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1. Introduction

The Alexander polynomial Ag(t), the first knot polynomial, was a result of J.W. Alexander’s efforts during 1920-1928
to compute torsion numbers b,, the orders of the torsion subgroups of HiM;, where M, is the r-fold cyclic cover of S3
branched over k. Here a combinatorial approach to a topological problem led to new algebraic invariants such as the Alexan-
der module and its associated polynomials.

As an abelian invariant, A, can miss a great deal of information. For example, it is well known that there exist infinitely
many nontrivial knots with trivial Alexander polynomial. In 1990 X.S. Lin introduced a more sensitive invariant using infor-
mation from nonabelian representations of the knot group [19]. Later, refinements of these twisted Alexander polynomials
were described by M. Wada [35], P. Kirk and C. Livingston [16] and ]. Cha [2].

We examine twisted Alexander modules from the perspective of algebraic dynamics. Pontryagin duality converts a finitely
generated Z[t{—q, ...,tffl]—module M into a compact abelian group M= Hom(M, T), where T = R/Z is the additive

circle group. Multiplication in M by t1,...,ts becomes d commuting homeomorphisms of M, giving rise to a Z4-action
o : 79 — Aut M. Dynamical invariants of o such as periodic point counts and topological entropy provide invariants of the
module M.

In previous work [29], the authors considered the case in which M is the (untwisted) based Alexander module A° of
a link ¢ of d components and tq, ..., t; correspond to meridians. When the d-variable Alexander polynomial A, is nonzero,
its logarithmic Mahler measure coincides with the topological entropy h(o), a measure of the complexity of o. Furthermore,
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h(o) is seen to be the exponential growth rate of torsion numbers b, associated to ¢, where A is a finite-index sublattice
of Z4 expanding in all d directions.

Given a representation y from the link group 7 = my S3 \ ¢) to GLNZ, a based twisted Alexander module Agﬂ and twisted
Alexander polynomial Ay, are defined for which analogous results hold. In particular, we give a homological interpretation
for the Mahler measure of Ay, (Theorems 3.10 and 3.13).

Representations to GLyZ arise naturally from parabolic SL,C representations as total twisted representations. Parabolic
representations of 2-bridge knot and link groups provide many examples. We show that for any 2-bridge knot k and non-

abelian parabolic representation y, the polynomial Ay, is nontrivial (Corollary 5.2).

The dynamical approach here is natural for fibered knots. In such a case, AY is a finite-dimensional torus with an
automorphism o determined by the monodromy. The homology eigenvalues of o are the zeroes of the twisted Alexander
polynomial. We prove that any parabolic SL,C representation of a torus knot group yields a twisted Alexander polynomial
with trivial Mahler measure (Corollary 6.3).

We are grateful to the Institute for Mathematical Sciences at Stony Brook University and the Department of Mathematics
of the George Washington University for their hospitality and support during the fall of 2007, when much of this work was
done. We thank Abhijit Champanerkar, Stefan Friedl, Jonathan Hillman, Paul Kirk, Mikhail Lyubich, Kunio Murasugi and the
referee for comments and suggestions.

2. Twisted dynamical colorings

We describe twisted Alexander modules of knots and links using extended Fox colorings of diagrams. This unconventional
approach is both elementary and compatible with the dynamical point of view that we wish to promote.

We begin with the untwisted case for knots. Twisted homology will require only a minor modification. Later, we describe
the changes that are needed for general links.

Let D be a diagram of an oriented knot k with arcs indexed by {0, 1,...,q}. Recall that T =R/Z is the additive circle
group. Regard its elements as “colors.” A based dynamical coloring of D is a labeling « of the diagram that assigns to the ith
arc the color sequence o; = (¢ ) € T% with g =(...,0,0,0,...) (see Fig. 1). At each crossing, we require:

Qin + Ajnt1 = O+ Uint (21)
for all n € Z, where the ith arc is the overcrossing arc and the jth and kth arcs are the left and right undercrossing arcs,
respectively. Equivalently:

oi+oaj=0ar+0q;,
where o is the shift map, the left coordinate shift on the second subscript.

The collection of all based dynamical colorings is denoted by Col®(D). It is a closed subgroup of (T%)? = (T9)%, invariant
under o, which acts as a continuous automorphism. The pair (Col°(D), o) is an algebraic dynamical system, a compact
topological group and continuous automorphism, which we call the based coloring dynamical system of D.

If D is another diagram for k, then its associated dynamical system (Col’(D’),o”) is topologically conjugate to

(Col®(D), o) via a continuous isomorphism h : Col’(D’) — Col°(D) such that 0 oh =h oo’ [28]. This is the natural equiva-
lence relation on algebraic dynamical systems. Hence (ColO(D), o) is an invariant of k.

Definition 2.1. The based dynamical coloring system (Col°(k), o) of k is (Col®(D), o), where D is any diagram for k.

Definition 2.2. An element o = (& ) € Col®(k) has period r if o"a = o; equivalently, o n4r = jp for all i,n. The set of all
period r elements is denoted by Fixo'.

For each r, we denote by X, the r-fold cyclic cover of the knot exterior X = S? \ k. We denote its universal abelian cover
by X, and regard Hi X, as a finitely generated Z[tT']-module. Since H1X; = H{M; & Z, the torsion subgroups of HiX;
and HiM;, are isomorphic, and order by b, is the rth torsion number. We denote the rank of HiM, (the dimension of the
Q-vector space H{M; ® Q) by 5.

Proposition 2.3. ([28]) For any knot k,

(i) Col®(k) is Pontryagin dual to H1 X.. The shift o is dual to the meridian action of t.
(ii) FixoT consists of b, tori, each of dimension S,.

Definition 2.4. (1) The logarithmic Mahler measure of a nonzero polynomial p(t) =cst5 +--- +c1t +cg € C[t] is
N
m(p) =log |cs| + Y max{log|xi|, 0},
i=1

where Aq, ..., As are the roots of p(t).
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Fig. 1. Color sequences at a crossing.

(2) More generally, if p(ty,...,tq) is a nonzero polynomial in d variables, then
1 1
m(p) = / : --/log|p(e2’”91,...,ezmed){d% - dby. (2.2)
0 0

Remark 2.5. The integral in Definition 2.4 can be singular, but nevertheless converges. The agreement between (1) and (2)
in the case that d =1 is assured by Jensen’s formula (see [6] or [27]).

The topological entropy h(c) of a Z4-action o : Z% — AutY, where Y is a compact metric space and o is a homomorphism
to its group of homeomorphisms, is a measure of its complexity. We briefly recall a definition from [27], referring the
reader to that source for details. If ¢/ is an open cover of Y, denote the minimum cardinality of a subcover by NUf). If

,,,,,

h(o) =suph(o,U),
u
where U ranges over all open covers of Y, and

1
h(o, )= lim —logN(v o_n1)).
( ) 0o 1Q] g ( neQ 0—n( ))

Here Vv denotes common refinement of covers. Existence of the limit is guaranteed by subadditivity of log N; that is,
logN@U v V) <logNU) +log N(V) for all open covers U4,V of Y.

