conditions on [, this is not possible.
To see this, we argue by the type of .

For any weight 7 which lies in the positive root lattice, we can write n = ) Bell ny g3 for
unique n, 3 € Z>g. Set v := y1 + v2 + 3 for v; as above. In order to have v = lo, [ must
divide n, g for each 8 € IL.

In type Ay, for each v; and 3 € II, we have n,, 3 < 1. Hence n,g < 3, and the claim
immediately follows for [ > 3. For | = 3, we could only have 30 = v if v = 9 = 3 which
contradicts our assumption.
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For types B,, Cy,, and D,, ny3 < 6. Hence the claim follows if [ > 7. Suppose [ = 5
and n, g = 5 for some 3 € II. Without a loss of generality we may assume that n., g =
2, ny,3 = 2, and n,, 3 = 1. Observe that there is necessarily some 3 € II such that
Ny 3 = 1, ny, g = 1, and n,, g € {0,1}. Thus n, g € {2,3} and so cannot be divisible
by 5. In types B, and C, when [ = 3, the condition can be satisfied (e.g., in type B,
a1 + (o1 + a2) + (a1 + 2a2) = 3(a1 + az)).

On the other hand, in type D, the condition is still not possible when [ = 3. To see this,
suppose on the contrary that 30 = v + 2 +v3 =v. If n,, 3 < 1 for each ; and all 3 € 1I,
then we are done as in type A,. Suppose now that n,, 3 = 2 for some 3 € II. Recall that if
n is a positive root with n, g = 2, then (in the standard Bourbaki ordering)

n=a;+ a;+2a41+ -+ 205 2+ a1+,

for some j > i. Hence we have n,, o, » = 2, Ty,,a,,_; = 1 and n,, o, = 1. In order to have
Nyan_y = 3 = Nya,, We must also have 1, 0, = Nypan = Nysan; = Nyza, = 1. TO
have ny 4, _, divisible by 3, there two cases to consider: either n., o, , =1 and 14,4, _, =0
OF Ny ap_y = 2 = Nysa,_,. However, there are no such roots 73 satisifying 1+, q,_, = 0,
Nygan_y = 1, and N, o, = 1. So the first case is not possible.

Suppose the latter case holds. Then for each i, ny, 4, , € {1,2}. If these numbers are
not all 2 or all 1, then we are done. If each n,, o, ; = 2, inductively computing n,, g for
B = au, with m < n — 3 either we are done or we come to the case that n,, 3 = 1 for each
. Continuing from that case, since the 7; are distinct, there is some 3’ = «,, with m’ < m
such that n,, g = 1, n,, g € {0,1}, and n,, g = 0. Hence n, g is not divisible by 3, and we
are done.

For the exceptional types, one can check “by hand”, using for example MAGMA, that the
root condition lo = 1 4+ 2 + 3 cannot hold for [ > 3.

Hence, under our assumptions on [, we must have d; (S 1(uj)m) = 0. Since the differentials
in the spectral sequence are derivations with respect to the cup product, it follows that
i ($*(wy)l) = 0. .

6.3.  We now prove part (b) of Theorem 1.3.4. Let M be a finite dimensional u¢(g)-module.
Without a loss of generality, we may assume that M is an irreducible u(g)-module because
of the following proposition which is easily proved by using induction on the composition
length of the module and the long exact sequence in cohomology.

Proposition 6.3.1. Let R := H*(u¢(g),C) and M be a finite dimensional u¢(g)-module.
Suppose that H*(uc(g),S) is finitely generated over R for all irreducible u¢(g)-modules S.
Then H®(uc(g), M) is finitely generated over R.

Let S be an irreducible u¢(g)-module. Since S lifts to a U¢(g)-module, there exists a

spectral sequence of R = ind% S°®(u¥)-modules (obtained in a manner analogous to that of
Theorem 5.1.1):

By’ = Riind(, 1 (ug(p), indy 5w - 0® 5) = H ) ug g), 8).

