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Abstract—In two recent papers, the performances of dual branch post-
detection switch-and-stay combining (SSC) for noncoherent binary orthog-
onal frequency-shift keying (BFSK) and noncoherent M -ary orthogonal
frequency-shift keying (MFSK) operating in the present of slow flat fad-
ing modeled by Rayleigh, Nakagami-m, and Rician distributions have been
analyzed. This paper shows that the previous analyses of BFSK and MFSK
with postdetection SSC in Nakagami-m fading, which was limited to inte-
ger values of m, are incorrect and we derive correct bit error rate perfor-
mance results for BFSK and MFSK with dual-branch SSC in Nakagami-m
fading for all values of m. Our analytical results are verified using exten-
sive Monte Carlo simulations. It is shown that for a given bit error rate
the performance gain of postdetection SSC over predetection SSC has been
overestimated by several dBs in SNR in previous reported work.

I. INTRODUCTION

Two papers [1], [2], recently published, have studied the per-
formance of dual-branch postdetection switch-and-stay combin-
ing (SSC) for noncoherent orthogonal binary frequency-shift
keying (BFSK) and noncoherent orthogonal M -ary frequency-
shift keying (MFSK) in Rayleigh, Nakagami-m and Rician fad-
ing channels. These papers are important, in particular, be-
cause they quantify the improvement of postdetection SSC over
predetection SSC. In this paper, we show that the analyses of
[1],[2] for the Nakagami-m model, which are restricted to in-
teger values of m, are mathematically incorrect and we derive
correct expressions for the bit error rate (BER) performances of
dual-branch SSC with BFSK and MFSK in Nakagami-m fad-
ing channels. Furthermore, we show that the results published
in [1],[2] overestimate the performance gain of postdetection
SSC over predetection SSC by several dBs in SNR for a given
BER. Using our analytical results we derive optimum switching
thresholds that minimize the error rate performance of BFSK
and MFSK with postdetection SSC in Nakagami-m fading.

The remainder of this paper is organized as follows. In Sec-
tion II, we correct the results published in [1] for the perfor-
mance of BFSK with postdetection SSC in Nakagami-m fad-
ing. Numerical examples are given and it is observed that the
performance gain of postdetection SSC over predetection SSC
is less than previously reported. In Section III, we correct pre-
vious analysis regarding the error rate performance of MFSK
with postdetection SSC in Nakagami-m fading published in [2].
Some numerical examples are presented to verify the analyses
and the performance of MFSK with postdetection SSC is com-
pared to the performance of MFSK with predetection SSC. In
each section, Extensive Monte Carlo simulations are provided
to test the validity of our analytical results. Finally, some con-
clusions are given in Section IV.

II. AVERAGE BER ANALYSIS OF BFSK WITH

POSTDETECTION SSC IN A NAKAGAMI-m FADING

CHANNEL

The block diagram of a BFSK system with dual-branch post-
detection SSC is given in [1, Fig. 1]) and is not repeated here
for the sake of brevity. The operation of the switching mecha-
nism and the considerations involved in choosing an optimum
switching threshold are discussed in [1, Section III] and a gen-
eral expression for the average bit error rate (BER) of noncoher-
ent BFSK with postdetection SSC is given in [1, Section IV].
This expression shows that to calculate the probability of error
one needs to calculate the CDF of W1 and W2 defined as

W1 = W11 − W12 = E2
b |2α1e

jθ1 + N11|2 − E2
b |N12|2 (1)

W2 = W21 − W22 = E2
b |2α2e

jθ2 + N21|2 − E2
b |N22|2 (2)

where Eb is the energy per bit per symbol, Nij , i, j = 1, 2
are independent and identically distributed (i.i.d) zero-mean
Gaussian random variables (RVs) with variance 4N0/Eb, and
αie

jθi , i = 1, 2 are the complex channel gains. Note that in ob-
taining (1) and (2), we have assumed, without loss of generality,
that the first symbol in the alphabet is transmitted.

A. Analysis

In [1, p. 1598], the authors have assumed that for Nakagami-
m fading and for integer values of m, the RV W11, defined in
(1) has a central chi-squared distribution. In the sequel, we show
that this is, indeed, incorrect and we find the correct distribution
of W11 for integer as well as non-integer values of m. Subse-
quently, we derive the correct BER of BFSK with dual branch
postdetection SSC using the general expression given for the av-
erage BER of noncoherent BFSK with postdetection SSC given
in [1].

