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Abstract—1In hybrid selection/maximal ratio combining (H-
S/MRC)the receiver selects the [ branches with the largest
signal-to-noise ratios (SNRs) from N available diversity branches
and performs maximal ratio combining (MRC). A penalty is
incurred with respect to MRC which can be defined as the
increase in SNR required for H-S/MRC to achieve the same
symbol error probability as MRC. Recently, this penalty was
investigated specifically for two-dimensional modulations. In this
paper, we derive the asymptotic SNR penalties in slow Rayleigh
fading for small and large values of SNR for general uncoded
signaling constellations.

Index Terms— Diversity combining, error probability, fading
channel, hybrid selection/maximal ratio combining, maximal
ratio combining, selection combining.

I. INTRODUCTION

N hybrid selection/maximal ratio diversity combining (H-

S/MRC) the receiver uses the L branches with the largest
signal-to-noise ratios (SNR) from the available N branches
and performs maximal ratio combining (MRC) on the selected
branches. Since all the available N branches are not used
in H-S/MRC, a penalty is incurred compared to MRC. The
penalty is defined as the increase in SNR required for H-
S/MRC to achieve the same performance as that of MRC [1].
In mathematical terms, the SNR penalty, (3, is defined such
that

P.nsmre (1) = Pemre(T) (1

where P, mre () and P g.smmre(+) are the symbol error prob-
abilities (SEPs) of MRC and H-S/MRC, respectively and I’
is the average SNR for each branch. Solving for § in (1) we
obtain

1
BI) = fpejé-SMRc{Pe,MRC(F)} (2)

which is, in general, a function of I'. In [1], small SNR and
large SNR asymptotes are derived for the SNR penalty of
M-ary phase shift keying (MPSK) in Rayleigh fading. Also,
simple lower and upper bounds for the penalty of H-S/MRC
were derived in [1]. The results of [1] were generalized to
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any two-dimensional signaling constellation with polygonal
decision regions in [2],[3]. In this paper, we show that the
penalties approach asymptotes for small SNR and for large
SNR for any modulation format in slow flat Rayleigh fading
channels. Analytical expressions are derived for small and
large asymptotes. The method used here to derive these
asymptotes is different from the method used in [1]-[3] and is
not a generalization of the method used in [1]-[3]. This method
lends itself to general modulation formats whereas the method
in [1]-[3] can only be used for one- and two-dimensional
modulation formats. We show that the SNR penalty is, in
general, a function of the modulation order, modulation format
and the average SNR, but the asymptotic SNR penalties
are independent of the modulation order and the modulation
format and are only a function of L and V.

This paper is organized as follows. In Section II, the system
model is presented. The asymptotic values for the penalty of
hybrid diversity for small and large values of SNR are derived
in Section III and IV, respectively. Some numerical examples
are given in Section V; the conclusion is given in Section VI.

II. SYSTEM MODEL

The system model we consider is a slow flat Rayleigh
fading channel. We consider N independent branches each
with instantaneous SNR of the form
2o Bs .
iNOi’ Z_la"'vN (3)
where E; is the average symbol energy, Ny, is the two-sided
noise power spectral density of the i** branch and o? has a
probability density function (pdf) of the form

Vi =«

1 x
(z) = = -—— . 4
Fuli) = o (~) @
We assume further that the «;’s have equal average SNR,
ie, 'y =I,7=1,--- | N. We consider a general diversity

combining system (GDC) given in [4] with instantaneous SNR
of the form

N
YGpe = Zgﬁ(i) )
i=1

where g; € {0,1} and and {~(1), -,y } are the ordered
diversity branches, i.e., ) > --- > 7). A convenient
expression for the SEP of GDC in Rayleigh fading with N
independent and identically distributed channels is given in
[4] as

oo oo oo N
P, 6pc =/ / / Prlell'Y byu,
o Jo 0 7;1
N

X H fv, (vp)dvy - - - duy,

n=1

(6a)
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where Pr(e|T ij:l bnvy,) is the conditional error probability
in an additive white Gaussian noise (AWGN) channel,

fvn(v) = { g),(p(_U% gtlfe:w?seoo (6b)
and .
= % >0 (6¢)
i=1
For MRC, (6¢) simplifies to
PMRC -1 p=1,--- N (7)
and in the case of H-S/MRC, b,, is given by
N P rer

III. ASYMPTOTIC PENALTY FOR SMALL SNR

We assume that Pr(e|l’ Z bnv,) in (6a) has a series

expansion in terms of /T . ThlS is a reasonable assumption
because the SEP of any uncoded modulation in an AWGN
channel is a function of the distances between the signal
points, which are proportional to the square root of the SNR.