Using this spectral sequence, it suffices to show that D := H®(u¢(p J),indgzggij v 0® S)

is finitely generated over S°® (u*J)m because then E;" is finitely generated over R for each 1.
Further, this spectral sequence stops (i.e., E,. = Eo, for r sufficiently large) because the higher
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right derived functors Riindg]— vanish when ¢ > dim G/Py. Thus E., is finitely generated
over R, and H*(uc(g), S) is finitely generated over R.

To show that D is finitely generated over S'(uj)m, observe that one can use the LHS
spectral sequence (Lemma 2.8.1) to show that

~ . U (p. * °
D = Homug([(])((mdUzgz)])w L0)*, H* (uc(uy), S)).

By the same principles as used in the proposition above, it suffices to show finite generation
when S is an irreducible u¢(py)-module. Note that irreducible u¢(p.s)-modules are obtained
by inflating irreducible u¢(l7)-modules, so u¢(uy) acts trivially on S. Now we have

~ . U B k * (]
D= Homug([(])((mdUEEE)])w L0)* ® %, H* (uc(uy), C)).

But, (indgggg‘)])w -0)" ® S* is a projective uc¢(ly)-module. Thus we need to show that

Dp = Hom,(1,) (P, H*(u¢(uy), C)) is finitely generated over S®(w5)! where P is an arbi-
trary projective indecomposable u¢([)-module. Observe that H®*(u¢(uy),C) = @pDp where
the sum is taken over all projective indecomposable u¢([y)-modules. We are now reduced to
proving that H*(u¢ (1), C) is a finitely generated S*®(u*)!!-module.

Consider the spectral sequence of Lemma 6.2.1 and the first differential d;. By Proposi-
tion 6.2.2, d;(S*(u%)!1) =0, so by the argument given in [Bal, it follows that H®(u¢(uy),C)
is finitely generated over S®(u%)!.

7. Frobenius kernels

7.1.  Let G be a reductive connected algebraic group scheme defined over F, and F' be an
algebraically closed field of characteristic p > 0. Let Fr : G — G be the Frobenius map and
G, = ker Fr" where Fr" is the composition of Fr with itself r-times. Friedlander and Parshall
[FP2] computed H*(Gq, F) for p > 3(h — 1) by showing that H**(Gy, F) can be identified
with the coordinate algebra of N and that the odd degree cohomology vanishes. Andersen
and Jantzen [AJ] provided a different proof and showed this also holds when p > h. In the
same paper, they provide some ad hoc calculations of the Gi-cohomology for small primes.
In this section we will demonstrate how these calculations fit into our general set up.

Given a rational G-module M, let M) denote the module obtained by first applying
the Frobenius morphism to G and then acting as given. Note that the Frobenius kernel G
acts trivially on such a module. Conversely, given a rational G-module N on which G; acts
trivially, there exists a rational G-module M such that N = M. We write M = N1 (cf.
[Janl, IT 3.16]).

7.2.  For J C II, we formulate two assumptions. The first assumption involves Grauert-
Riemenschneider vanishing:

(A1) Rind®, S®(us*) =0 for i > 0.
(A1) R'indf, S®*(us*) ® A =0 for i >0 and A € X (Py).

The second assumption on J is a condition on the normality of the closure of the Richardson
orbit defined by J:

(A2) The variety G - uy is normal.
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These two assumptions hold in the case when the field is C and were used to compute the
cohomology for quantum groups. When F' is an algebraically closed field of characterstic
p > 0, much less is known about the validity of (A1) and (A2). In this situation, the nullcone
N is still normal and Kumar, Lauritzen, and Thomsen [KLT] have shown that the closure
of the subregular orbit is normal. Thomsen [Th, Prop. 7] has also shown that closures of
Richardson orbits whose corresponding set .J consists of a set of pairwise orthogonal short
simple roots are normal. Donkin [D] proved that all orbit closures in type A, are normal.
Christophersen [C] has recently determined the nilpotent orbits for type Eg which have normal
orbit closure when p > 5.

7.3.  One can now use the assumptions (A1) and (A2) to formulate when the cohomology
algebra for (G1 identifies with the coordinate algebra on the restricted nullcone. Note that
the proof here is simpler than in the quantum group setting due to the fact that the exterior
algebra A®(u%) has a natural structure as a Py-module whereas the quantized exterior algebra
A? ; does not admit a natural structure as a Ug (ps)-module.