Under the Nakagami-m fading assumption, θ1 in (1) is as-
sumed to be uniformly distributed in [0, 2π) and the probability
density function (PDF) of α1 is given by [3, eq. (2.20)]

pα1(α1) =
2α2m1−1

1

Γ(m1)

(
m1

Ω1

)m1

exp
(
−m1α

2
1

Ω1

)
(3)

where m1 is the fading parameter corresponding to channel one,
Ω1 = E(α2

1) and E denotes the expectation operation. The RV
W11 can be written as

W11 = |2α1e
jθ1 + N11|2 = |X + Y1|2 + |Y2|2 (4)

where X = 2α1 and Y1 and Y2 are zero-mean Gaussian RVs
with variance σ = 2N0/Eb. Note that the phase term ejθ1 is

0-7803-8521-7/04/$20.00 (C) 2004 IEEE

17810-7803-8521-7/04/$20.00 © 2004 IEEE



0 5 10 15
10

−4

10
−3

10
−2

10
−1

10
0

Average SNR per bit per branch

A
ve

ra
ge

 B
E

R

m = 0.75 Simulation
m = 0.75 Analytical
m = 1 Simulation
m = 1 Analytical
m = 1.5 Simulation
m = 1.5 Analytical
m = 2 Simualtion
m = 2 Analytical

Fig. 1. The average BER of noncoherent BFSK with postdetection SSC versus
SNR for m = .75, 1, 1.5 and 2.

absorbed into the noise term N11 without changing its statis-
tics [4, p. 292]. Under the static channel condition (fixed α1 ),
|X + Y1|2 is a non-central chi-squared RV and |Y2|2 is a central
chi-squared RV. Therefore, W11 is a non-central chi-squared RV
with two degrees of freedom and its CDF is given by

FW11(w) = 1 − Q1

(
2α1

σ
,

√
w

σ

)
(5)

where Q1(a, b) is the first order Marqum Q-function and is de-
fined in [3, eqn. (4.11)]. To completely specify the distribution
of FW11(w), we remove the condition that α1 is fixed by aver-
aging (7) over the pdf of α1. After some mathematical manipu-
lations and integral evaluations, this results in

FW11(w) = 1 − C1(m1, γ̄1)
∞∑

k=0

C2(k,m1, γ̄1)Γ(k + 1, w
2σ2 )

k!
(6a)

where Γ(a, x) is the incomplete Gamma function [5] and

C1(m, γ̄) =
(m

γ̄ )m

Γ(m)(1 + m
γ̄ )m

(6b)

C2(k,m, γ̄) =
Γ(m + k)

k!(1 + m
γ̄ )k

. (6c)

The PDF of W11 can now be obtained from its CDF as

fW11(w) =
C1(m1, γ̄1)e−

w
2σ2

2σ2

∞∑
k=0

C2(k,m1, γ̄1)wk

k!(2σ2)k
. (7)

Eqn. (7) clearly shows that the PDF of W11 is not central chi-
squared (compare with [6, eq. (4.39)]).

The RV W12 is central chi-square with two degrees of free-
dom and parameter 2N0/Eb. Hence, its PDF is given by

fW12(w) =
1

2σ2
exp

(
− w

2σ2

)
. (8)
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Fig. 2. The average BER of noncoherent BFSK with postdetection SSC versus
SNR for m = 1, 2 and 4.

Now, using [6, pp. 185-186], and after much mathematical ma-
nipulations, we obtain the CDF of W1 = W11 − W12 as

FW1(w) =




1 − C1(m1, γ̄1)e−
w

2σ2

×
∞∑

k=0

k∑
n=0

n∑
t=0

C2(k,m1,γ̄1)
2nt!

(
w
σ2

)t
, w > 0

e
w

2σ2

[
1 − C1(m1, γ̄1)

×
∞∑

k=0

C2(k,m1,γ̄1)(2
k+1−1)

2k

]
, w < 0

(9)
which corrects [1, eq. (41)]. A similar expression can be derived
for the CDF of W2 and the result is equal to (9) where m1 and
γ̄1 are replaced with m2 and γ̄2, respectively.