Proposition 2.6. ([29]) For any knot k, the topological entropy of the coloring dynamical system is given by

1
h(o) = rl_lfgo - logh, = m(Ak(t))’

Remark 2.7. The second equality in Proposition 2.6 was proved earlier for the subsequence of torsion numbers b, for
which B; #0 by R. Riley [26] and also F. Gonzalez-Acuifia and H. Short [11]. The authors showed that one need not skip
over torsion numbers for which g, vanishes. They generalized the result by showing that the logarithmic Mahler measure
of any nonvanishing multivariable Alexander polynomial A,(t1,...,t4) of a d-component link is a limit superior of suitably
defined torsion numbers. Both generalizations require a deep theorem from algebraic dynamics, Theorem 21.1 of K. Schmidt’s
monograph [27], which extends a theorem of D. Lind, Schmidt and T. Ward [21].

Consider now a linear representation y : 7w = (S? \ k) — GLyZ. Let x; denote the meridian generator of ;v correspond-
ing to the ith arc of a diagram D for k. We let X; denote the image matrix y (x;). The representation y induces an action
of r on the N-torus TN. Our colors will now be elements of TN,

Definition 2.8. A based y-twisted dynamical coloring of D is a labeling o of the arcs of D by color sequences o; =
(i) € (TN)Z, with the Oth arc labeled by the sequence of zero vectors. The crossing condition (2.1) is replaced by:
in + Xi®jnr1 = Qgn + XeQiny1.
We will write this as
ai + Xjooj = oy + Xpoai,
where again o is the shift map, the coordinate shift on the Z-coordinates, and Xo; = (X ).

Remark 2.9. More generally, one can cor}sider reprgsentations y from 7 to GLyR, where Z C R € Q. In this case, T is
replaced by the N-dimensional solenoid RV, where R = Hom(R, T). We will say more about this below.
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The generalization from knots to links is natural. Let ¢ = ¢; U--- U ¢4 be an oriented link of d components. Let D be
a diagram. The abelianization € : 7 — Z¢ takes the meridian generator x; corresponding to the ith arc of D to a standard
basis vector €(x;) € {eq, ..., eq} for Vi

A based y-twisted dynamical coloring of a diagram D is a labeling o of arcs by o = (¢jn) € (TN)Zd, where n =
niey +---+ngeq € Z%. For m € 74, we write oy for the coordinate shift by m such that o has nth coordinate equal to
o n+m- As before, the Oth arc is labeled with the zero sequence. At each crossing we require

®in + Xi®j ntex) = Ok + Xkl ntex)- (2.3)
The crossing condition can be written more compactly as:
A + XiOe(x)@j = O + Xk Oe(x) i -

The collection Col?/ (D) of all based y-twisted dynamical colorings is again a compact space, this time invariant under the
Z%-action o = (op), generated by commuting automorphisms Oeys--v»Ogy-

Proposition 2.10. Let ¢ be any oriented link. Up to topological conjugacy by a continuous group isomorphism, the dynamical system
(Col?, (D), o) is independent of the diagram D for ¢.

We denote this twisted coloring system by Col?, (), or Col?, when the link £ is understood.
Proposition 2.10 will follow from Theorem 3.5.

3. Twisted homology and colorings

Let £ =4¢;U---U{y be an oriented link, and let 7w = (Xo,...,X%q | r1,...,7¢) (' < q) be a Wirtinger presentation of
m =m(S?\ £) with xo a meridian of ¢;.

As above, let € : 1 — Z9 be the abelianization homomorphism. We will make frequent use of the natural isomorphism
from the free module Z¢ to the multiplicative free abelian group (t1, ..., tq | [ti, t;1), identifying n = (ny,...,ng) € 7% with
the monomial t" =¢}" - t}¢.

Assume that y : m — GLyR is a representation, where R is a Noetherian UFD. Then V = RN is a right R[7]-module. We

regard R[Z9] as the ring of Laurent polynomials in tq,...,t; with coefficients in R. We give R [Z9] @R V the structure of
a right R[mr]-module via
(pev)-g=(pt*®)® (vy(g) Vgem. 31)

We denote the exterior of ¢, the closure of S* minus a regular neighborhood of ¢, by X. Its universal cover will be
denoted by X, and its universal abelian cover by X'.

Let C, (5() denote the cellular chain complex of X with coefficients in R. It is a free left R[7r] module, with basis obtained
by choosing a lifting for each cell of X. For purposes of calculation it is convenient to collapse X to a 2-complex with a
single 0-cell *, 1-cells xg, ..., X; corresponding to the generators of 7, and 2-cells ry,...,ry corresponding to the relators.
We denote the chosen lifted cells in X by the same symbols.

We consider the y-twisted chain complex C,(X"; V) of R[Z%]-modules

Co(X': Vy) = (R[Z9] @& V) ®rpr) C(X). (3:2)

When it is clear what representation is being considered, we will shorten the notation V,, to V.
The y-twisted chain groups C.(X’; V), and hence the y-twisted homology groups H.(X’; V), are finitely generated
R[Z%]-modules. The homology depends on the representation only up to conjugacy. The action of Z¢ is given by

M1V =t"QVvez
Remark 3.1. Notation for twisted homology varies widely among authors. We have attempted to keep ours as uncluttered as
possible. The notational reference to X’ is justified as follows. The representation y : m — GLyR restricts to a representation

of the commutator subgroup 7’. Then V is a right R[z']-module. Shapiro’s Lemma (see [1], for example) implies that
H.(X’; V) is isomorphic to the homology groups resulting from the twisted chain complex V ®g[z/) Cx(X’).

The boundary maps in C,(X’; V,) may be described as follows. For 0 <i <gq,

N(1IR®VRX)=1QVvR®INXi=1Q VR (X x —x)
=1QVRX*x—1QV® x*.



D.S. Silver, S.G. Williams / Topology and its Applications 156 (2009) 2795-2811 2799

Using the m-action given by (3.1), we can write
HARVRX) =t QUX;@*—1®VQ x*.

(We remind the reader that X; denotes y (x;).)
Ifr =x1-xjxi_1xk_1 is a Wirtinger relator, then one checks in a similar fashion that d,(1 ® v ® r) is given by

-1 —1,-1
1® VX + M @ vX; @xj — tMN% D @ vX; XX T @ x — NN M) @ vXi XXX, ® X
Since x,-xjxi_lxk_] is trivial in 7T, we can express the relation d2(1 ® v ® r) = 0 more simply:

1@vex+tM @vXi®xj =10 vex +t™ @ vX ®x. (3.3)

An elementary ideal I, , and y-twisted Alexander polynomial A, , are defined for H{(X’; V). The ideal I, is generated
by determinants of all maximal square submatrices of any presentation matrix, while A, , is the greatest common divisor
of the determinants, well defined up to multiplication by a unit in R[Z%]. The independence of I, ,, and A, of the choice
of presentation matrix is well known (see [4, p. 101], for example).

Following [16], we write the chain module C{(X'; V) =W @& Y, where W, Y are freely generated by lifts of xy and
X1, ..., Xq, respectively. Our complex of y-twisted chains can be written:

dr=adb
—

0— Cy(X': V) Wey = coxs V) > 0. (3.4)

Definition 3.2. The y -twisted Alexander module A, is the cokernel of 3. The based y-twisted Alexander module Ag)/ is the
cokernel of b.