Theorem 7.3.1. Let G be a reductive algebraic group and assume that p > 3 and p is a very
good prime. Let w € W such that w(®g) = ©.
(a) If J C1II satisfies (A1), then
(i) H?*(G1,F) = ind§, S*(w));
(i) H**(Gy, F) = 0.
(b) If J CII satisfies (A1) and (A2), then
(i) H*(G1, F) = FIN/(®)]
(ii) H2*TY(Gy, F) = 0.

Proof. Let w be in W such that w(®g) = ®,,.0 = ®; where J C II. One can use an argument
similar to that given in Section 5 with the functors

HomGl((C,inng(—)) and ind%/ (Hom(p,), (C, —))

Py/(Pr)
(from Pj-mod to G/G1-mod) to construct a first quadrant spectral sequence
(7.3.1) By = [R'ind@ (H/((Py)1,ind) w- 0)"D)® = HH - (G, F).

Next one can apply the LHS spectral sequence and the fact that indg‘] w - 0 is an injective
(Lj)1-module to conclude that

(7.3.2) Homyy,,, (F,ind} w- 0@ B ((Uy)1, F)) = H ((Py)1,ind} w - 0).

In order to compute H*((Uy)1, F'), there is a first quadrant spectral sequence of Py-modules
[Janl, I 9.16]:

(7.3.3) Ey =S uwh)W @ A (uh) = HEH ((Uy)y, F).

Since inng w-0 is an injective (L)1-module, we can compose the spectral sequence in (7.3.3)
with Homp, , (F, indg‘] w-0® —) and use (7.3.2) to construct a spectral sequence:

(7.3.4) By = S'(uwy)W @ Homy,,, (F.ind}y w-0® A (w*)) = H*H((Py), ind/w - 0).
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Now one can use the same analysis as in Section 4 with the Steinberg module to conclude
that (analogous to Theorem 4.3.1)
, F ifj=/¢
Hom g, ), (F, inng w-0® AN (uy)) = { if j = t(w)

0 else.

Therefore, the spectral sequence (7.3.4) collapses and yields:

i—0(w)
2

H((Py)1,indjw-0) =S =2 (uh)D.
By using this isomorphism and assumption (A1), the spectral sequence (7.3.1) collapses and
we obtain part (a) of the theorem. For part (b), we simply use (A2) and Theorem 3.7.1.

Once again we can consider the case not covered in the preceding theorem which happens
only when ® is of type A,. This result encompasses Andersen and Jantzen’s computation
when p =n+1 [AJ, §6.A] (corresponding to m = 0). The proof follows the line of reasoning
given in Section 5.5 and Theorem 7.3.1. Details are left to the reader.

Theorem 7.3.2. Let G = GL,,(F). Assume thatp >3 andp |n+1 withn+1=1(m+1).
Let w € W such that w(®g) = ®;. If J C 11 satisfies (A1), then

2e—(m+1)t(p—t)

(a) H*(G1, F) = @), ind3, S~ = (W) ® Dy
(b) H*t1(Gy,F) =0.

7.4.  When J consists of a single simple root the assumptions (Al) and (A2) were verified
by Thomsen [Th, Prop. 7, proof of Thm. 2, Lemma 14], and (A2) has also been verified by
Kumar, Lauritzen and Thomsen [KLT, Thm. 6]. In this case N (®g) is the closure of the
subregular orbit Ogypreg Which occurs precisely when p = h — 1. Consequently, we have the
following corollary.

Corollary 7.4.1. Let G be a reductive algebraic group and assume that p =h — 1.

(a‘) H2.(G17F) = F[asubrog]
(b) H2+(Gy, F) = 0.

Using Thomsen’s work [Th] one can also compute the cohomology algebra for more general
examples when J consists of pairwise orthogonal simple short roots. In these cases, (A1) and
(A2) are satisfied. In particular, Theorem 7.3.1 can be applied to the situation when ® is of
types Ap, Cp, Dy, with p > h/2, ® is of type B, with p > h/2, ® is of type F; with p > 7,® is
of type Eg with p > 7, ® is of type E7 with p > 11, and @ is of type Fg with p > 17. Recent
results of Christophersen [C, Thm. 1, Example 3.15] verify (A1) and (A2) for the group Es
when p > 5 for those subsets J C II listed in Section 9.1, which gives the following result.