A general expression for the BER of noncoherent BFSK with
dual branch postdetection SSC can now be obtained by substi-
tuting the CDF of W1 and W2 in [1, eq. (8)]. In the case of i.i.d
branches m = m1 = m2, γ̄ = γ̄1 = γ̄2 and the BER reduces to

Pb(E) =

[
1 − C1(m, γ̄)

∞∑
k=0

C2(k,m, γ̄)(2k+1 − 1)
2k+1

]

×
[
1 − C1(m, γ̄)e−

ηT γ̄

4

∞∑
k=0

C2(k,m, γ̄)

×
{

k∑
n=0

n∑
t=0

(ηT γ̄)t

2n+t+1t!
− (2k+1 − 1)

2k+1

}]
(10)

where ηT = wT

E2
b Ω

is the normalized switching threshold. Eqn.

(10) corrects the BER expression given previously in [2, eqn.
(43)] for i.i.d Nakagami-m fading.

For Rayleigh fading, one can show after much mathematical
manipulations that (10) reduces to [1, eq. (20)], as expected.
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Fig. 3. The average BER of noncoherent BFSK with postdetection SSC versus
the normalized switching threshold over i.i.d Nakagami-m fading channels with
m = 2.

B. Numerical Examples

To further assess the validity of our theoretical results, exten-
sive Monte Carlo simulations have been carried out. For exam-
ple, Fig. 1 shows the BER performance of postdetection SSC
in i.i.d Nakagami-m fading for m = 0.75, 1, 1.5 and 2. Fig.
1 clearly shows that there is excellent agreement between the
simulation results and the theoretical results obtained from (10).

Fig. 2 shows the BER performance of noncoherent BFSK
with postdetection SSC in i.i.d Nakagami-m fading for m = 1, 2
and 4 obtained theoretically using (10) and also from simulation
together with the analytical results given in [1] also for m = 1, 2
and 4. We point out that no simulation results were presented in
[1]. Fig. 2 clearly shows that the results of [1] are only correct
for m = 1 which corresponds to Rayleigh fading. For other
values of m the results of [1] overestimate the performance of
the system by several dBs in SNR. For example, for m = 2
and at a BER of 10−2 the SNR difference between the correct
result and the incorrect result is 1.842 dB. For m = 4 and at a
BER of 10−4, the SNR difference between the correct result and
the incorrect result is 3.318 dB. Note, importantly that to obtain
the results of Figs. 1 and 2 , the optimal switching threshold
is calculated for each value of SNR numerically. Fig 3 shows
the average BER of noncoherent BFSK with postdetection SSC
versus the normalized switching threshold for i.i.d Nakagami-
m fading with m = 2 for several values of average SNR. This
figure shows that an optimum threshold exists for every SNR
value and that the optimum threshold decreases as the average
SNR increases. This optimal value can be obtained by solving

dPb(E)
dηT

∣∣∣
ηT =η∗

T

= 0. (11)

Substituting (10) in (11), and after some mathematical manipu-
lation, one obtains
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Nakagami-m fading with predetection and postdetection SSC for m = 1 and
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− γ̄

4
exp

(
− γ̄ηT

4

) ∞∑
k=0

C2(k,m, γ̄)(2k+1 − 1)
2k+1

− γ̄

4
exp

( γ̄ηT

4

) ∞∑
k=0

k∑
n=0

Γ(n + 1, γ̄ηT /2)
n!2n+1

+
γ̄

2
exp

(
− γ̄ηT

4

) ∞∑
k=0

k∑
n=0

(γ̄ηT )n

n!22n+1
= 0.

(12)

The root of (12) is the optimum switching threshold. Eqn. (12)
corrects [1, eq. (45)].

Fig. 4 compares the optimal average BERs of noncoherent
BFSK with predetection and postdetection SSC for Nakagami-
m channels with m = 1, 2 and 4. Fig. 4 shows that as the SNR
increases, the gain of postdetection SSC increases over the gain
of predetection SSC. Furthermore, for a given BER, the SNR
difference in performance between predetection SSC and post-
detection SSC increases as the fading parameter, m, increases.
For example, at a BER of 10−2 and for m = 2, the SNR dif-
ference between predetection and postdetection SSC is 0.8 dB
while at the same SNR and for m = 4 the SNR difference be-
tween predetection SSC and postdetection SSC is 1.1 dB. This
is expected, since increasing the m parameter results in a better
channel, as does also increasing the SNR.