The module A?, depends on the choice of component £g, but not on the choice of arc on that component. If g~ 1xgg = x i
then for G =y (g),

19VRX—10Vv6R g 'xg

gives an automorphism of A, taking 1® v®xp to 1 ® vG ® xj, and inducing an isomorphism A?, to the twisted module
based at x;.

Let m be a meridianal link about the component £3. We can regard m as a subspace of the link exterior X, and the
inclusion map induces an injection on fundamental groups. The representation y restricts, and we can consider the relative
y -twisted homology Hq(X’,m’; V), where m’ is the lift of m to the infinite cyclic cover X’. We can assume that cell com-
plexes for X and m both have a single, common 0-cell. From the relative chain complex C,(X',m’; V) = C,(X’; V)/Cy(m’; V),
we obtain the following homological interpretation of .A)O,.

Proposition 3.3. The based y -twisted Alexander module .Agl is isomorphic to Hy(X',m’; V).

Definition 3.4. The Alexander-Lin polynomial Dy, is the greatest common divisor of the maximal minors of a presentation
matrix of A9.

For knots, this coincides with the polynomial invariant defined in [19] (see [32]). Since .A?, has a square matrix presen-
tation, Dy, is relatively easy to compute. The quotient D(’y/det(te(XO)Xg —I), denoted by Wy ,, is an invariant introduced

by M. Wada [35]. It is well defined up to multiplication by a unit in R[Z9]. Wada’s invariant is defined generally for any
finitely presented group, given a homomorphism onto the integers and a linear representation.

Theorem 3.5. Assume that Z C R C Q. The dual group A‘}), is topologically conjugate to the based coloring dynamical system Col?, 0).

Proof. Elements of the dual group /2\?, are certain assignments
a:t"®vRxi—>Vv-aineT,

where «;pn is a vector in RN for 1 <i<gq and n € Z9. Equivalently, o is a function taking each x; to an element

Qin € (RMYZ'  Since A?, is the dual of the cokernel of b, such an assignment « is in Ag} if and only if @ o b = 0. In view of
Eq. (3.3), the condition amounts to

Ve lin+ VXi Ojnte) =V Un+ VXi* Uinte(e)
for every v € V. Equivalently,
Oin+ Xiaj,n-l-e(xi) =0n+ Xkai,n-i-e(ek),

which is the condition (2.3) for y-twisted colorings. O
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From the chain complex (3.4), one obtains an exact sequence:

0— Hi(X'; V) > A% — cokerc > Ho(X'; V) — 0,

where the maps are natural. (This is shown in [16] in the case that d =1 and R is a field. The general statement is proven
in [13].)
Exactness allows us to write a short exact sequence that expresses A?, as an extension of Hy(X'; V)

0— Hi(X'; V) »> A), — ker f — 0. (3.5)
Pontryagin then duality induces an exact sequence
0 ker f — Col% — H{(X; V) — 0.
Recall that the shift map on Col® is denoted by o. We denote the shifts of H 16(/\ V) and ke/r\f by ¢’ and o”, respec-
tively. By Yuzvinskii's Addition Formula (see Theorem 14.1 of [27], for example),
h(o) =h(o") +h(c"). (3.6)

The module ker f can be described more explicitly. While Ho(X’; V) consists of the cosets of Co(X’; V) modulo the
entire image of 9;, the module cokerc is generally larger. Its elements are the cosets of Co(X’; V) modulo the image of 9,
restricted to the y-twisted 1-chains generated only by 1 ® es ® xo. (As above, es ranges over a basis of ZN.) It follows that
ker f =imd;/imc.

The exact sequence (3.5) implies that

Dg,y = ALV . Ao(ker f) (3.7)
On the other hand, the short exact sequence
0 — ker f — cokerc &> Ho(X': V) = 0 (3.8)

implies that
Ag(cokerc) = Ag(ker f) - Ag(Ho(X'; V). (3.9)

The elementary divisor Ag(cokerc) is the determinant of t€®0) Xy — I. Note that Ag(Hg(X'; V) is a factor.
Together equations (3.7) and (3.9) imply the following relationship previously proven in [16].

Proposition 3.6. The y -twisted Alexander polynomial and Wada invariant are related by
Ary =Wey - Ag(Ho(X'; V).

In earlier work [29], we interpreted the Mahler measure of any nonzero untwisted Alexander polynomial of a link as an
exponential growth rate of torsion numbers associated to finite-index abelian branched covers of the link. Generalizing this
result for twisted Alexander polynomials presents challenges. First, the representation y does not induce representations of
the fundamental groups of branched covers of the link; we work with unbranched covers instead. Second, the relationship
between the periodic points of the coloring dynamical system and torsion elements of the unbranched cover homology
groups, which we exploited, becomes more subtle when twisting is introduced. Third, H;(X’; V) has no obvious square
matrix presentation, making the computation of the entropy h(c’) more difficult.

Let A C Z% be subgroup. An element « € ColJO, () is a A-periodic point if ona = ¢ for every n € A. More explicitly, if o

is given by a based y-twisted dynamical coloring o = (@i n) € (IAQ‘IN )Zd of a diagram for ¢, then « is a A-periodic point if
O n+m = ¥ n, for every m e A and 1 <i < q. We denote the subgroup of A-periodic points by Fixso.

Associated to the homomorphism 7 <> Z — Z%/A, where the second map is the natural projection, there is a regular
covering space X, of X with covering transformation group Z%/A. The representation y restricts to 71X, which is a
subgroup of 7. (We denote the restricted representation also by y.) By Shapiro’s Lemma, H,(X4; V) is isomorphic to the
homology groups that result from the chain complex (3.2) when Z¢ is replaced by the quotient Z%/A.

Henceforth, we assume that R is the ring of fractions S~'Z of Z by a multiplicative subset S generated by a finite set of primes
P1,...,Ps. The ring R can be described as the set of rational numbers of the form m/pé‘1 ...pt. where m € Z and
U1, ..., s are nonnegative integers. The case S = ¢J, whereby S—17 =17, is included.

When the index [Z¢: A] = |Z4/A| is finite, H,(X4; V) is a finitely generated R-module. Since R is a PID (see p. 73
of [18], for example), we have a decomposition

Hi(X4 V) ZRPAQR/(q]) @ - ® R/(a1), (3.10)

where q1,...,q; can be taken to be prime integers. We note that R/(q',.”) = Z/(q?") ®7z R.
The following lemma is well known. (See p. 312 of [5], for example.)
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Lemma 3.7. For prime q,

n Z/q@") ifq¢s,
Z/(q)®zR={o/(“ Z:gis

In view of Lemma 3.7 we may as well assume that no prime g; in the decomposition (3.10) is in S.

Definition 3.8. The y -twisted A-torsion number b, , is the order of the Z-torsion subgroup of Hq(X4; V). When d =1 and
A =17, we write by .

Since RA4 is Z-torsion-free, we have b, , =q}' ---q;"*. By additivity of the Pontryagin dual operator and the well-known
fact that the dual of any finite abelian group is isomorphic to itself, we have

HXaV)ZRM o z/(M) - o Z/(q").

