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A Heisenberg algebra is a non-abelian two-step nilpotent Lie algebra with a one-
dimensional center. The authors prove that (up to equivalence) there is a unique fine
group grading on every finite-dimensional Heisenberg algebra. Here a grading is called
fine if it admits no proper refinements, and a grading Γ is a refinement of a grading Γ′

if every homogeneous component of Γ′ is a sum of some homogeneous components of
Γ. As a consequence every grading of a finite-dimensional Heisenberg algebra is toral
(that is, the diagonal group of the grading is contained in a torus of the automorphism
group of the algebra). The automorphism group of any finite-dimensional Heisenberg
algebra is also computed and this is used to determine the Weyl group of the fine
grading (that is, the group of auto-equivalences of the grading modulo the group of
auto-equivalences that leave every homogeneous component invariant).

The authors also classify the fine gradings on a finite-dimensional Heisenberg
superalgebra (i.e., a non-abelian two-step nilpotent Lie superalgebra H = H0 ⊕ H1

with a one-dimensional center such that [H0,H1] = 0) over an algebraically closed
field of characteristic different from 2 and determine their Weyl groups. Let m denote
the dimension of the odd part H1 of a finite-dimensional Heisenberg superalgebra H.
Then there are m

2
+ 1 and m+1

2
equivalence classes of fine gradings if m is even or

odd, respectively, and only if m is even, the gradings in one equivalence class are
toral. These results are applied to classify those Heisenberg color algebras that arise
from the grading of a Heisenberg superalgebra. In the final section a classification of
the fine gradings and their Weyl groups are obtained for so-called finite-dimensional
twisted Heisenberg algebras over algebraically closed fields of characteristic zero. Here
a twisted Heisenberg algebra is a split extension of a Heisenberg algebra by scalars.
These algebras appear as direct factors of Lie algebras of connected Lie groups acting
isometrically and locally faithfully on compact connected Lorentzian manifolds.