Thus, Pr(e|T" 3_ b,v,) can be written as

n=1
N oo ‘
Pr <e|F Z bnvn> = Zci(\/F(blvl + -+ byon))
n=1 1=0

€)

IThis equality assumes the existence of a series expansion in terms of v/T.
We assume this existence as plausible and do not prove it.
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where c; are the infinite series coefficients. Substituting (9) in
(6a) and using (6b) and (6c), one obtains formally

P€7GDC:ZC1:\/]-—T7;/ / / \/(bl’l}l—f'"'—f'bN’UN)i
i=0 0 0 0

x e~ (Wt toN) gy

(10)

For small values of SNR, I, the infinite series in (10) can be
approximated by the first two terms as

Pe7GDCgCO+Cl\/f/ / / V/bivy + -+ byoy
o Jo 0

w e=(vrton) gy

d’UN.
Y

To complete the analysis, we require two ancillary results.
These are stated here as Lemma 1 and Lemma 2.
Lemma 1: Define

o0 o0
Il(l’la"'va)é/ / Vrivr + -+ xNUN
0 0

x e~ (U1t N) gy,

- dvy (12)

and Io(z1,--- ,xn) given in (13) at the bottom of the page.
Then

Li(zy, - on) = I(21,--+ ,2N) (14)
for any integer N > 1 and for all z; >0, i=1,---,N.

Proof: The proof is by induction. For N = 1, both
integrals reduce to Y5 using standard integration methods.

Now assume that (14) holds for N = k — 1, that is
Ii(wq, - (15)

We now show that (14) is also valid for N = k. We
start by writing Iy (z1, -+ ,2n) as shown in (16c) at the

s Th—1) = Io(x1, -+, TK_1).

> g 1
Lz, o é\/a‘—l/ 2 - 2 | = 2 5 | du
LN a:1+a:2u T1 + T3U r1 + TNU 14+u
‘xz/ L2 L2 1 du++"$N/ 1 du'
VT oJo \z2+ ZI’3U2 To + T4u? To + TNU? 1+ u? VT oSy 1+u?
(13)
Lz, - ,xp) = / / VI + - F apoge” O gy dog (16a)
_ a:lﬂ/ / ot RN (. ) g <\/{,C2’U2+ +xkvk)dv2---duk
Ty
+ / / / VITovg + - F Trope 2T ) dug o duy, (16b)
0
= Gi(wa,- - op) + Li(wa, - 21) = Gi(x2, -+ 2p) + To(22, -, T%) (16¢)
T + +z v oo
Gi(za, - ,x) PR () o e <\/$2“2 + . +W”“> dvy - - dv, (16d)
1

A
S

/2
zgv2+ +zkvk —(vat-tor) E / 67
T Jo

Tovat- -t vp
z1 sin2(6)

dG} dvsg - - - dvg (16¢€)
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bottom of the previous page where G1 (2, - ,x) is defined
in (16d). In obtaining (16e) from (16d), Craig’s alternative
representation of the complementary error function [5] has
been used. Changing the order of integration, using the change
of variables u = cot(f) in (16e), and again using Craig’s
representation yields (17).

Note that the interchange of the order of integration in
(17) is valid because the integrand is a continuous function
in the region of integration [6, Fubini’s Theorem, p. 394].

Now, substituting (17¢) in (16¢) gives Ii(x1, - ,zr) =
Is(x1,- - ,xk) and, hence, the proof is complete. [ ]
Lemma 2: Define
1
Iy(zr,- - on) 2 N
oo u2N
X 1-— du.
/0 ( (uz—i—xl)---(uz—i-x]\r))
(18)
Then
I3(z1,- -+ ,on) = Io(71,- - ,2N) (19)
for N >1and z; > 0,i=1,---, N, where Iz(z1,--- ,zN)

is defined in (13).