If R =7, then R is the circle. Otherwise, Risa solenoid; it is connected but not locally connected.
Corollary 3.9. The number of connected components of H 1&;V) is equal to the y -twisted A-torsion numberb, .

For any subgroup A of Z¢, define (A) to be min{|n|: 0+ n e A}. Our first theorem on growth rates of twisted torsion
numbers assumes that R =7 (that is, S is empty). The second requires that d = 1, but allows S to be nonempty. We recall
that m(p) is the logarithmic Mahler measure of p. Since m(pq) = m(p) + m(q), we may extend to rational functions by
defining m(p/q) = m(p) — m(q). We recall also that the shift o’ was defined following (3.5).

Theorem 3.10. Let £ = ¢1 U --- U £4 C S3 be an oriented link and y : T — GLNZ a representation. Assume that Dy ), # 0. Then

1
(1) limsup ———logh 4., =h(o”);
(A) oo 1Z/A] ’
1
2 m(W llmsu loghb <m(D .
(2) ( é,y) p|Zd/A| ghA.y ( (Z,y)

Here the limit is taken over all finite-index subgroups A of Z¢, and lim sup can be replaced by an ordinary limit when d = 1.

Corollary 3.11. Under the hypotheses of Theorem 3.10, if H1(X’; V) has a square presentation matrix or if the spectral radius of Xg
does not exceed 1, then

m(Ay, y)_llmsup logby,y.

o 12474
If we restrict to the case of a knot k (that is, d = 1), then we can say more.
Corollary 3.12. Assume that k C S3 is a knot, and y : 1 — GLNZ is a representation such that Ay,y # 0. Then
m(Ag,y) = rgrglo % logb; .

The hypothesis that Dy, # 0 is needed in Theorem 3.10, since otherwise the entropy is infinite. It would be interesting
to know what results are about homology growth rates hold in this case.

Corollary 3.12 generalizes for the rings S~1Z. First, we express Dy, uniquely as dﬁk,y, where d e R =5"17Z and Dkyy
is a primitive polynomial in Z[t*!]. Express Ay, similarly as 5A,W. By Gauss’s Lemma, Akyy divides f)k,y. Moreover, §
divides d.

Theorem 3.13. If d is a unit in R, then
- 1
m(Ag,y) = rlggo - logb; .

Proof of Theorem 3.10. We regard the basepoint * as a subspace of X. The representation y : w — GLyZ restricts trivially,
and hence we can consider the y-twisted chain complex C,(x'; V) = {Co(+’; V)}, defined as in (3.2), where %’ denotes the
preimage of * € X under the projection map X’ — X.
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Clearly, Co(x'; V) = Z[Z9] ®7 V. Since C.(x; V) is a sub-chain complex of C.(X’;V), the quotient chain complex
Co(X', %', V) = Co(X'; V) /Ci(¥; V) is defined. From it, relative y-twisted homology groups H.(X’,*'; V) are defined. It
is immediate that Hyi(X',*"; V) = A,.

Let J be the ideal of Z[Z?] generated by all elements of A. Define a twisted chain complex of Z[Z%]-modules

JC(X',#: V) = (] ®2 V) ®zr1 C(X).

Then JC.(X’,*;V) can be considered as a subcomplex of C.(X’,#’;V). We denote the quotient chain complex
by C.(X’,%’;V). Shapiro’s Lemma implies that the homology groups of the latter chain complex are isomorphic to
H.(XA,*4; V), where %, denotes the preimage of * € X under the projection map X4 — X.

The short exact sequence of chain complexes

0— JC (X, %; V) > Co(X',%; V) = Co(X',%; V) > 0
gives rise to a long exact sequence of homology groups:
o= Hi(JCX, #5 V) 5 Ay, — Hi(Xa, %45 V) — 0.
Since every chain in JC;(X’, %’; V) and Cy(X’, #; V) is a cycle, it follows that the image of i is J.4,. Hence by exactness,
Hi(Xa,xA: V)= Ay, /A, (3.11)
Now consider the short exact sequence of chain complexes
0— Co(x'; V) = Co(X; V) = Co(X',%'; V) = 0,
where C.(+; V) and C.(X’; V) are defined as C.(X’,*’; V) was, by replacing the Z[Z9] with J. The sequence gives rise to

a long exact sequence of homology groups:

0— Hi(Xa: V) — Hi(Xa,%4: V)5 Imd — 0. (3.12)

The image of § is an Z-submodule of Co(¥; V) = J ®7 V. The latter module is isomorphic to the direct sum of |Zd/A|
copies of V = 7N, and therefore is free. Since Z is a PID, the submodule Imd is also free, and the sequence (3.12) splits. We
have

Ay /JA, = H1(X4; V) ®Ima.

We obtain .AJO,/]A)O, by killing the coset of 1® v ®xg € .A?,. In view of the splitting, this can be done by killing its image
in Im d, resulting in a summand that is easily seen to be isomorphic to ker f/J ker f. We have

A?,/]A?, = H{(Xa; V)@®ker f/] ker f.
Pontraygin duality gives
Fixpo = H1(/X;V) @ ker merf. (3.13)

The decomposition (3.13) implies that the number of connected components of Fix,o is the product of the numbers of
connected components of H1mV) and ker mer f.

Theorem 21.1 of [27] im/plig that the exponential growth rate of the number of connected components of Fix o is equal
to h(o), while that of ker f/ ] ker f is h(¢”). The number of connected components of H1(/X;V) is by, by Corollary 3.9.
Hence Eq. (3.6) completes the proof of the first statement of Theorem 3.10.

In order to prove the second statement of Theorem 3.10, we note that A?, has a square presentation matrix with de-
terminant Dy ,. Example 18.7 of [27] implies that h(oc) = m(Dy,, ). Furthermore, ker f is a submodule of cokerc, which

also has a square presentation matrix t€*0) Xy — I. Since ker f is a quotient of cokerc, the topological entropy h(c”)

of its shift does not exceed that of cokerc. The latter is m(det(t€*0) Xy — I)), again by Example 18.7 of [27]. Since
m(We,,) =m(Dyg,,) —m(det(t¢*0) Xy — I)), the second statement is proved. O

Proof of Corollary 3.11. If H1(X’; V) has a square presentation matrix, then the desired conclusion follows immediately
from Example 18.7 of [27].

The logarithmic Mahler measure of det(t¢*®) Xy — I) is equal to that of det(t¢*®) — Xg), by a simple change of variable
in (2.2). The latter vanishes if no eigenvalue of Xy has modulus greater than 1. In this case, h(o’) =h(o) by (3.6). The latter
is equal to m(Dg,, ) by Example 18.7 of [27]. However, in view of (3.7), we have m(Dy ) =m(Ag,y). O

Proof of Corollary 3.12. By Corollary 3.11 it suffices to show that H{(X’; V) has a square presentation matrix. This follows
from the fact that a finitely generated torsion Z[t¥!]-module has a square presentation matrix if and only if it has no
nonzero finite submodule (see p. 132 of [12]). The hypothesis that Ay ; # 0 implies that Dy # 0, and hence the based
y-twisted Alexander module A?, is a finitely generated Z[t*!]-torsion module. Since A?, has a square presentation matrix,
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it has no nonzero finite submodule. The y -twisted homology group Hq(X’; V) is a finitely generated submodule of 4%, and
so it too has no nonzero finite submodule. Hence H;(X’; V) has a square presentation matrix. O

Proof of Theorem 3.13. The R[tT!]-module Ag has a square presentation matrix, and the greatest common divisor of
the coefficients of its determinant Dy, is a unit in R. By Theorem (1.3) of [3], .A?, is Z-torsion free. Since H{(X’; V)
is a submodule of Ag’,, by the exact sequence (3.5), it is Z-torsion free as well. Hence Hi(X’; V) embeds naturally in
Hi(X'; V) ®z Q.

