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Abstract

We give sufficient conditions for the vanishing of the product of two elements in any non-
associative algebra. As a consequence, we characterize those strongly anti-commutative algebras
over an arbitrary field in which every subalgebra is an ideal as the algebras with zero products.
In particular, Malcev algebras have this property if and only if they are abelian.
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Two elements x and y of an anti-commutative algebra are called zero-divisors if x and y are
linearly independent and xy = 0.

Theorem 1. Let a be a strongly anti-commutative algebra over an arbitrary commutative ring R.
If x and y are two linearly independent elements of a such that there exist ring elements r, s ∈ R
with yx = rx and xy = sy, then x and y are zero-divisors of a.

Proof. It follows from the hypothesis that rx = yx = −xy = −sy, i.e., rx + sy = 0. Since x and y
are linearly independent, r = 0 = s, and therefore xy = 0. 2

Theorem 2. Let a be any algebra over an arbitrary field F. If x and y are elements of a such that
x2 = 0, y2 = 0, and yx = ±xy, and there exist elements α, β ∈ F such that yx = αx and xy = βy,
then xy = 0.

Proof. It follows from the hypothesis that αx = yx = ±xy = ±βy, i.e., αx± βy = 0 (∗). If x and y
are linearly dependent over F, then x is a scalar multiple of y or y is a scalar multiple of x and thus
y2 = 0 or x2 = 0 implies that xy = 0. If x and y are linearly independent over F, then (∗) implies
that α = 0 = β and it follows again that xy = 0. 2

Remark. Note that under the assumtions of Theorem 1 we have that (x+y)2 = x2+xy+yx+y2 = 0
and vice versa x2 = y2 = (x + y)2 = 0 imply that yx = −xy so that in Theorem 2 the assumption
yx = −xy can be replaced by (x + y)2 = 0.
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Example. The two-dimensional non-abelian Lie algebra shows that the two conditions x2 = 0 = y2

and yx = −xy alone do not imply xy = 0.

Theorem 3. Let a be a strongly anti-commutative algebra over an arbitrary field F. Then every
F-subalgebra of a is an ideal if and only if every product of elements in a is zero. In particular, every
strongly anti-commutative algebra, in which every subalgebra is an ideal, is an abelian Lie algebra.

Proof. The “only if”-part of the assertion is obvious. Suppose now that every subalgebra of a is an
ideal and consider two arbitrary elements x and y of a. Then Fx and Fy are both subalgebras of a
and therefore by assumption, Fx and Fy are ideals of g. Hence yx ∈ Fx and xy ∈ Fy, i.e., there exist
elements α, β ∈ F such that [y, x] = αx and [x, y] = βy. It follows that αx = [y, x] = −[x, y] = −βy,
i.e., αx + βy = 0. Now the assertion follows from Theorem 2. 2

Since Malcev algebras are strongly anti-commutative, the following result is an immediate con-
sequence of Theorem 3:

Corollary. Let a be a Malcev algebra over an arbitrary field F. Then every subalgebra of a is an
ideal if and only if a is abelian. In particular, every Malcev algebra, in which every subalgebra is an
ideal, is an abelian Lie algebra. 2
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