Proof: Mathematical induction is used to prove (19). For
N =1, itis easy to verify that I5(z1) = Iz(z1) =
standard integration methods. Assuming that (19) is valid for
N=k—-1,i.e.,
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the change of variable u = ‘/j_l in (23) we obtain

1
7xk):-[2(x27“' Jxk)—'_ﬁ

2(k—1)

X /OO oy dv
o (z1+0v2) (22 +02) - (2) +02)
(24)

Comparing (22c) with (24) and using (20) gives (21) and,
hence, the proof is complete. [ ]
Using the results of Lemma 1 and Lemma 2 we can show that

/ / Vbivy 4 -+ byoye” TNy o doy =

\/_/ < - u2+b1)1.6.2fv(u2 +bN)> du.
(25)

Substituting (25) in (11), we obtain a simplified expression
for the SEP of a GDC system for small values of SNR as

VT /°° uN )
P, = cog+—— 1-— du.
Gbe = ¢ N ( (W2 +by)-- (u2+ by) (22)

Consequently, by substituting (7) and (8) in (26) we obtain
the SEP for MRC and H-S/MRC for small values of SNR, as

~ Cl\/f e u? N
Pe,MRC:CO+74 {1— [U2—+1] }du 27

IQ(xlg"'

and

I3y(wy, - op_1) = Ip(w1, - 1), (20) JF
avIl
we show that (19) is also valid for N = k. That is P. n.simrc = co + 17
I3(wy,- - op) = Io(wy, -+, o). (21) /OO ) [ u? ]L ﬂ u? p
X — |- U
The left side and the right side of (21) can be written as (22c) 0 u? +1 n=L+1 % +u?
and (23), respectively, shown at the bottom of the page. Using (28)
/2 o1 sin2(8)+wg cos2(8) s 00 g sin?(0)+ay cos?(0)
G, = [*1 / / T a0 g - / e @ sin2(0) * dvgdf (17a)
0
_ ]z / xl st 0 o . 2301 sin?(#) a0 (17b)
x1sin%(0) + 2o cos2(0)  xysin®(A) + x, cos2(6)
T T 1
= — du. 17¢
V /0 (x1 + x2u2) (21 + zu?) (14 u?) " (17e)
w2k
T e = — d 22
3(1, - ) \/— < u2+a’1)(u2+a:2)--~(u2+a:k)> u (22a)
y2(k—1)
YR -
\/— u? + x2)(u? + x3) -+ - (U2 + x)
2(k—1)
r1u
d 22b
* / (01 + u®) (w2 +u2) (@ +u) 220
2(k—1)
riu
— Ly +_/ du. 22¢
@2 m) T | e s  a)  (on ) (220)
ry [ T T T 1
I .. =T ... [ ... du. 23
Q(xla ,.’Ek) 2(x27 ,xk) + T A (xl 4 x2u2) (3:1 + ngQ) (xl + ka?) (1 + UQ) u ( )
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respectively. Substituting (27) and (28) in (1) and solving for
the SNR penalty 3, one obtains the asymptotic SNR penalty
for small values of SNR, 3, as

K(N,N)1]?
Bt = [ K(( T N)) } (292)
where
L[ u2 L N u2
(29b)

Note that the asymptotic SNR penalty derived in (29a) is
equal to the asymptotic SNR penalty derived in [1] and
[3] for MPSK and generalized two-dimensional signaling,
respectively. Our derivation here proves that the same small
SNR penalty is incurred for all modulation formats, depending
only on L and N.

IV. ASYMPTOTIC PENALTY FOR LARGE SNR

In this section, we give the asymptotic SNR penalty for
large values of SNR. Using [7, Theorem 1], one can show
that for large values of SNR, P, gpc can be written as

GDC _ 1
€asy N
NI b
i=1
o0 o0 o0 N
X Pr{e u; | duy - -duy.
L)

(30)

Consequently, the asymptotic SEP for MRC and H-S/MRC
can be expressed as

N
1 oo oo oo
Pfo:F_NA /0 /0 Pr<e|zlui>du1---duN

(31
and
H-S/MRC __ N!
ey LILN-LTN
o0 o0 o0 N
X Pr | €] w; | duy - -dun
AR A (o)

(32)

respectively. Substituting (31) and (32) in (1) and solving for
£3, the asymptotic SNR penalty for large SNR, 33}, is obtained

as .
NI ~
A
By = <L!LN—L> '

Note that the asymptotic SNR penalty for large values of SNR,
derived in (33) is the same as the asymptotic SNR penalty
for MPSK for large values of SNR presented in [1] and is
also equal to the SNR penalty upper bound derived in [2]
and [3] for two-dimensional signaling with polygonal decision
regions. The SNR penalty for large SNR presented in (33) is
independent of the modulation format and depends on L and
N only.