Fig. 4 also shows that at a given BER the SNR difference be-
tween predetection and postdetection SSC is less than the SNR
difference reported in [1, Fig. 10]. For example, at a BER of
10−3 and m = 2, the SNR difference between predetection and
postdetection SSC, as shown in Fig. 4, is only 1.1 dB, whereas
in [1, Fig. 10], the SNR difference is 2.0 dB.
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Fig. 5. The average SER of noncoherent QFSK over i.i.d Nakagami-m fading
channels with postdetection SSC versus the normalized switching threshold with
m = 0.75.

III. AVERAGE SER ANALYSIS OF MFSK WITH

POSTDETECTION SSC IN A NAKAGAMI-M FADING

CHANNEL

A. Analysis

A block diagram of a MFSK system with dual-branch post
SSC is shown in [2, Fig. 1] and is not repeated here for the
sake of brevity. The switching mechanism is the same as that
explained in [1]. A general expression for the average symbol
error rate (SER) of noncoherent MFSK with dual-branch SSC
is given in [2, eq. (8)]. This expression shows that to calculate
the SER one needs to know the PDFs and CDFs of Wij , i =
1, 2, j = 1, · · · ,M as shown in [2, Fig. 1] and defined as [2]

W11 = E2
s |2α1e

jθ1 + N11|2 (13)

W21 = E2
s |2α2e

jθ2 + N21|2 (14)

Wjm = E2
s |Njm|2, j = 1, 2,m = 2, · · · ,M (15)

where Es is the energy per symbol, θi, i = 1, 2 are uniformly
distributed in [0, 2π), αi, i = 1, 2 are Nakagami-m distributed
and Nij , i = 1, 2, j = 1, · · · ,M are i.i.d zero-mean, complex
Gaussian RVs with variance 4N0/Es.

In [2], the authors have mistakenly assumed that the RVs W11

and W21 are central chi-squared. Using similar analyses to that
in the previous section, we derive the correct PDFs and CDFs of
W11 and W21 as

fW1i
=

C1(m, γ̄i)e−
w

2σ2

2σ2

∞∑
k=0

C2(k,m, γ̄i)wk

k!(2σ2k)
, i = 1, 2

(16)
and

FW1i
(w) = 1 − C1(m, γ̄i)

×
∞∑

k=0

C2(k,m, γ̄i)Γ(k + 1, w
2σ2 )

k!
, i = 1, 2

(17)
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Fig. 6. The average BER of noncoherent MFSK as a function of average SNR
per bit per branch in i.i.d Nakagami-m fading with postdetection SSC for M =
2, 4 and 8 and for m = 0.75 and 2.

respectively, where σ2 = 2EbN0. The PDFs and CDFs of
Wjm, j = 1, 2,m = 2, · · · ,M can be shown to be

fWjm
(w) =

1
2σ2

exp
(
− w

2σ2

)
, j = 1, 2, m = 2, · · · ,M

(18)
FWjm

(w) = 1 − exp(− w

2σ2
), j = 1, 2, m = 2, · · · ,M.

(19)
Substituting (16)-(19) in the general SER expression given in

[2] one obtains the correct SER in the case of Nakagami-m fad-
ing. For the i.i.d case, after some mathematical manipulation
and integral evaluations, the SER simplifies to

Ps(E) = 1 − C1(m, γ̄)
∞∑

k=0

M−1∑
l=0

(−1)l

(
M − 1

l

)
C2(k,m, γ̄)
k!(l + 1)k+1

× Γ
(

k + 1,
(1 + l)γ̄ηT

4

)
−

{
1 − C1(m, γ̄)e−

γ̄ηT
4

×
∞∑

k=0

C2(k,m, γ̄)
k∑

n=0

(γ̄ηT )n

4nn!

}(
1 − e−

γ̄ηT
4

)M−1

× C1(m, γ̄)
∞∑

k=0

M−1∑
l=0

(−1)l

(
M − 1

l

)
C2(k,m, γ̄)
(l + 1)k+1

(20)

where, ηT = wT

ΩE2
s

is the normalized switching threshold. Note
that (20) corrects [2, eq. (36)] for i.i.d Nakagami-m fading.
Note that for orthogonal MFSK, the BER can be related to the
SER by Pb(E) = M

2(M−1)Ps(E) [4].
For m = 1, which corresponds to i.i.d Rayleigh fading, it

can be shown after much mathematical manipulations that (20)
reduces to [2, eq. (16)], as expected.