Corollary 7.4.2. Let G be a reductive algebraic group with ® = Eg and p > 5

(a) H*(G1, F) = FIN ()]
(b) H>*(Gy, F) =0.
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8. Support varieties of induced modules/Weyl modules

8.1.  Inthis section, we will assume that [ satisfies Assumption 1.3.3. Let R = H?**(u,(g), C).
We have proven that R is a commutative finitely generated C-algebra. Moreover, if M is a
finite dimensional u¢(g)-module, then H®(u¢(g), M) is a finitely-generated R-module. Let
Ju be the annhilator of the action of R on H®(u¢(g), M @ M*), and set V4(M) equal to the
maximum ideal spectrum of R/Jy. The variety Vg(M) is called the support variety of M.
This variety is a conical subvariety of N'(®¢). Moreover, if M is a U¢(g)-module then Vg(M)
is stable under the adjoint action of G.

8.2. Let A € X and let &y = {a € ® : (X + p,a”) € IZ}. We can now present a
result which allows one to compute the supports of induced /Weyl modules provided that one
can conjugate this stabilizer set into a subroot system which is generated by simple roots.
Using the notation of Section 2.10, let Hg()\) denote the U¢(g)-module induced from the one

dimensional U¢(b)-module Cy determined by the character A. In what follows, consider Hg()\)
to be a u¢(g)-module by restriction.

Theorem 8.2.1. Let A € X. Then
() dim Ve(HO(N) = 0] - [@5];
(b) If there exists w € W such that w(®)) = @z, then Vg(Hg()\)) =G -uy.

Proof. For part (a) one can use the proof given in [UGA3, §2] by replacing G with u(g) (resp.
By by u¢(b)). One can do the same in [NPV, §5 and Cor 6.1.3] to see that Vg(Hg()\)) C G-uy.
Part (b) now follows by using the fact that G-uy is irreducible and dim G-uy = |®|—|®)|. O

The following result (generalizing [NPV, (6.2.1) Thm.]) provides a description of the
support varieties of the modules Hg()\) for A € X(T')+ in terms of closures of Richardson
orbits. This is Theorem 1.3.5. There are restrictions on [ even in the case when [ > h. See
the remarks in Sections 3.1 and 8.3.

Corollary 8.2.2. Let g be a complex simple Lie algebra and | be an odd positive integer
which is good for ®. If A\ € X, then there exists w € W such that w(®y) = ®; for some
J CII, and Vg(Hg()\)) =G uy.

Proof. This follows immediately from Lemma 3.1.1 and Theorem 8.2.1. 0O

8.3.  The statement of [Ost, Thm. 6.1] is not correct. Corollary 8.2.2 provides an accurate
formulation. Even though [ > h, one can still have ®) not being W conjugate to ® ; for some
J CII. For example, let ® be of type Fy and let [ = 15 with h = 13. Then
Py, = {a€®: (4p+p,a’)e1bL}

= {ae€®: (5p,a") € 15Z}

= {acd: (p,a’) €37}
In [UGA2, §4.2], it is shown that |®4,| = 12. By a direct calculation with subroot systems
in Fy given by J C II, there is no such J with |®;| = 12. Hence, in this case there exists

no w € W with w(®4,) = ®; where J C II. Furthermore, the same methods used in [UGA3,
Cor. 2.5] show that ding(Hg(élp)) > |®| — |Pyg,| = 36. On the other hand, let I C II

and x1 = ) 7 T (i. €., the regular element in the Levi subalgebra determined by I). The
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arguments in [NPV, §4] [UGA3, §2.6] demonstrate that if w(®4,) N &7 # @ for all w € W
then z; ¢ Vy(H, g (M\)). This information in addition to the “constrictor” technique provided
by [UGA3, §2.8] can be used to prove that

Vg(Hg(4P)) =0(A + j2)

which is not a Richardson orbit. This is essentially the same calculation as for the support
variety of the trivial module over Fy when the characteristic of the field is three (see [UGA2,

§4.2]).