Since Q[t*!] is a PID, there exist primitive polynomials fi, ..., fx € Z[t] such that fj divides fjiq, for j=1,...,k—1,
and

Hi(X'; V) @2 Q= Q[tF']/(f) @ - @ Q[tF']/(fi) := M.

The product f1--- fi is equal to Ak,),, up to multiplication by £t™. Generalizing the argument of Lemma 9.1 of [27], we see
that Hq(X’; V) embeds with finite index in A" = R[t=1]/(f1) @& - -- ® RItE1/(fe).

Set NV = Z[tE1]/(f1) ® - -- ® Z[t=']/(fy). Let b, be the number of connected components of period-r points of the dual
dynamical system. Lemma 17.6 of [27] implies

1
m(f1--- fr) = lim —logb;.
r—-oor
Since NV ¢ N'C M, and since the systems dual to N/ and M have the same entropy by Lemma 17.6 of [27], we have
1
h(o) = lim —logh,.
r—-oo r

Since N'=AN"®z R, we see from Lemma 3.7 that b, is the largest factor of b; not divisible by any prime in S. It was
shown in [26] (see also [30]) that for any prime p,

1
lim — logh P’ =0,

r-oor

where b}(p ) is the largest power of p dividing by ;. Thus b, ;, has the same growth rate as b;, and this rate is m(Ak,y). O

4. Examples

Any finite group can be regarded as a subgroup of permutation matrices in GLyZ, for some N. Hence finite-image rep-
resentations of a link group 7t are a natural source of examples of representations y : m — GLyZ for which the techniques
above can be applied. Examples can be found throughout the literature (see [10,13,31], for example).

Here we focus on a less obvious source of examples, coming from representations y of s in SL,C. Following [15], we
say that y is parabolic if the image of any meridian is a matrix with trace 2. The terminology is motivated by the fact that y
projects to a representation 7 — PSL,C = SL,C/(—I) sending each meridian to a parabolic element. A theorem of Thurston
[34] ensures that if k is a hyperbolic knot, then the discrete faithful representation 1 — PSL,C describing the hyperbolic
structure of S? \ k lifts to a parabolic representation y : 7 — SL,C.

Let k be a 2-bridge knot. Such knots are parameterized by pairs of relatively prime integers «, 8 such that 8 is odd and
0 < B < «. The knots k(a, B) and k(c’, B’) have the same type if and only if « =« and B’ = 8 or B8’ =1 mod «. (See [24],
for example.)

The group of k(c, 8) has a presentation of the form 7 = (x, y | Wx = yW), where x, y are meridians and W is a word
in x*1, y*1. As Riley showed in [25], any nonabelian parabolic representation y : 7 — SL,C is conjugate to one that maps

x»—><(1) }) y|—><;) (1)) (4.1)

for some 0 # w € C. In fact w is an algebraic integer, a zero of a monic integer polynomial @, g. We call @4 g a Riley
polynomial of k.

Similar ideas apply to 2-bridge links, which have presentations of the form (x,y | Wy = yW) (see, for example, Sec-
tion 4.5 of [22]).

Remark 4.1. It is clear from what has been said that a 2-bridge knot k(«, 8) has at most two Riley polynomials @y g, Py g,
where 88’ =1 mod «. Either can be used to determine the set of conjugacy classes of nonabelian parabolic representations
of the knot group.

Let ¢ be an irreducible factor of @, g. We define the total representation yy : 1 — GLyZ, where N =2 - deg¢, to be the
representation determined by

(11 (10
o1) Y7\c 1)
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where C is the companion matrix of ¢. This representation is equivalent to y via the isomorphism of the rings Z[w]
and Z[C]. The corresponding twisted invariant Ay y,, like the classical Alexander polynomial, is well defined up to multi-

plication by =£t'. It is an easy consequence of [17] that Ay,y, is the product of the Ay, as we let w range over the roots
of ¢. (This observation yields a useful strategy for computing total twisted Alexander polynomials when the degree of ¢,
and hence the size of the companion matrix, is large.)

Remark 4.2. For 2-bridge knots, the algebraic integer w is in fact an algebraic unit [25]. Hence the trailing coefficient of @y g
is +1, and so the companion matrix C is unimodular. However, this need not be true for 2-bridge links (see Example 4.6).

For any total representation ), associated to a nonabelian parabolic representation y : w — SL,C, the boundary homo-
morphism Cq(X’; V) N Co(X’; V) sends the 1-chain 1@ vRx—-1QVv®y to

t®V(V¢(X)—V¢(}’))®*:t®v<_oc (I)) ®*.

Such chains generate Cq(X’; V), and hence Ho(X’; V) vanishes. Since Ag(cokerc) = det(tX — I) = (t — 1)29¢8¢_ Proposi-
tion 3.6 implies that the total y,-twisted Alexander polynomial of k is

Aty = Do(AY)/(t — 1)>989. (42)

Example 4.3. The group of the trefoil knot k = 3; has presentation w = (x, y | xyx = yxy) and Riley polynomial @3 ;(w) =
w + 1. (We will write @ instead of &3 1.) Up to conjugation, 7w admits a single nonabelian parabolic representation,

e (11 (10
01) Y7\=1 1)

Using Eq. 4.2, the y¢-twisted Alexander polynomial of k is seen to be t2 + 1.
The based yg-twisted Alexander module .A?, is isomorphic to

<1®v®y|t®vX®y=1®v®y+t2®VYX®y>,
where v ranges over a basis for Z2. The relations can be replaced by
Puey=tovXYXQy—-1QvXYQy,

where ~ denotes inversion. As a Z[t*!]-module, A?@ is isomorphic to Z* with action of t given by right multiplication by
the matrix

0 I
M= (_xy xm) =

The dual group flg’, »» Which is topologically conjugate to Col?, o+ 1S @ 4-torus T4 with shift o given by left multiplication
by M, and entropy zero. We discuss general torus knots in Section 6.
We remark that the (untwisted) coloring dynamical system (Col°, o) is conjugate to the 2-torus T2 with automorphism

(20)-

Example 4.4. We consider another fibered knot, the figure-eight knot k = 4 (“Listing’s knot”). Its group has presentation
7 = (x,y | yxyxy = xyxyx) and Riley polynomial @5 3(w) = w2 — w + 1. Up to conjugation, 7 admits two nonabelian
parabolic representations of the form (4.1), with @ = (1£+/—3)/2. (The representation with w = (1—+/—3)/2 projects to the
discrete faithful representation corresponding to the complete hyperbolic structure on the figure-eight knot complement.)
Using (4.2), the yp-twisted Alexander polynomial of k is seen to be (t? — 4t + 1)2.