B. Numerical Examples

Fig. 6 shows the BER performance of MFSK with postde-
tection SSC for M = 2, 4 and 8 over i.i.d Nakagami-m fading

0-7803-8521-7/04/$20.00 (C) 2004 IEEE

17840-7803-8521-7/04/$20.00 © 2004 IEEE



0 0.5 1 1.5 2 2.5 3 3.5 4
10

−4

10
−3

10
−2

10
−1

Normalized Switching Threshold

A
ve

ra
ge

 b
it 

er
ro

r 
ra

te
 P

b(E
)

γ = 6dB
γ = 9dB
γ = 12dB
γ = 15dBW

T,opt
 = 2.35 

W
T,opt

 = 1.40 

W
T,opt

 = 0.95 

W
T,opt

 = 0.50 

Fig. 7. The average SER of noncoherent QFSK over i.i.d Nakagami-m fading
channels with postdetection SSC versus the normalized switching threshold with
m = 2.

with m = 0.75 and m = 2 as a function of SNR per branch per
bit obtained from simulation and the theoretical results given in
(20). Fig. 6 confirms the validity of our results. Note that the re-
sults of Fig. 6 are obtained by calculating the optimal threshold
value for each value of SNR.

A figure similar to Fig. 2, comparing the results obtained in
(20) and [2, eq. (36)] could not be produced simply because the
theoretical expression given in [2, eq. (36)] gives values that are
outside plots having any reasonable axes scales.

Figs. 5 and 7 show the average SER of noncoherent 4-ary
FSK over i.i.d Nakagami-m fading channels with postdetection
SSC as a function of the normalized switching threshold for
m = 0.75 and m = 2 and for several values of SNR, respec-
tively. For each value of SNR, the optimum switching threshold
is reported on the figures. Figs. 5 and 7 show that an optimum
threshold exists for each value of SNR. Similar to [2, Fig. 1],
which is obtained for i.i.d Rayleigh fading, the optimal switch-
ing threshold is a decreasing function of the average SNR. This
implies that when the SNR is larger the system will switch more
often to exploit better fading conditions on the other channel [2].
Figs. 5 and 7 also show that for each value of SNR, as the fading
parameter, m, increases the optimal threshold value increases.
For example, at an average SNR of 15 dB and for m=0.75 and
2, the optimal switching threshold is 0.38 and 0.55, respectively.
Thus, the system will switch less frequently when operating in
lightly faded channels than when operating in severely faded
channels.

It is important to compare the performance of postdetection
and predetection SSC combining in fading channels. For prede-
tection SSC, an analytical expression for the SER performance
of MFSK with predetection SSC is given in [2, eq. (37)]. Using
[2, eq. (37)] and (20), the average BER of noncoherent MFSK
with predetection and postdetection SSC is plotted in Fig. 8 for
M = 2, 4 and 8 as a function of the average SNR per bit per
branch with fading parameter m = 0.75 and m = 2. In Fig. 8,
the optimum switching threshold is obtained for each value of
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Fig. 8. The average BER of noncoherent MFSK as a function of average SNR
per bit per branch with predetection and postdetection SSC for M=2, 4 and 8.
The branch fadings are i.i.d Nakagami with m = 2.

SNR for both predetection SSC and postdetection SSC combin-
ing . As expected, postdetection SSC outperforms predetection
SSC for all values of SNR. Also, Fig. 8 shows that the perfor-
mance difference between predetection and postdetection SSC
increases slightly as M increases. For example, at a BER of
10−3 the SNR difference between predetection SSC and post-
detection SSC is 0.6 and 0.7 dB for M = 2 and M = 8, respec-
tively.

IV. CONCLUSION

In this paper, we have corrected previous results published on
the performances of BFSK and MFSK with dual-branch post-
detection SSC combining in Nakagami-m fading channels. Op-
timum switching thresholds for minimizing the BER of BFSK
and MFSK with postdetection SSC have been derived. We have
also compared the performances of BFSK and MFSK with pre-
detection and postdetection SSC in Nakagami-m fading chan-
nels. It was observed that postdetection SSC outperforms pre-
detection SSC for all values of SNR, though the performance
differences are less than previously reported.
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