9. Appendix: Tables

9.1.  For each odd integer [ > 1 which is not equal to a bad prime for @, the following tables
give an element w € W and subset J C II such that w(®g) = ®;. The element w is chosen
to be a distinguished right W -coset representative, and identified by means of a reduced
expression in terms of the simple reflections s; = s,,. Similar short-hand is used to denote
the simple roots in J. Also given is the type of @ (or equivalently ®;), the Bala-Carter label
for the nilpotent orbit N'(®¢) = G - uy, and the dimension of that orbit.

Type Eg:
[ | dim N (Do) P J orbit
5) 62 A2 XAl XAl {1,2,3,5} A4+A1
7 66 A1 X A1 X A1 {2,3, 5} E6(a3)
9 70 Al {4} E6(CL1)
11 70 A1 {4} Eﬁ(al)
> 12 72 2 @ Fyg
l w
5 5483592815554595556535556525451535453525154535154835251
7 §48525153545655545356515553525456S55
9 5§3515925554565553
11 S5565253545551535459
Type E7:
l dile((I)Q) P J orbit
) 106 Ag X A2 X Al {1,2,3,5,6, 7} A4+A2
7 114 A2 XA1 XA1 X A1 {1,2,3,5,7} A6
9 118 Al X Al X Al X Al {2, 3, 5, 7} E6(a1)
11 120 Ap X A} X Ay 2,35} FE7(a3)
13 122 A1 X A1 {4, 6} E7(a2)
15 124 Al {1} E7(a1)
17 124 A1 {1} E7(a1)
> 18 126 %] %] by
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Type Ej:

l w

5 54855835254 5953515356555453555655535254525352545655545756545355S¢

7 545283565554565351525554535756555459

9 §4852855545156555354555253545756515253545556S57

11 5$4535255565557565153545253555453515256555453

13 S§7855652535455518253545556575152535455S56

15 5354525554535655545257565554

17 83545255545356555457565552545351
I | dim N (Do) il J orbit
7 212 Ay X Ay x A, {1,2,3,5,6,7,8} | A + A,
9 220 A3 X A2 X A1 {1,2,4, 6, 7, 8} Eg(b6)
11 224 A2 X A2 X Al X Al {1, 2,3, 5, 7, 8} Eg(aﬁ)
13 228 A2 X A1 X A1 X A1 {2,3, 5,6, 8} Eg(a5)
15 232 Al X Al X Al X Al {1,4, 6,8} Eg(a4)
17 232 Al X Al X Al X Al {2,3, 5, 7} Eg(a4)
19 234 A1 X A1 X A1 {2, 3, 5} Eg(ag)
21 236 Al X Al {6,8} Eg(ag)
23 236 A1 X A1 {6,8} Eg(ag)
25 238 A1 {1} Eg(al)
27 238 Al {1} Eg(al)
29 238 A1 {1} Eg(al)

> 30 240 & 16 Lg
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l w

7 8485389545558452515351545253555456555453515254583575658S57S5
54525655545354555657565857585153525455565451535254515253

9 5558654555254535455565152535452555453545256555457565558575651S53

- 848928554583545556555451525354555153548756555254555865751525354S5

11 §4852555354535925655545257565355545556575153545552545655S58

- S87565751535455525458256575351535452555453545835153585756S55

13 5458253848557565857555482535451535459555453515256S5

- 548359555453515758565557565452555354555256535154S53

15 838548955548356555457585655575652545552545657555651535S8S7

- $45553545153565554592575655585354525554535655545257565554
17 54859285545655575651535452555458575655535452515354555657585455565752545556515354
| 525554535158575455535451535655545257565554585753545255545356555452575655545351