The dynamical system (Col)%,a) is an automorphism of the 8-torus TS. Its entropy is 2m(t? — 4t + 1), approximately
2.63392.

o OO

0
0
1 -1
2

- O O =
—

-1 -1

Example 4.5. The knot k = 5; has irreducible Riley polynomial @7 3(w) = w3 + w2 4+ 2w + 1, with twisted polynomial

Ay, (£) = 25t° — 104¢° + 219¢* — 27263 4 2192 — 104¢ + 25.

The dynamical system (Col?, »+O0) is conjugate to an automorphism of the 12-dimensional solenoid Z[T/—S\P2 with entropy
m(Ag,y, ), approximately log25 + log 1.82996 = 3.82317.
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y

Fig. 2. Whitehead link.

Example 4.6. Consider the Whitehead link ¢ in Fig. 2 with Wirtinger generators indicated. Its group 7 has presentation
x,y | Wy =yW), where W =Xxyxyxyx.

The associated Riley polynomial is @(w) = w? + 2w + 2. Let ¥ : 1 — GL4Z denote the total representation. It is a
straightforward matter to check that the based yg-twisted Alexander module is generated by the 1-chains 1®e; ® y
(1 <i<4) with relators

—1QVXY®y+t;@vXYX®y —t? QvXYXYXY ®y
+H QVXYXYXYXQY —tiHh Qv Y+ @ vYXY Ry
—hhVYXYX®Y +EHL @ VYXYXYXY ® .

Proposition 5.11 below implies that Ho(X’, V) is finite. Hence Proposition 3.6 enables us to compute the Yo -twisted
Alexander polynomial of ¢. It is given by the following array in which the number in position i, j is the coefficient of t%té.

1 -4 6 -4 1
-4 12 -—-16 12 -4
6 —-16 28 —-16 6
-4 12 -—-16 12 -4
1 -4 6 -4 1

By comparison, the untwisted Alexander polynomial is (t; — 1)(t; — 1), with coefficient array:

-1 1
1 -1

While the untwisted Alexander polynomial is a product of cyclotomic polynomials, with trivial Mahler measure, the
twisted polynomial is not. The logarithmic Mahler measure of A, ,, is approximately 2.5. In particular, Theorem 3.10
ensures the growth of torsion of yg-twisted homology in the cyclic covers of the link complement.

5. Evaluating the twisted Alexander polynomial for 2-bridge knots and links

The following establishes the nontriviality of twisted Alexander polynomials for any 2-bridge knot and nonabelian
parabolic representation of that group.

Theorem 5.1. Let k be a 2-bridge knot, and let yy be a total representation associated to a nonabelian parabolic representation
y 17 = SLyC. Then |Ay, (1)] = 2989

Corollary 5.2. Let k be a 2-bridge knot. For any nonabelian parabolic representation y, the y -twisted Alexander polynomial Ay, (t)
is nontrivial.

Proof. Assume after conjugation that y has the standard form given by (4.1) above. Let ¢ be the minimal polynomial of w,
an irreducible factor of the Riley polynomial. Denote its roots by wi = w, wy, ..., Wy, where m is the degree of ¢. The
Galois group of Q[w] over Q is transitive on the roots. It follows that if Ay, (t) is trivial, then it is trivial whenever any
wi (i > 1) is substituted for w in (4.1). However, the total twisted polynomial Ay ,, (t) is the product of such polynomials.
Hence Ay, (t) is nontrivial. O

Remark 5.3. Corollary 5.2 implies that the Wada invariant of any 2-bridge knot corresponding to a nonabelian parabolic
representation is nontrivial.
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Whether or not the Wada invariant of a knot corresponding to any nonabelian representation is nontrivial is unknown (cf.
[23,9]). One might suspect a negative answer in view of M. Suzuki’s result [33] that the Lawrence-Krammer representation
of the braid group By, a faithful nonabelian representation, yields a trivial Wada invariant.

Conjecture 5.4. For any 2-bridge knot k and total representation y, as in Theorem 5.1, | Ag , (= 1)| = 2deg¢ 42 for some integer [i.

Remark 5.5. Theorem 5.1 and Conjecture 5.4 have been shown by M. Hirasawa and K. Murasugi [14] in the case that the
group of k maps onto a torus knot group, preserving meridian generators, and y is the pullback of a nonabelian parabolic
representation.

In order to prove Theorem 5.1, we consider an arbitrary 2-bridge knot k and total representation y4 associated to a
nonabelian parabolic representation y : w — SL,C. Denote the degree of ¢ by m. The following lemma follows from the
proof of Corollary 3.12. However, the direct argument below yields extra, useful information.

Lemma 5.6. The Z[t*1]-module H,(X'; V) has a square matrix presentation.

Proof. Consider the chain complex (3.2):
0> C(X: V) 2 (X' v) B (X V) > 0.
It can be written as
0— Z[t*' " & Z[F " @ Z[ " L Z[F1 )" — 0.

The module of 1-chains is freely generated by 1®e; ® x and 1 ® e; ® y, where e; ranges over a basis for V = Z?".

The 9;-images of the chains a; =1 ®e; ® (x — y) generate Co(X'; V) (see the discussion preceding Example 4.3). For
each i =1,...,2m, choose a Z[t*!]-linear combination u; of the chains a; such that b; =1®e; ® y — u; is a cycle. Then
ai,...,0am, b1, ..., by is a second basis of C1(X’; V) such that by, ..., by freely generate the submodule of 1-cycles. Hence
H1(X'; V) is isomorphic to a quotient Z[t=1]2™/Z[t*1]2™A, for some square matrix A of size 2m. O

Corollary 5.7. | Ay, (1)| is equal to the order of the twisted homology group H1(X; V).

Proof. The argument above shows that 9; is surjective. Hence Ho(X’; V) = 0. A Wang sequence shows that
Hy(X: V)= Hi(X; V)/(t = DH{(X'; V).

From Lemma 5.6, the matrix A(1) obtained from A by setting t = 1 presents H;(X; V). The order of H{(X; V) is |detA(1)| =
|AI<,y¢(1)|~ O

In view of the corollary, we focus our attention on Hi(X; V). This finitely generated abelian group is determined by the
yp-twisted chain complex

Co(X; V) =V ®zpx) Cx(X), (5.1)

just as in Section 3 but with trivial t-action.

The boundary of the knot exterior X is an incompressible torus T, and the restriction of yy to 71T determines y,-
twisted absolute and relative homology groups H,.(T; VW:) and H.(X, T; V). The latter groups are defined by the quotient
chain complex Cy (X, T; V)= Cy(X; V)/Ci(T; V) (see, for example, [16]). A long exact sequence relating the absolute and
relative homology groups is found from the natural short exact sequence of chain complexes

0— Cu(T; V) = Cu(X; V) — Cu(X, T; V) — 0.