(33)
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Fig. 1. The symbol error probability as a function of average SNR per

branch for coherent detection of 4-ary orthogonal signaling with H-S/MRC
for L = 1,2 and 6. The conjectured lower and upper bounds are plotted for
comparison.
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Fig. 2. The symbol error probability as a function of average SNR per

branch for coherent detection of 8-ary biorthogonal signaling with H-S/MRC
for L = 1,2,4 and 8. The conjectured lower and upper bounds are plotted
for comparison.

V. NUMERICAL EXAMPLES

In this section, some numerical examples are presented.
Based on the examples, we also conjecture that previously
published lower and upper bounds to the SNR penalty, valid
for two-dimensional signaling with polygonal decision re-
gions, are also valid for other modulation formats. In [2],
a lower bound was derived to the SNR penalty of hybrid
diversity with two-dimensional signaling as

N

N
L+ > 4
n=L-+4+1

pL = (34)

In the examples, we will see that (34) appears also to be
a bound to the SNR penalty of hybrid diversity for higher-
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Fig. 3. The SNR penalty as a function of SNR for 4-ary orthogonal signaling
with H-S/MRC for (L, N) = (4, 6). The conjectured lower and upper bounds
are plotted for comparison.
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Fig. 4. The SNR penalty as a function of SNR for 4-ary orthogonal signaling
with H-S/MRC for (L, N) = (3, 4). The conjectured lower and upper bounds
are plotted for comparison.

order modulation formats. Also, an upper bound to the SNR
penalty valid for two-dimensional signaling constellations with
polygonal decision regions was derived in [2] as

NI\ W
Bu = (m) .

Note that (35) is equal to the asymptotic penalty for large
SNR, derived in (33) and, as we will see in the examples, it
appears to be a tight upper bound to the SNR penalty. Figs. 1
and 2 show the SEP for coherent detection of 4-ary orthogonal
and 8-ary biorthogonal signaling for various L and N. The
SEPs are calculated using new analytical expressions for the
error probability of these constellations derived in [8]. Also
the SEP of MRC operating at SNR values scaled by 3. and 33}
are plotted for each value of L and N. One can see in Figs. 1
and 2 that the SEP of hybrid diversity, P y.smrc (L), is lower
and upper bounded by P.yrc(6L”'T) and P@,MRc(ﬂ]‘fflf),
respectively. Note also that as L approaches N the differences
between the SEP of H-S/MRC, and the conjectured bounds

(35)
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Fig. 5. The SNR penalty as a function of SNR for 8-ary biorthogonal

signaling with H-S/MRC for (L, N) = (4,6). The conjectured lower and
upper bounds are plotted for comparison.
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Fig. 6. The SNR penalty as a function of SNR for 8-ary biorthogonal

signaling with H-S/MRC for (L, N) = (4,8). The conjectured lower and
upper bounds are plotted for comparison.

become very small.

Figs. 3 and 4 illustrate the exact SNR penalty of 4-ary
orthogonal signaling as a function of average SNR per branch
for (L,N) = (3,4) and (L, N) = (4,6), respectively. Note
that in Figs. 3 and 4 (. and [y appear as lower and upper
bounds to the SNR penalty.

In Figs. 5 and 6, the exact SNR penalty of 8-ary biorthog-
onal signaling is plotted for (L, N) = (4,6) and (L, N) =
(4,8), respectively. Comparing Figs. 3 and 5 indicates that
although the asymprotic SNR penalties are independent of the
modulation order and the modulation format and are functions
of L and N only, the SNR penalty is, in general, a function
of the average SNR. For example, the SNR penalty curves for
4-ary orthogonal and 8-ary biorthogonal signaling in Figs. 3
and 5 have different shapes.

VI. CONCLUSION

In this paper, we have established that the SNR penalties
of H-S/MRC relative to MRC in Rayleigh fading have small
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SNR and large SNR asymptotes. Analytical expressions for the
asymptotes have been derived. The asymptotic SNR penalties
depend only on L and N, and are independent of the modu-
lation format, the modulation order, and the average SNR, for
uncoded systems.
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