19 54525354515356555459257565554535158575655545352545556575854555354
- 51583565554592575655545857565553545255545356555452575655545835158S7
21 8756555845258354555657515354555652545553545153525455S¢
- §354525554535655545925756555453515857S6S5
23 87565554528354555657515354555652545558354515352545586S57S8
- §354528555453565554592575655545351585756555459
25 5$354592555453565554525756555453515857565554525354
27 835459555453586555452575655545351585756555452535455S¢
29 §3545955545356555459257565554535158575655545925354555657S8
Type Fy:
[ | dim N (Do) D w J orbit
5 40 /42 X fll 5§9835452535951525835152S53 {1,3,4} fﬁ(ag)
7 44 441 X f11 5§981545835253545153525453S52 {1,3} fﬁ(ag)
9 46 f41 5482838152 {3 Eh(al)
11 46 /41 §48525351525354 {3} Eﬁ(al)
> 12 48 %] - & Ey
Type Ga:
l lelNl(q)o) <I>0 w J orbit
5) 10 141 S9281 {1} (;2(a1)
>6 12 1% - 1% Go

9.2.  The information listed below for the exceptional Lie algebras is used for justifying
the arguments given in Section 4.9. For each [, the element w € W referred to here is the w
identified in the tables of Section 9.1. All weights (e.g., w - 0) are listed in the weight (or w)
basis.

Type Ej:
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l J w-0 —wp,j(w - 0)
11| {4} |[(0,—-6,—-6,10,—6,0) | (0,—4,—4,10,—4,0)
9 {4} (17_57_5787_57 1) (_17_37 _3787_37_1)
7 {27375} (_376767_11767 _6) (_376767_77 670)
5 [{1,2,3,5} | (4,4,4,—10,4, —5) (4,4,4,-6,4,1)
l (—wo,J(w . O), (5\/> A <)\, (5\/>
11 10 (0,—4,—4,10,—4,0) | 10
9 8 (0,—4,—4,10,—4,0) | 10
7 18 (—2,6,6,—7,6,—2) | 18
5 16 (3,6,2,—6,6, —2) 17
I « (z,av) (—wo,s(w-0),a)
7 (651 —4 <x < 1 -3
Tloag | —7T<*x<-—6 -7
7 (675 —4 <x < 1 0
Type E7:
l J w-0 —wp,7(w - 0)
17 {1t (16,0, —11,0,0,0,0) (16,0, —5,0,0,0,0)
15 {1} (14,0, —10,0,0,1,0) (14,0,—4,0,0,0,0)
13 {4,6} (0,—7,—7,12,—13,12,—8) | (0, -5, —5,12, —11,12, —4)
11 12,35} (—6,10,10, —17,10,-6,0) | (—4, 10, 10, —13, 10, —4, 0)
9 [ {2,3,5,7} (—5,8,8,—14,8,—8,8) (—3,8,8,-10,8,—8,8)
7| {1,2,3,5,7} (6,6,6,—14,6,—7,6) (6,6,6,—10,6,—5,06)
5 {1,2,3,5,6,7} (4,4,4,—15,4,4,4) (4,4,4,-9,4,4,4)

Type Ej:

! <_wO,J(w ) 0)75\/> A </\’5\/>
17 16 (16,0,—5,0,0,0,0,) 16
15 14 (16,0,—5,0,0,0,0,) 16
13 24 (0,—5,—5,12,—11,12, —4) 24
11 30 (—4,10,10,—-13,10,—4) 30
9 32 (—4,8,10,—11,8,-7,8) 34
7 30 (5,8,4,—10,8,—-7,8) 33
5 24 (5,10,4,-10,3,0,5) 27