Lefschetz duality for twisted homology is presented in [16] (see also [8]). We apply a version in our situation. Tensor-
ing the chain complex 5.1 with the field Z/(2), we obtain twisted homology groups that we denote by H.(X; V@) and
H.o(X,T;: V@), Let V be the module V with right -action given

— T
vog=v(y@ "),

where T denotes transpose. Substituting V for V in the chain complex 5.1, and tensoring with Z/(2), yields a new complex
with homology groups that we denote by H.(X; V®) and H.(X,T; V@),
The inner product {,}:V x V — Z/(2) given by usual dot product is non-degenerate, and satisfies

{rv,w}=r{v,w}={v,rw},

v-g wi={v,wg™'},
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for all r € Z/(2) and g € 7. (Readers of [16] should note the missing inverse sign in Eq. (2.5).) As in Section 5.1 of [16], we
have Hq(X; V@) = H3_o(X,T; V) for all q.

Taking inverse transpose of matrices X, Y modulo 2 merely shifts the off-diagonal blocks to the opposite side. The ranks
of the resulting homology groups are unaffected. We have

Proposition 5.8. tk H; (X; V@) =tk H3_; (X, T; V@), for each i.

The following lemma will enable us to determine several boundary maps in appropriate chain complexes. Recall that the
group 7 of k has a presentation of the form (x, y | r), where r has the form Wx = yW. We denote the class of an oriented
longitude by L.

Lemma 5.9.

(1) v is a block matrix of m x m integer matrices

~1 E
(0 5)

where I, O are the identity and zero matrices, respectively, and E has only even entries.

(2) The matrix (3r/9x)¥¢ of ys-images of Fox partial derivatives has the form (g ::) where all blocks are m x m. Similarly, (3r/dy)"¢

has (up to sign) the form (i 8)'

Proof. Statement (1) follows immediately from Theorem 2 of [25].
We prove statement (2). Fox’s fundamental formula (2.3) of [7] implies that

(r="1)" = (ar/ax)"*(X — 1)+ (dr/ay)"* (Y —I).

The left-hand side is trivial, since r =1 in ;. Using the forms for X, Y, we have

00 01 0 0
(0 O):(ar/ax)m (O 0)+(8r/8y)”¢ (C 0).
0 %

It follows immediately that (3r/9x)¥* and (3r/dy)¢ have the forms (0 *) and (I 8), respectively.

In order to see that the upper left-hand block of (dr/dy)¥¢ is the identity matrix, we use form Wx = yW of the
relation r. Fox calculus yields

@r/ay)’ = (@W /ay)"? —1—Y(@W /ay)".

The right-hand side can be written as

0 O
Vo _
(_C 0) OW /8y)"* 1,
and from this the desired form follows immediately. O

Remark 5.10. Similar arguments show that, in fact, the upper right-hand block of (dr/dx)?¢ is unimodular. We will not
require this fact here.

We compute H;(T; V), for i =0, 1. Beginning with the presentation 71T = (x,[ | xl = Ix), we construct a canonical 2-
complex with a single 0-cell %, 1-cells x, [ corresponding to generators and a single 2-cell s corresponding to the relation.
Consider the associated y,-twisted chain complex

0— CT: V2V cyT:vyzve v coT: V)=V -0,

with 2-chain generators v ® s; 1-chain generators v ® x and v ® [; and 0-chain generators v ® *. Here v ranges freely over
a basis eq, ..., eyy for V. =272m,

We have 01(v ®X) = v ® X =Vv ® (x* —%) = v(X — ) ® . Writing v = (vq,v3) € Z™ & Z™, we can express
the 0-chain boundaries obtained this way as (0,v{) ® %, where v is arbitrary. Similarly, o1(w @ ) = v(L — ) ® * =
(—2w1, w1E — 2w3) ® %, where w = (w1, wy) € V @ V. It follows that Ho(T; V) = (Z/2)™, with generators represented
by the 0-chains e; ® %, where 1 <i < m.

The computation of H{(T; V) is similar. From the previous description of 9;(v ® x) and 31 (w ® ), it is easy to see that
1-cycles have the form

2wz, v2) ®x+ (0, w2) ® L. (5.2)



2808 D.S. Silver, S.G. Williams / Topology and its Applications 156 (2009) 2795-2811

Applying Fox calculus to the relation xl =[x, we find that (v ® ) =v® dhs=vR (1 —-Dx+vx—DI=v(I-L)Qx+
v(X —I)®1l. By Lemma 5.9, the latter expression reduces to

2vqy, —V1iE+2vy) ®x+(0,v1) QL (5.3)

Comparing the expressions (5.2) and (5.3), we see that H{(T; V) = (Z/2)™, with generators represented by 1-chains e; ® x,
where m <i <2m.
Consider part of the long exact sequence of y,-twisted homology groups associated to the pair (X, T):

Hi(T; V) - Hi(X; V) = Hi(X, T; V) = Ho(T; V) — Ho(X; V).

Recall that Ho(X; V) vanishes.
We compute H{(X, T; V). Consider the following presentation of 1 X:

x,y.l1q,r,s),

where r and s are given above, and q is the relation | = u expressing the longitude I as a word u in x*! and y*'. An explicit
word u is not difficult to write (see [25]), but we will not require this. The y,-twisted chain complex associated to this
presentation contains the y,-twisted chain complex for T as a subcomplex. For the purpose of computing homology below
dimension 2, we may substitute this complex for C.(X; V).

The relative complex C.(X, T; V) has the form

0= X T:V)ZVOVE (X, T: V)=V >0,

with relative 2-chain generators represented by v ® r and v ® s; relative 1-chain generators represented by v ® y. As before
v ranges freely over a basis for Z2™.

We have (v ®r)=v ® (dr/dy)y =v(dr/dy)"® ® y. By Lemma 5.9, 9,(v ® r) has the form (vq,0) ® y, where v{ € Z™
is arbitrary. Hence the rank of H{(X, T; Vy,) cannot exceed m.

Similarly, 9,(v ® s) = v ® (3s/3y)y = v(ds/3y)¥* ® y. Recall that the relation s has the form [ =u. 3,(v ® s) =
v(du/dy)¥? ® y. Hence by Fox's fundamental formula,

(u— 1) = @Qu/ax)" (X — I) + Qu/ay)" (Y — I).

The left-hand side is equal to (I —1)¥¢ =L — I, since u =1 in r; by Lemma 5.9, this matrix has the form

-2 E
0 -=-21)

Writing
Ull U12 U]] U]2
u/ax)e = % "X ), auoyyre = Y V),

and using the forms for X, Y, the right-hand side has the form

(0 U}l>+(u}2c 0)
0 Uy uzc o)

Since C is unimodular (see Remark 4.2), we see that (du/dy)¥¢ has the form

x —2C71
* 0 )

Hence 9;(v ® s) has the form (%, w;) ® y, where wy ranges over (2Z)™ as v varies over Z2™. It follows that H{(X, T; V) &
(Z/2)™, with generators represented by e; ® y, where m < i < 2m.

We see also that the map H{(X,T;V) — Ho(T; V) in the long exact sequence of the pair (X, T) is an isomorphism.
From this it follows that the map H{(T; V) — Hq(X; V) is surjective. Since H{(T; V) is 2-torsion, so is H{(X; V).

We can now prove Theorem 5.1.

Proof. By Lefschetz duality,
rkHa(X: V®) =rkHy (X, T; V®) =m.

