
Towers, David A.:
On semi-modular subalgebras of Lie algebras over fields of arbitrary char-
acteristic.
Asian-Eur. J. Math. 1, No. 2, 283-294 (2008).

Mathematics Subject Classification 2000: *17B05, 17B50, 17B30, 17B20

Keywords: Lie algebra; subalgebra lattice; modular subalgebra; upper modular subal-
gebra; lower modular subalgebra; semi-modular subalgebra; quasi-ideal; solvable Lie
algebra; restricted Lie algebra; Lie algebras of absolute toral rank one; one-and-a-half
generation property
Reviewer: Jörg Feldvoss (8086)

A subalgebra of a Lie algebra L is called modular if it is a modular element in the
subalgebra lattice of L. This concept of modularity was first studied in the context of
Lie algebras by R. K. Amayo and J. Schwarz [Hiroshima Math. J. 10, No. 2, 311-322
(1980; Zbl. 0441.17002)]. The paper under review is a sequel to the author’s paper [J.
Algebra 103, No. 1, 202-207 (1986; Zbl. 0594.17004)] where it is shown that for finite-
dimensional Lie algebras over any field of characteristic zero a subalgebra is modular
if and only if it is semi-modular (where the latter is defined by a slightly weaker
condition than the former). In the paper under review the author considers either
finite-dimensional solvable Lie algebras over arbitrary fields or finite-dimensional Lie
algebras of absolute toral rank one and finite-dimensional restricted Lie algebras over
an algebraically closed field of characteristic p > 0. In all these cases it is proved that
the concepts of modularity, semi-modularity, and being a quasi-ideal coincide. (A
quasi-ideal Q of a Lie algebra L is a subspace of L that is permutable with any other
subspace of L in the sense that [Q,V ] ⊆ Q + V for every subspace V of L. So every
ideal is a quasi-ideal and every quasi-ideal is a subalgebra. In fact, quasi-ideals are
modular but the converse is not true in general as the one-dimensional subalgebras
of a non-split three-dimensional simple Lie algebra show.) In particular, this extends
and refines a previous result of V. R. Varea [Commun. Algebra 21, No. 11, 4195-4218
(1993; Zbl. 0787.17018)] who proved that for finite-dimensional restricted Lie algebras
over an algebraically closed field of characteristic p > 7 a subalgebra is modular if and
only if it is a quasi-ideal. The author also gives an example of a seven-dimensional Lie
algebra over a perfect field of characteristic three which has a semi-modular subalgebra
that is not modular. This Lie algebra was already considered by A. G. Gein [Soviet
Math. (Iz. VUZ) 31, No. 3, 22-32 (1987)]. Moreover, it is shown that for finite-
dimensional Lie algebras having the one-and-a-half generation property (i,e., every
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non-zero element can be completed to a generating pair) a subalgebra is modular if
and only if it is semi-modular.

Then it is proved that one-dimensional semi-modular subalgebras of a finite-
dimensional Lie algebra L over any infinite field of characteristic 6= 2, 3 are either
ideals or that L is almost abelian or that L is non-solvable and every proper sub-
algebra of L is one-dimensional. Furthermore, the author shows that sl2(F ) is the
only finite-dimensional Lie algebra over a perfect field F of characteristic 6= 2, 3 that
contains a two-dimensional core-free (i.e., the zero ideal is the largest ideal of the Lie
algebra contained in the subalgebra) semi-modular subalgebra. Finally, under certain
restrictions on the ground field semi-modular subalgebras that either are solvable and
at least two-dimensional modulo its core or are split and contain the normalizer of
each of their non-zero subalgebras are modular. All this is related to results of V.
R. Varea [in: Lie algebras and related topics, Proc. Res. Conf., Madison/WI (USA)
1988, Contemp. Math. 110, 289-307 (1990; Zbl. 0723.17017)].
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