l o (x,a) (—wo,j(w - 0),a)
15 | ao,ay, a5, a6, a7 | —10 < x < 12 0

15 asg —15<x<4 —4

9 oq —8<x <4 -3

9 QY —-13< %< -6 —10

9 ag —-12<%x <0 -8
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l J w-0 —wp,j(w - 0)
29 {1} (28,0,—-17,0,0,0,0,0) (28,0,—-11,0,0,0,0,0)
27 {1} (26,0,—17,1,0,0,0,0) (26,0,-9,-1,0,0,0,0)
25 {1} (24,0,-15,0,0,1,0,0) (24,0,-9,0,0,-1,0,0)
23 {6,8} (0,0,0,0,—13,22, —25,22) (0,0,0,0,—9,22,—-19, 22)
21 {6,8} (2,0,0,0,—13,20, —21, 20) (—2,0,0,0,—7,20,—19,20)
19 {2,3,5} (—10,18,18,—-29,18,—-13,4,0) (—8,18,18,—-25,18,—5,—4,0)
17| {2,3,5,77 | (—14,16,16, 25,16, 16,16, —11) | (-2, 16,16, —23, 16, —16, 16, —5)
15 {1,4,6,8} (14,-10,—17,14,-13,14,—13,14) | (14,—4,—11,14, —15,14, —15,14)
131 {2,3,5,6,8} (—7,12,12,-26, 12,12, —21,12) (—5,12,12,-22,12,12,—-15,12)
11| {1,2,3,5,7,8} | (10,10,10,—22,10,-18,10,10) | (10,10,10,—18,10,—12,10,10)
9 | {1,2,4,6,7,8} (8,8,—-13,8,—-24,8,8,8) (8,8,—-11,8,-16,8,8,8)
7 14{1,2,3,5,6,7,8} (6,6,6,—25,6,6,6,6) (6,6,6,—17,6,6,6,6)

! <_wO,J(w ) 0)75\/> A </\’5\/>

29 28 (28,0,-11,0,0,0,0,0) 28

27 26 (28,0,-11,0,0,0,0,0) 28

25 24 (28,0,—11,0,0,0,0,0) 28

23 44 (0,0,0,0,—8,22, —21,22) 44

21 0 (0,0,0,0, 8,22, —21,22) i

19 54 (—8,18,18,—-25,18,—8,0,0) 54

17 64 (—7,16,16,—22,16,—15,16, —6) 64

15 56 (16, —5,—15,16,—15,16, —15, 16) 64

13 60 (—7,16,16,—21,7,8,—14,16) 63

11 60 (8,16,7,—21,16,—14,8,7) 62

9 48 (18,7,—-16,10,—14,6,0,10) 51

7 42 (9,18,8,—-21,6,0,0,9) 50
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l o (x,a) (—wo,g(w-0),a”)

27 | as, a5, 06, a7, ag | —18 < x < 20 0

27 Qag 27T <x<4 -9

27 Qy —18 <% <20 -1

25 | ag, g, a5, a7, a8 | —20 <+ < 22 0

25 Qs —27<%x<6 -9

25 Qg —20 < % <22 -1

23 a1, 0, a3, 0y —10 <% <12 0

23 as —20<*x<1 -9

23 ay —26<x<—14 —19

21 aq —14 <% <16 -2

21 a9, 03, 0y —-14 <% <16 0

21 Qs —24 <% <6 -7

21 ary —26 <x < -9 —19

19 oq —-16<x<1 —8

19 Qy —25<*x < —24 —25

19 Qg —-16<x<1 -5

19 ary —-10<*x <12 —4

19 Qs —10<*x <12 0

17 fo%1 —14<x<1 -2

17 Qy —25 <% < —18 —23

17 o 20 <% < -8 —16

17 ag 14 <x<1 -5

13 aq —17<x<5 -5

13 Qy —24 <% < —13 —22

13 a7 —22 <% < -3 —15

11 Qy —24 <x < -—15 —18

11 Qg —-21 <x < -5 —12

Type Fjy:
l J w-0 —wg j(w-0) | (—wps(w-0),8") A (A, 6Y)
11 {3} (0,—6,10,—6) | (0,—4,10,—4) 10 (0,—4,10,—4) 10
9 {3} (1,-5,8,-5) | (—1,-3,8,-3) 8 (0,—4,10,—4) 10
71 {1,3} (6,—7,6,—6) (6,—5,6,0) 12 (4,-5,9,—-3) 13
5 1{1,3,4} | (4,-8,4,4) (4,—4,4,4) 12 (4,—4,4,4) 12
Type Ga:
U] J | w0 | —ws(w-0) | {(—wys(w-0),8") A (A, 8Y)
514{1} | (4,-3) (4,-1) 4 (4,-1) 4
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(A]

(AJ]
[AJS]
[APW]
(AG]
[ABBGM]
[ABG]

(Ba]
[Be]

[BC]
[BCP]

(Bo]
(Br1]
(Br2]
[CLNP]
[Car]
(€
[CM]
[DK]
[DKP]
[DP]
[D]
Ev]
[FP1]
[FP2]

[GK]
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