The universal coefficient theorem for homology implies that Ho(X; V®) = Ho(X; V) ® Z/(2). Since Ho(X; V) is trivial,
rk Ho(X; V@) =0. Also, tk H3(X; V@) =tk Ho(X, T; V®) =0.

The alternating sum rk Ho(X; V®) — tkH1(X; V@) 4+ rk Hy(X; V@) — rkH3(X; V@) coincides with the Euler char-
acteristic of X, which is 0. Hence rkH{(X; V®) =m. By the universal coefficient theorem for homology, H(X; V(%) =
H{(X;V)®Z/2. Since H{(X; V) is 2-torsion, it is isomorphic to (Z/(2))™. Therefore [Ak.y, (DI =H1(X; V)| = 2™ O
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In the beginning of Section 4 we saw that for a 2-bridge knot k with exterior X, the group Ho(X’; V) vanishes for every
total representation y, associated to a nonabelian parabolic representation of the group of k. The result depends on the fact
that the roots w of any Riley polynomial are algebraic units.

For 2-bridge links, the algebraic integer w need not be a unit (see Example 4.6). Nevertheless, we have the following,
which is useful for computation in view of Proposition 3.6.

Proposition 5.11. Assume that £ is a 2-bridge link with exterior X. Let Y be a total representation associated to a nonabelian parabolic
SL,C representation of the group of £. Then Ho(X’; V) = Z/ (¢ (0)) @ Z/(¢(0)). In particular, the group is finite.

Proof. We use notation similar to that above. Beginning with the presentation (x,y | Wx = xW) for the link group, we
construct a canonical 2-complex with a single 0-cell %, 1-cells x, y corresponding to generators, and a single 2-cell corre-
sponding to the relation. We consider the associated y,-twisted chain complex

C.(X'; V) = (Z[Z*] ® V) @z C(X),

with 1-chain generators 1® v ® x and 1 ® v ® y; and 0-chain generators 1 ® v ® . As before, v ranges freely over a basis
e1,..., ey for V.=72m where m is the degree of ¢. We will not need to consider 2-chains.

The y,-twisted homology group Ho(X'; V) is the quotient of Z[Z*1® V, the 0-chains, modulo the image of the boundary
operator 9. Since 1(1QVRX) =t VX ®*—1Qv®x*and 1(1QVvVRY) =t QvY ®*—1Q Vv ® %, it follows immediately
that tf@vR*=1@vX "®x*and t,®v®*=1® vY " ®* for all n € Z. We can define an abelian group homomorphism

f:Z[Z*]® V/(imd)) — V/V(XY - YX)

by sending p(tq,t2) @ v®x* > vp(X,Y), for any polynomial p € Z[Z?], and extending linearly. The assignment v — 1® v ®*,
for v € V, induces an inverse homomorphism that is well defined, since

1@VXY@+=6"t]'@ve+=t]'t;'@ve+=10VvYX®*

for all v € V. Hence f is an isomorphism.
The matrix XY — YX has the form (S _OC), where C is the m x m-companion matrix of ¢ and O is the zero matrix

of that size. The determinant of XY — YX is (detC)Z, which is the square of the constant coefficient of ¢. It follows that
Ho(X'; V) =Z/(¢(0) @ Z/(¢(0)). O

6. Twisted Alexander polynomials of torus knots

The group 7 of any fibered knot has a presentation of the form
(x,a1,....a0g | xaix™" = pu(ap) (1 <i<29)),

where ay, ...,ayg are free generators of the fundamental group of the fiber S, and w :7w1S — mS is the automorphism
induced by the monodromy. In fact the knot exterior can be collapsed to the standard 2-complex of the presentation.

Let y : m — GLyR be a representation, where R is a Noetherian UFD. We find that the based y-twisted Alexander
module A?, is a free R-module of rank 2gN, with generators 1 ® v ® a;, where v ranges over a basis for RN. Multiplication
by t induces an automorphism described by an N x N-block matrix M with 2g x 2g blocks

X1 <8M(ai) y>
8(1]' '

As before, X is the image of the meridian x, and the notation ¥ indicates that the terms of the Fox partial derivatives are
to be evaluated by y. The characteristic polynomial is the y-twisted Alexander polynomial of k.

In [25], Riley describes nonabelian parabolic SL,C representations of any torus knot k. The (2n + 1, 2) torus knots are 2-
bridge knots with & =2n + 1, 8 = 1. Their Riley polynomials @3,41,1(w) can be found recursively: ®11(w) =1, ®31(w) =
w+ 1, and

DPonys51(W) = —Popy1.1(W) + (W +2)Papg3 1(W), n>=0.

For arbitrary torus knots, the situation is more complicated. Nevertheless, Riley shows that any parabolic representation
for a torus knot group is conjugate to a representation with image in SL,A, where A is the ring of algebraic integers.
Consequently, any parabolic representation y determines a total representation y, and hence a total twisted Alexander
polynomial Ay ,, (t), as above.

Theorem 6.1. For any parabolic SL,C representation y of the group of a torus knot k, the total twisted Alexander polynomial Ay y, (t)
is a product of cyclotomic polynomials.
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Proof. The monodromy u of a (p,q)-torus knot is periodic of order pq. Moreover, P? is inner automorphism by the
longitude [ € 7/ (see p. 326 of [20]). Hence, for any generator a; of the fundamental group of the fiber S, as above, we have

P (@) =1 (@)l .

Let M be the matrix describing the action of t on A2 o A5 above. A standard calculation using Fox calculus shows that the
ijth block of

D AP (ay) 7
aaj
is equal to
ol V¢ 9 ) Ve ol Ve
(1+L+...+Lr_])_ _|_L"M —LrA,'(L_] _|_...+L_r)_ ,
aaj aaj 3(1]

where A; denotes ((a;) and L = y,(I). The sum can be rewritten as
al ve o (ai)Ye
(I—LrAiL_r)(I+L+...+Lr—])_ +1 n(ai) .
da; da;

Recall from Lemma 5.9 that L has the form

(o 5)

Hence the entries of L” have polynomial growth as r goes to infinity. Consequently, the entries of M" have polynomial
growth. It follows that the spectral radius of M is 1. The characteristic polynomial, which is Ay, (t), is a monic integer
polynomial with all of its roots in the unit disk. By a theorem of Kronecker (see Theorem 1.31 of [6]), such a polynomial is
a power of t times a product of cyclotomic polynomials. O

Remark 6.2. Hirasawa and Murasugi [14] have shown that the total twisted Alexander polynomial of a (2q + 1, 2)-torus knot
k has the form

Atyo ®) = (2 +1) (%2 4+ 1)771

a product of cyclotomic polynomials, as predicted by Theorem 6.1.

Since the y-twisted Alexander polynomial Ay ,, (t), which is well defined up to a unit in C[t*1], divides the total twisted
Alexander polynomial Ay, (t), the following is immediate.

Corollary 6.3. For any parabolic SL, C representation y of the group of a torus knot k, the y -twisted Alexander polynomial is a product
of cyclotomic polynomials.

With minor modifications, the above arguments apply for any permutation representation y : 7 — GLyZ.

Corollary 6.4. For any finite-image permutation representation y of a torus knot k, the y -twisted Alexander polynomial is a product
of cyclotomic polynomials.
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